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MULTIPLB POINTS ON 8TTEFA0ES. 
By A. B. Basset, M.A., F.RS. 

1. TN a former commuDication I expressed the opinion 
-^ that the conic node and the binode are the only 
simple point singalarities that an algebraic surface can posaess ; 
and that every other singularity is a compound one which, 
so far as its point constituents are concerned, is formed by the 
union of two or more conic nodes or binodes. I also pointed 
out that Segre has shown that every multiple point of order 
jt7, at which there is an anautotomic tangent cone, reduces 
the class of the surface by .;?(p— 1)*; and I gave reasons for 
thinking that the point constituents of such a multiple point 
are half the above number of conic nodes, I have not suc- 
ceeded in obtaining a rigorous proof of this theorem, but 
I shall assume its truth ; and on this hypothesis shall proceed 
to investigate the point constituents of a multiple point, the 
tangent cone at which is autotomic or improper. 

The investigation of the point constituents of any multiple 
paint involves the solution of two distinct problems. In the 
first place, the class m of the surface is aetermined by the 
equation 

«i=:n(n-iy-2(7-3B. (I), 

where C and B are the number of constituent conic nodes and 
biuodes. 

In the second place the above number is given by an 
equation of the form 

C7+5=X (2), 

accordingly, when the numerical values of m and \ have been 
found, the solution of the problem is known 

When the tangent cone at a multiple point of order p i«i 
anautotomic, X = J;?(/> — 1)*; and Segre's theorem, which 
VOL. xxxix. B 
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2 Mr, Basset^ Multiple points on surfaces. 

is explained* in S.S, § 13, enables us to ascertain whether any 
change in the character of a multiple point is produced by the 
conversion of conic nodes into binodes, or by the union of 
additional conic nodes or binodes with the multiple point. 
The value of \ can therefore be usually obtained without 
much trouble; but the principal difficulty is to determine the 
class of the surface. 

The most direct way of obtaining the class of a surface is 
to eliminate two of the coordinates between the equations of 
the surface and its first polars with respect to two arbitrary 
points; for the eliminant is a binary quantic of the remaining 
two coordinates, whose degree is equal to the class of the 
surface. But since the elimination of two variables between 
three quarternary quantics is an operation of considerable 
difficulty, recourse will be had to various indirect methods 
which wm be explained hereafter. When the values of the 
coefficienta a^re not material, I shall frequently denote a quantic 
by the syn^bol. (a, /8, 7, ^..)\ 

The First Method. 

2. The first method, which I shall explain, for finding the 
reduction of class produced by a multiple poiat of order p is 
of a simple character. Let us first consider the surfaces 

«Wp+V. = ^ (^)> 

and a\+aVi+V*='^' (^)- 

In both surfaces the lines of closest contact are the- 
common generatoi^s of the cones m^ and u^^^ ; but in the first 
surface these lines lie wholly upon it, whilst in the second 
they have (p + 2)-tactic contact with it at A and consequently 
intersect the surface nowhere else. This shows that a line of 
closest contact may be regarded as a line which has (p + 2)- 
taQtic contact with the surface at the multiple point. 

The first polars of (3) with respect to G and i), which may 
be any arbitrary points,, are 

«^'p+*''p.i=^ (^)) 

«<+^"p« = (6)r 

♦ References to my former paper "On the Singularities of Surfaces," Vol. 
xxxFiii., pp. G3 and 169, will be denoted by the letters S.S.-^ whilst similar 
references to my paper on the "Compound Singularities of Curves," Vol. xzxvii.^ 
p. 313, wiJl b€; denoted by the letters S,Q, 
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Mr. Basset J Multiple paints cm surfaces, 8 

where the single and double accents denote differentations 
with respect to 7 and 8 respectively; whence, eliminating 
a between (3), (5), and (6), we obtain 

%^\.i^^p^i^' p Wi 

^,«V«=Vi«; ' (»)• 

Equations (7) and (8) represent two cones of degree 2p, 
and their ^p* common generators intersect the surface (3) at 
the points where it is intersected by (5) and (6); but these 
generators include the ji> ( j> + 1) lines of closest contact, 
which do not giro rise to ordinary points of intersection. 
Hence there are only 

4/-p(/>+l)=3y-p 

ordinary points of intersection of (3) and its first polars with 
respect to two arbitrary points; accordingly, 

tw = 3p'-p = (2?+l)p'-p(i?-l)', 

showing that the reduction of class produced by a multiple 
point of order p, the tangent cone at which is anautotomic, is 

PiP-iy. 

3. We shall now proye a more general theorem : — 
When the nodal cone at a multiple point of order p has 

S nodal and le cuspidal generators, all of \johich are distinct, 

the reduction of class is 

and the point constituents of the singularity are 

If we temporarily regard the cones v^, w'^, u"^ as curves 
lying in the plane BCD, the last two will be the first polars 
of M^ with respect to the points C and i>; accordingly, it 
follows from the theory of plane curves, that if AB is 
a singular generator of w^, this line must be repeated one or 
more times on the cones u'^ and u"^. If, therefore, AB is 
Repeated s times on the36 cones, and s or more times on the 
cone M^, the number of ordinary common generators will be 
diminislied by «, and the total reduction ot the class of the 
surface will be^ (/? — !)'+«. 

(i) Let ^iS be a nodal generator on w^; then -45 is 
a double generator of u^ and an ordinary generator of u'^ and 
u'^] hence s= 1. 

B2 
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4 Mr. Basset^ Multiple points on surfaces. 

(ii) Let AB be a cuspidal generator on m^; then since the 
first polar of every point has tritaetic contact with a curve 
at a cusp, and bitactic contact with the first polar of any 
other point, s = 2. 

Combining these results we obtain the preceding expression 
for the reduction of class; also since the singular generator 
is not produced by the union of any additional double points 
with the multiple point, (7+ J?= Jp (2? — 1/, which proves the 
second part of the theorem. 

4. In a former paper,* I have drawn a distinction between 
multiple points and singular points on curves; and I have 
defined the latter as follows : " If an arbitrary straight line 
drawn through a point P, which is not a multiple point of 
order r, intersect the curve in r coincident points at P, then P 
will be called a singular point of order r." We shall now 
prove that : — 

If the nodal cone at a multiple point of order p possesses 
a singular generator of order 2, whose constituents are S nodal 
and K cuspidal generators which move up to coincidence along 
a continuous curve, the total reduction of class is 

It will be sufficient to verify this theorem for the four 
singular generators of order two, which a quartie cone can 
possess. The object of the investigation is to find the value 
of «, which is equal to the order of contact at B of the first 
polars of G and i>, when P is a tacnode, a rhamphoid cusp,, 
an oscnode and a tacnode cusp on a quartie curve. 

(i) Let P be a tacnode ; then the equation of the quartic^ 
curve referred to the triangle BCD is 

^V+2/3y,r,+ 2i^,= (d), 

and we may,^ without loss of generality, write v^^y-\-B^ 
The first polars of C and D are 

/y^. + ^K + r/,) +v\ =0 (10), 

p.+^K+ <>/',) + ^'>o.- (ll)i 

and the eliminant of (10) and (11) is, 
♦ "Corapound Singularities of Quintic CurTes," Quart. Jour.yYol, xxxvi., p. aSJ; 
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Mt\ Basset, MaUiph jjotirts on surfaces. 5 

Equation (12) is a binary sextic, which shows that (10) 
and (II) intersect one another in three coincident points at B] 
hence 5 = 3. 

(ii) Let £ be a rhamphoid cusp ; then the equation of the 
quartic is 

(i3i;, + v,)'+2r,r,= (13), 

whence v^ = ^v* + v^ V^. 

Substituting this value of v^ in (12), it will be found that 
the term which is independent of v, vanishes; hence v^ is 
a factor of (12), and the polars intersect one another in four 
coincident points at J5 ; accordingly 5 = 4. 

(iii) Let JB be an oscnode; then the equation of the 
quartic is 

(/3i'.+ F,)'+2i;.'(i/3+F,)=0 (U), 

80 that v,= V, +kv*, 

Substituting in (12) it will be found that the term involving 
V, vanishes ; hence 5 = 5. 

(iv) Let i? be a tacnode cusp; then 7c = 0, and we shall 
find that 8 = Q. 

Since the constituents of these four singular lines are'8 = 2, 
K = 0] 6=1, /r=l; 8 = 3, /c = 0; and S = 2, «= 1 respectively, 
the theorem is verified for the special generators considered; 
and its truth as a general theorem is sufficiently obvious. 
Also, as long as none of the generators of the cone w ^, pass 
through AB^ the reduction of class is produced by the 
conversion of conic nodes into binodes ; hence 

C+B=^p{p^l)\ 

accordingly the constituents of the multiple point are 

a=j2?(;?-l)*-2S-3/<-H, jB=2S + 3/e-l. 

5. 1/ the nodal cone at a multiple point of order p possesses 
a multiple generator of order q, such that r of the tangent plants 
are coincident ^ the constituents of the singularity are 

C^^^pip-iy-iq-iy-r.+ l, £=(^-l)-+r-l. 

(i) Let all the tangent planes along the multiple generator 
AB be distinct; then since a multiple point of order q on 
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a curve gives rise to a multiple point of order q' — 1 on the 
first polar, it follows that the first polars of two arbitrary 
points intersect in (j-l)' coincident points at B] hence 

(ii) Let r of the tangent planes along AB coincide ; then 
AB is a multiple point of order q-ion the first polar, having 
r — 1 coincident tangent planes ; accordingly AB will be 
repeated r— 1 additional times on the first polars of two arbitrary 
points, so that 5 = (j — 1)*+ »• - 1. This gives 

2(7+35=p(;?-l)'+(j-l)*+r-I, 

also C'\-B=ip{p-iy, 

which proves the theorem. 

It does not appear to make any difference whether the i 

preceding compound singularities occur on a proper or an > 

improper cone. Putting j = 3, r=l, it follows that the 
additional reduction of class produced by a triple generator on 
the nodal cone is 4 ; and it will hereafter be shown, by an 
independent 'investigation, that the additional reduction of 
class produced by a triple generator when the nodal cone is 
a quartic cone is the same, whether the cone is (i) a proper 
one, (ii) a nodal cubic cone and a plane through the nodal 
generator, (iii) two planes and a quadric cone passing through 
their lines of intersection. 

6. We have shown in § 3 that a nodal generator AB on 
the nodal cone u^ produces an additional reduction of class 
equal to I, and converts a conic node into a binode; but it 
follows from 8.8. § 13, that if AB is also an ordinary generator 
of the cone u ^j, an additional reduction of class equal to 2 is 
produced, and an additional conic node is added to the con- 
stituents of the nmltiple point. We shall now show that: — 

(i) If AB is a singular generator of order 2 on the nodal 
cone Wj,, which produces a reduction of class equal to s ; then 
when AB is an ordinary generator of the cone m^j, the con^ 
stituents of the multiple point are 

It will be suflScient to establish the theorem for a cuspidal 
generator, since the method of proof is the same for any other 
singular generator. Consider the surface 
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Mr, Basset^ MulUj^h points on surjaces. 7 

By § 3, the constituents of the singularity are given oy the 
equations 

2(7+35=^(^-1)^+2, 

(7+ B^lp[p^\)\ 

also AB has (j?+ l)-tactic contact with the surface at -4, and 
( p + 2]-tactic contact with the first polar of any point ; but, 
if M?p=0, AB has (/? + 2)-tactic contact with the surface at -4, 
hence the surface and its first polar intersect at an additional, 
point which lies on AB. Also it can be shown as in 8.8. § 13, 
that this reduction of class is produced by the union of an 
additional double point with the multiple point; hence the 
constituents of the singularity are given by 

2(7+35=;?(;?-l)'+3, 

C+ B^yp[p^\Y^-l, 

giving C'=Jp(p-l)', J?=l. 

When the singular line AB is such that the additional 
reduction of class produced by it is .9, it follows by parity of 
reasoning that when AB is an ordinary generator of w^^j, the 
equations are 

20-f 35 = p(p-l)'+5 + l, 
(7+ 5 = ip(p-l/+l. 

The following theorem is an extension of this result : — 

(ii) If the nodal cone at a multiple point of order p possesses 
B nodal generators, which are ordinary/ generators of the cone 
^p+\ / ^^^^ when all coincide the constituents of the singularity 
are 

0=Ji?(p-l)'-S + 2, 5=28-2. 

To prove the theorem it will be sufficient to consider the 
case of a tacnodal generator on a quartic nodal cone* 

When the cone w^^, passes through two distinct nodal 
generators AB and AB' on the cone m^, the effect is to add 
two conic nodes to the constituents of the singularity, so that 
in the case of a quartic node 2(7+35=36 + 2 + 2 = 40, and 
we shall show that when AB and AB' coincide, the effect is 
to produce a further reduction of class equal to 2. Consider 
the surface 

a(/3V+2/3y,i;^+2yJ + /:/3\ + /8X4-.-^'6=0...(15), 

Digitized by VjOOQIC 



8 Mr, Basset, Multiple points on surfaces, 

where v, = 7 + 8 and & is a constant. Equation (7) now become 

= 2 {lii\+li'w,+...w;} {(i\ + (i {v,+ v,v,') + <}...(16), 
or 

ifc/3*i?/+/3\ (2ifcv,v;+ 2ir,- AiVjO +...= 0...(17). 

Now write down the equation corresponding to (8) and 
subtract, and it will be found that we shall obtain an equation 
of the form 

/e»i;/X2, + i8\n,+...= 0... (17^), 

from which it is not diflScult to show that (17) and (17^) 
intersect in 54 ordinary generators, and in 10 coincident 
generators along AB. feut, since AB is four times repeated 
amongst the lines of closest contact of (15), the total number 
of ordinary lines of intersection of (17) and [llA) are 

64- 10- (20 -4) = 38. 

Whence wi = 38 = 80 - 2 C- 3i?, 

giving 2 (7 + 35 = 42 = 36 + 6. 

From this It follows that the coincidence of the two 
generators AB^ AB' produces a further reduction of class 
equal to 2 ; and by taking a third generator AB'\ which is 
a nodal generator on u^ and an ordinary generator on w^^'and 
making it coincide with AB^ it can be shown that the 
additional reduction of class is 2 + 2 = 4. Generalizing, it 
follows that when there are 8 coincident nodal generators 

2(7+35 = p(p-l)'+4S-2, 

also C+ JB=ip{p-iy+8^ 

which proves the theorem. 

Multiple Points in which the Cone consists of Planes 
interscQting in the same Straight Line. 

7. We shall now discuss multiple points in which the 
cone degrades into p planes intersecting in the same straight 
line, and shall commence with the following theorem. 

When a multiple point of order p consists of p distinct 
planes intersecting in a pointy the reduction of class is 

Digitized by VjOOQIC 



Mr. Basset, Multiple points on surfaces, 9 

and the point constituents of the singularity are 

C^ip{p-l)(p-2), B=ip{p-i). 

But when the planes intersect in the same straight line^ the 
reduction of class is (/> + 1) (p — 1)*, und the point constituents 
of the singularity are 

G=h{p-ir{p-2\ B=(p-i)\ 

By means of the theorem 8.S. § 13, it can be shown in 
both cases that the reduction of class does not arise from the 
union of any additional conic nodes or binodes with the 
multiple point; hence the reduction is caused bj the con- 
Tcrsion of conic nodes into binodes. 

In the first case, when the planes intersect in the same 
point, the number of their lines of intersection is Ip (p - 1) ; 
licncfi 

20+35=p(p-l)'+Jp(p-l), 

also (7+ J5=ip(p-1)*, 

whence C= J2>(p- 1) (p -2), B^lp[p ^1)...(IS). 

To prove the second case, we may proceed as in S,S. § 23, 
and employ a surface of degree/? + 1, which is 

«^P+Vi = ^ 0^)' 

where u,,, = ^"^'1^,+ (i'^w, +.•.«;,,,. 

The first polars of C and D are 

Multiplying the first of (20) by 7 and the second by 8 and 
adding, we obtain 

|?at;^+i8^M?,+ 2^^X+...(p + l)w?,,, = (21). 

Eliminating a between (19) and (21), we obtain 

P^X+(i>-l)/3X+--w?p,i = ^ (22). 

Eliminating a between (20), we obtain 
()8^<+/3^-«<+...) r;'= (/3'<' + /3^V+...) t;;...(23). 

Equations (22) and (23) represent two cones of degrees 
p + 1 and 2p — 1, which possess {p + 1) (2p— 1) common 
generators; and this number is equal to the number of 
ordinary points of intersection of (19) and the first polars of 
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two arbitrary points. Hence 

wi = (;? + 1) (2;? - 1) = (p + 1) /?'- 2 a- 3B, 

accordingly 2(7+3J?=(p-f l)(i?-l)' (24), 

also (7+ B^^p[p-l)\ 

whence = ^ (p - l)*(p-2), 5=(p-l)' (25). 

8. When s tangent planes coincide^ the reduction of class is 
In tills case v^- ^'y^ /, hence 

accordingly (23) contains 8*'^ as a factor which must be 
rejected, and the resulting cone is of degree 2p-^s. Whence 

^ = (p + l)(2;?-5) = (p+l)/-20-3i?, 

gmng 20+3£=(p+l)l(;?-l/+5-l{ (26), 

frona which it follows that each successive coincident plane 
produces an additional reduction of class equal to p+1. 
When all the planes coincide, ;? = «, and the reduction becomes 
p(p'— 1), a result which is known to be true when p = 2 
and p — 3, 

9. We shall now explain a method for determining the 
number of constituent conic nodes and binodes, when some 
of the planes coincide, which depends upon the theorem of 
S.S. §13. 

Two cones of degree n which have a common vertex 
possess n* common generators ; and a pair of such cones may 
be regarded as an improper cone of degree 2n which has 7i* 
nodal generators. If the two cones have an additional 
common generator they must coincide ; hence a cone of degree 
fi twice repeated may be regarded as an improper cone of 
degree 2n which has n*+l nodal generators. From this it 
follows that a pair of coincident planes may be regarded as 
a hinodal quadric cone, the positions of whose nodal generators 
are indeterminate. Similarly three coincident planes may be 
regarded as an improper cubic cone having 2 + 2 + 2 = 6 
common generators; and generally if t^ be the number of 
nodal generators when there are s coincident planes, 

^=«.-,+ 2(^-1), 
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the solution of which is ^^=5(5-1), Accordingly s coin- 
cident planes may be regarded as a cone of degree a which 
has s{s-l) nodal generators, the positions of which are 
indeterminate. 

10. When s coincident planes coincide^ the constituents 
of the singularity are* 

0=i(p-l)'(;7-2)-(;,+ l)(^-4), 
5= (;? -!)»+(;? + !)(*- 3); whenp-^l <t5(«- 1), 
and 

c=Kp-ir(;^-2) + (*-i)(35-;?-i), 

J5= (;?-!)*- (5 -1)(2«-;?- 1); when p^-ll^ s[s-l). 
The equation of the surface is 

In the firat case, each of the ^ + 1 lines of intersection of 
the cone w^^, with the plane S may be regarded as nodal 
generators of the cone S'; hence the number of additional 
nodes is jo+ 1, and 

C^-B^\p[p^iy^-p + \ (28). 

Combining this with (26) we obtain the first result. But 
in the second case there are only 5(5 — 1) additional nodes, 
ivhence 

C^-B=\p{p^lY^-s[s^l) (29), 

which by virtue of (26) gives the second result. 

When p fls 5, p + 1 <p ( p — 1) except when ^ = 1 and 2^ = 2 ; 
and in the latter case the singularity is an ordinary unode, 
and the second result gives (7=3, ^=0, which is right. But 
when ^ = 5 > 2, the proper formulae are the first ones, and we 
obtain 

C^^(p-ir(/'-2)-(p+l)(F-4), 5=(2?-l)'+(p+l)(p-3)...(30), 

where /? > 2. For a cubic node of the fifth kind, jp = 3, « = 2, 
so that the second formulae are the proper ones, which give 
(7=4, 5=4; but for a cubic node of the sixth kindp = a = 3, 
so that we must use (30) which give (7—6, 5=4. 

* The symbols < and > for "less than" and "greater than" are well known 1 
but there does not appear to be any established notation for the phrases "not le^s 
than" and "not greater than." I shall therefore employ the symbols <j^ and ^ 
lor these phrases, and yenture to recommend their use to mathematicians. 
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Tangents drawn from a Multiple or Singular Point to a Curve^ 

11. Before explaining the second method it will be 
necesaary to consider a few preliminary theorems connected 
with the number of tangents which can be drawn to a plane 
curve from a multiple or singular point on it. 

(i) Let r tangents at a multiple point of order p coincide ; 
then^ if the the number of tangents which can he drawn from the 
pointy and m the class of the curve^ 

t=m-2/? + r-l, 

The equation of the curve may be taken to be 

aV«p-r + 2aVi + V. = <^ (^0, 

. and the equation of the tangents which can be drawn from A 
to the curve is 

whence < = 2p + 2 (32), 

Also 8s=Jjo (jo — 1) -r+1, Ac = r— I, 

accordingly 

fw = (;? + 2)(j0 + l)-ji?(jt>-l)+2(r-l)*3(r-l) 

= 4jt?-r+3 (33); 

whence, by (32), 

e = m-2/;f r-1 (34). 

When all the tangents are distinct r= 1, and 

e=sw -2jO (34^). 

(li) If the point possesses s pairs of tacnodal branches^ r of 
which are coincident^ 

t^m''2p + 2r-2. 
Let the equation of the curve be 

then, by 8. G. § 5, 

S = Jjo(jo-l) +5-2^ + 2, itf = 2r-2; 
whence W2 =s 4^1? — 2« — 2r + 4, 

and «s*m-2jt? + 2r-2. 
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Mr. Basset^ Multiple points on surfaces, 13 

When r = 1, all the pairs of tacnodal branches are distinct, 
and 

t^m-2p. 

(lii) If the point possesses r pairs of coincident tacnodal 
branches and a ordinary branches, which coincide with the 
tacnodal branches^ 

t-m-2p + 2r + <r''2. 

Let the equation of the curve be 

In 8, C. § 5, we must put 5 = r ; so that, if all the ordinary 
branches were distinct, we should have S = ^/? (/? — 1) — r + 2; 
but, by S. C. § 4, every ordinary branch which coincides with the 
tacnodal branches changes a node into a cusp ; whence 

Accordingly 

w = 4jo-4/--(r+4, t = m-2p-\-2r + a^2. 

Multiple Points, The Second Method. 

12. Let -4 be a multiple point of order jk> on a surface; 
then the tangent cone at A will be called the nodal cone. 
With A as vertex a second cone can be described, every 
generator of which touches the surface at some other point P. 
This cone will be called the tangent cone from the node^ and 
I shall denote it by the letter N. The equation of the cone N 
can be obtained by writing the equation of the surface in the 
binary form 

(^P. V»» -r wjo. ir'=0 (35), 

and equating its discriminant to zero. 

Let D be any point in space; then, with D as vertex, 
a third cone can be described, every generator of which 
touches the surface. This cone will be called the tangent cone 
from i>, and will be denoted by the letter T. 

The class of the cone T is in general equal to that of the 
surface ; but, if 2> is a conic node, it follows that the class 
of T is equal to the number of tangent planes which can be 
drawn to the surface through a line passing through a conic 
node. Let E be any arbitrary point, D a conic node on the 
surface ; then ]^D will be a nodal generator of the tangent 



Digitized by 



Google 



14 Mr, Basset^ Multiple points on surfaces, 

cone from E. Hence, by the theory of plane curves, the 
number of tangent planes which can be drawn through the 
line ED to the tangent cone from jB, and therefore to the 
surface, is m — 4, where m is the class of the surface ; and, 
since this is equal to the number of tangent planes which can 
be drawn through any line through D to the tangent cone 
from D^m — 4t is the class of the cone T when its vertex is 
a conic node. 

We thus obtain the first of the following theorems, and the 
remaining four can be proved in a similar manner. 

(i) The number of ordinary tangent planes which can he 
drawn to a surface through a line passing through a conic node 
is w — 4. 

(ii) When the line passes through two conic nodes the number 
is m — 8. 

(iii) When the line passes through a hinode the number is 
m-3. 

(iv) When the line passes through two binodes^ the number 
is m- Q. 

(v) When the line passes through a conic node and a binode 
the number is m — 7, 

13. We shall now prove a more general theorem : — 
When a surface of degree n has a multiple point of order p^ 
at which there is an anautotomic tangent cone, the degree of the 
tangent cone from the multiple point is n[n — \)'-p{p-\-\)] 
dnd its class is m — 2jo ( jo — 1) , where m « w (n — 1)' — ^ (^ — 1 )*. 
Let A be the multiple point ; then any plane section of the 
surface through ^ has a multiple point of order p 2it A] and 
the degree of the tangent cone from A is equal to the number 
of tangent lines which can be drawn from A to the section. 
Now the class of the section is n{n—l)—p{p — ])] and, by 
§ 11, (i), the number of tangent lines which can be drawQ 
from A to the section is 

n(n — l)-jt?(jo — 1) — 2jo = w(w- 1)— jt?(/>+ 1). 

In the next place let D be any point in space, T the 
tangent cone from D to the surface; then DA is a generator 
of the cone T, and the class of T is the same as that of the 
surface. Since the nodal cone at A is anautotomic, its class is 
p{p — l) ; hence p (p — l) planes can be drawn through DA, 
which are tangent planes to the nodal cone, and also to the 
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Mr. Basset^ Multiple points on surfaces. 15 

surface and the cone T. Accordingly DA is a multiple 
generator on the cone T, through ivhich />(jo — 1) distinct 
tangent planes can be drawn to the cone; and, by § 11, (i), 
the number of ordinary tangent planes which can be drawn 
through DA to the cone T, and also the surface, is m - 2jt? (/? -1). 
But every ordinary tangent plane, which can be drawn through 
DA to the surface, is a tangent plane to the tangent cone from 
the multiple point A and vice versd ; hence the class of this 
cone is 77i — 2jk?(jo— 1). 

14. It remains to find the value of m. The surface 

a {(i^' {Py + Qd) + i3^\ +... v^] + (i' {By + SS) +...«v. = ^ 

(3^) 

has a multiple point of order jO at A^ and ^B is one of the 
lines of closest contact which, in the case of a multiple point 
of order jt? on a surface of degree jt? + 1, is a line lying alto- 
gether in the surface. Let the plane a = \/3cut AB in J?'j 
then the equation of the section is 

[\ (7V+ aS) 4 By + SS] ^'-{-{Xv^ + w,) fir' +...= 0; 

hence, if \=-/S/ft the tangent plane to the surface at B'^ 
will pass tlirough AD, Hence one point exists on each line of 
closest contact, the tangent plane at which passes through AD; 
accordingly the number of tangent planes wliich can be drawa 
ihrough AD to the surface h p [p + 1). Whence 

m-2p{p -* 1) = j9 {p + 1), 

which gives w = ( jt? + 1 ) |>*^ - ji? (jt? - 1)'. 

The first term is the class of an anautotomic surface of 
degree p + 1, whilst the second term gives the reduction of 
class produced by a multiple point of order p^ We thus 
obtain another proof of Segre's theorem. 

15. "We shall now apply this method ta prove the theorenck 
of §3. 

If BCD is any plane passing through D, the section of the 
Dodal cone by this plaae will be a curve of degree p having S> 
uodes and k cusps ;. hence by the theory of plane curves, the 
number of tangent lines which can be drawn through D {o 
the section is pip— 1) - 28 — 3«, and this is consequently the 
number of distinct tangent planes which can be drawn through 
DA to the nodal cone. But every plane through DA and 
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16 Mr, Basset^ Multiple points on surfaces, 

a nodal generiator is equivalent to tvro coincident tangent 
planes, and every such plane through a cuspidal generator is 
equivalent to three coincident tangent planes. Hence DA is 
a singular generator of the tangent cone from D (or the cone 
r=0) of order p (jir— 1), having S pairs of coincident tangent 
planes, corresponding to each nodal generator on the nodal 
cone, and k planes consisting of three coincident tangent 
planes which correspond to each cuspidal generator. From 
this it follows from §11, (i), that the number of ordinary 
tangent planes which can be drawn through DA and the 
cone 3r is 7w — 2jo (^ — 1) + S + 2« ; and the above expression 
is equal to the number of tangent planes which can be drawn 
through DA to the surface. I 

^ow the nodal and cuspidal generators of the nodal cone I 

will not in general coincide with the lines of closest contact ; ' 

hence, as in § 14, the number of tangent planes which can be j 

drawn through DA to the surface is equal to the number of [ 

lines of closet contact, which is jo (jp + 1) : accordingly | 

or 7?? = (jo + l)jt?'-jD(;?-l)'- 8-2/ic, i 

which shows that the reduction of class is jO (ji7 - 1)* + S + 2». . 

To prove the remaining portion of the theorem, it can | 

easily be shown from S,8, §13, that the reduction of class j 

arises from the conversion of conic nodes into binodes, and not | 
from the union of any additional double points with the 
multiple point ; whence 

G^B=^p{p-\y (37), 

also, since the reduction of class is 20+ 3B, we obtain 

2(7+ 3j5=/? (jt> - I)* + s + 2/tf (as). 

Solving (37) and (38), we obtain the required result* 

Unodes. 

16. The equation of a surface having a unode at A and 
the plane ABC as the uniplane is 

a"-'8'+ a"-'(8«F,+ 8'F,+ W,^-V^ + a«-X+...w,= 0....(39), 

where F;^= fj3, 7)"; from which it follows that the section of 
the surface by the uniplane is a curve of the n^^ degree having 
a triple point at A, the tangents at which are given by the 
equation F,=0. There are accordingly three primary species 
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of unodes, according as the triple point is of the first, second 
or third kinds. Now Salmon has stated without p?w/that, in 
the case of a cubic surface^ these three species of unodes 
respectively reduce the class by 6, 7, and 8 ; and that their 
respective constituents are 6'= 3, J5=0; 0=2, J5=l,; 
(7=1, J5=2. There is, however, a distinction between 
a unode on a cubic surface and one in any other surface ; for 
in the former case, the section by the uniplane consists of 
three straight lines intersecting at the unode ; whereas, in the 
latter case, the three tangents at the triple point do not lie ia 
the surface but have quadritactic contact with it at the unode. 
We shall therefore enquire whether Salmon's results for cubic 
surfaces are special ones, or whether they are generally 
applicable to all surfaces. 

Since the characteristics of a unode on a quartic are the 
same as on any other surface, we shall employ the surface 

(40), 

in which A is the unode and ABC the uniplane; and we 
shall make use of the second method explained in § 13. 

Writing down the discriminant of (40), regarded as 
a binary cubic (8, 1)'*=0, it follows that the tangent cone 
from D is of the 10*^ degree, and that the term containing the 
highest power of a is o! F,, which shows that DA is a triple 
generator of the first kind on the cone. Accordingly the 
number of the tangent planes which can be drawn through 
DA to the surface is tw — 6. 

The tangent cone from A is 

(8'F, + 3S*F, + 38F,+ F/^12S''(8»PF^ + 3S'PF,4.3STF3 4TFJ 

(41), 

which is of the 6*** degree and has three nodal generators 
which are the lines of intersection of the planes 8 = 0, Fg=0; 
hence this cone is of the 24*** class; and therefore 24 tangent 
planes can be drawn to it through DA. But each of these 24 
planes is a tangent plane of the surface ; accordingly w— 6=24, 
giving /w = 30, which is right. See S,8, § 14. 

When two of the tangents at the triple point on the section 
by the uniplane coincide, we may take F,= /3V« In this case 
u4S is a nodal and AG 9. tacnodal generator of the cone (41), 
so that its class is still equal to 24. But the line DA now 
becomes a triple generator of the second kind on the tangent 
cone from D\ hence the number of tangent planes which cau 
VOL. XXXIX. C 
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he drawn throngli it is w — 5. Accordingly »i - 5 = 24, 
giving w? = 29. The coincidence of two of the tangent* 
therefore reduces the class by 7, and clianges one of the three 
constituent conic nodes into a binode. 

In the same way it can be shown that when all three- 
tangents at the triple point coincide, the reduction of class is 
8 and the constituents of the singularity are C=\, J5 = 2» 
We have thus shown that Salmon's results for a cubic surface 
are of general application. 

B{node», 

17. In S,8. §f 13 and 14 I have explairred the theory of 
the binode whose constituents are twa conic nodes; and have 
pointed out that when the surface is- a cnbic this beeomes^ 
Salmon's binode B , By means of the theory of the Birationat 
Transformation of Surfaces, which I shall not attempt to 
discuss on the present occasion, it can be shown that the 
equation of a surface having at -4 a singularity formed by the- 
union of a conic node and a binode i» 

where the i?'s, w% and W^s are binary quantics of (7, S) ;: 
and a simihir result can be obtained when the singularity at 
A i& formed by the union of a multiple point of the first kind 
and a binode. The section of (42) by the plane v^ = w^ is- 
a curve having a riiamphoid cusp at -4; and when w = 3 the 
result fail«^ as might be expected, since the properties of the 
binode on (42) are different fram those of Salmon's binode B^ 
0n a cubic surface^ although the constituents of the latter caa 
be shown to be C= 1, B= 1. 

Salmon^s binode B^ is a peculiar one. I have shown ii> 
S»8, § 37 that when a JUed plane osculates a surface along^ 
a straight line, there are in general « - 1 ordinary Wnodes on-: 
the line* Let >i = 3, AB be the line, A one of the binode* 
upon it, and ABG the fixed osculating plane; then the 
equation of the cubic sui'fac© is 

aS(^-h^7 + >'S)+i3'S + j3Swr,+ M?,= a .(43). 

Let the plane /3' = /S— \a = cut AB in A\ and change- 
the tetrahedron of reference to A' BCD] then (43) becomes 

a.8 { (\a + 15') p + qy -f rS) -f (\a i /S')' S f (\a.+ /3'j Bw^+ w^^ O5 
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accordingly, if \+p = 0, A' will be the other binode; and, if 
/? = 0, the latter will coincide with A. In this case (43) 
becomes 

aS (^7 + rS) + /3'S + (iSw, + m>, - 0, 

and the singularity at A is Salmon's binode B^. 

As {Salmon states without proof that the constttaents of 
B^ on a cubic surface are jB=2, I hare given the foregoing 
investigation; since, for all that Salmon has proved to the 
contrary, B^ might be composed of three conic nodes which 
move up to coincidence along a continuous curve. 

The special features of compound singularities on cubic 
surfaces are due to the fact that a proper cubic surface, 
unlike a proper cubic curve, can possess more than one double 
point; but, since any plane section through the compound 
singularity must necessarily be an improper cubic curve, in 
which the coiTcsponding singularity in plane geometry 
appears in a degraded form, the properties of the compound 
singularity will be different from what they would be when 
the degree of the surface is such that the plane section is 
a proper curve. 

Quarttc Nodes. 

18. I have stated in § 5 that as long as the tangent planes 
are distinct^ it does not appear to make any difference to the 
reduction of class whether a multiple line occurs on a proper 
or an improper cone. To illustrate this, let us consider the 
sextic surfaces 

a" (SX+ Sv, + ^7) (J/7 + M) S 
+ a(8^F, + 48'*K,+ 6S'F;+4SF;+Fj4S^IF,+...Tr.= 0...(44). 
and 
a'(S'+8V«7?^,+i>i37')S+a(S^r,+...)+8^Tr,+ ...Tr,= 0...(45)^ 

Both surfaces have conic nodes at D ; but in (44) the nodal 
cone at A consists of a pair of planes and a quadric cone passing 
through their line of intersection, whilst in (45) it consists of 
a nodal cubic cone and a plane passing through the nodal 
generator. 

(i) In (44) tlie plane 8 intersects the quadric cone in the 
lines AB and ACy whilst the plane My-i-NS intersects the 
cone in the line AB and another line AE. Hence, according 
to the preceding theory 

m = 150-36- 1-1-4-2 = 106. 

G2 
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then 



.(4T). 



where 



To verify this result, write (44) in the binary form 

(a, b, c, d, eXS, l/=a. (46), 

6 = i (Jfr.7 + JVr,) a'+ ar,+ IF, 
c = ^{Jlf»,+iV/3)a'7 + aF,+ TF, 
rf=iA/a'/S7'+aT^4+Tr, I 

The equation of the tangent cone from D is 

r-2W=0 (4% 

I=ae^ibd + 2c* 
J=ace-i-2bcd- 



I- 3c' > 

?_ad«-5'e-.cM* 



.(49). 



Substituting the above vatnea of a^ 5, c, d!, e from (47) ia 
the discriminaDtal equation (48), it will be found to be of the 
form 

«V/3V,'t.+ a"7'T„+ a'V„+...T. =0 (50), 

where o-, = is the equation of the plane DAE, and T^=(yS, 7)* 
Hence DA is a multiple line on the cone (50), having threes 
pairs of coincident tacnodal sheets and two pairs of coincident 
ordinary sheets. Regarding (50) temporarily as a curve, it 
follows from B.C. J 5 that if the ordinary branches (whicK 
correspond to the slieets of the cone) were distinct, the 
constituents of the multiple point at A would be S = 65, 
K=cA] but the coincidence of the twa pairs of ordinary 
branches converts two nodes into two cusps, whence the. 
constituents of the multiple point are S = 63, k^Q. Hence, 
if /I* be the class* of (50), it can be shown as in § 11 that the 
number of tangents which can be drawn from A to the cone 
is ^t — 18. Now if m be the class of the surface ^t=^wi — 4, so 
that the number of tangent planes which can be drawa 
through the line DA to the cone (50), and therefore to the 
surface, is m — 22, 

Kach of these 7^ — 22 tangent planes is a tangent plane ta 
the tangent cone to the surface from A ; also this cone lis oi 

* The reason why /u is not equal to 24 x 23-126-18=408 is that the cone (50), 
possesses nodal and cuspidal generator, which arise from a certain number of its. 
gt-nerators being double and staiionary tangents to the surface. 
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the 10'^ degree and AD is the otily nodal generator it 
possesses; hence its class is ^0-^2 = 88, and the number of 
tangent planes which can be drawn to it, and therefore to 
the surface, through AD is 88 — 4 = 84. Accordingly 
m — 22 = 84, giving m = 106, which agrees. 

(ii) In (45), AB is the nodal generator of the cubic cone, 
and the plane 8 intersects the cone in AB and AC] hence, 
according to the preceding theory, 

•w = 150-36-l-4-2 = 107. ^ 

To verify this, proceed as before and it will be found that 
the equation of the tangent cone from D is of the form 

aV/SV,+ Bt"7\o+...T,,= (51), 

from which It can be shown that the number of tangent planes 
which can be drawn through DA to the surface is m — 23, 
Hence, as in (i), we obtain w — 23 = 84, giving ?w=cl07, 
which agrees. 

The following additional cases could be worked out with* 
out difficulty : (iii) the plane 8 coincides with one of the nodal 
tangent planes ; (iv) the cubic cone is cuspidal, whilst 8 is an 
arbitrary plane through the cuspidal generator; (v) the plane 
S is the cuspidal tangent plane. 

19. When the nodal C07\h consists of a quadric cone and 
two coincident planes, its point constituents are (7= 12, £= 8. 

Let the coincident planes cut the quadric cone in AB and 
AG. Then, from the foregoing theory, we should anticipate 
that each of the triple lines AB and AG would produce 
a reduction of class equal to 4 ; also the union of the two planes 
gives rise to two additional conic nodes. Hence the total 
reduction of class ought to be 36 + 4 + 4 + 2 + 2 = 48, giving 

2(7+35 = 48, 

(7+ 5 = 20, 

from which we obtain (7=12, B=S. But, since the two 
planes coincide, the lines AB and A G are of the nature of 
triple lines of the second kind, and we are consequently not at 
liberty to assume that the reduction of class produced by each 
of them is equal to 4. I shall therefore give an analytical 
investigation by means of the sextic surface 

a*(S«+8i;, + /37)S'+a(8*F, + 48^F,+ 6S'F3+45r,+ FJ 

+ 6*Tr,+...W;=0 (52). 
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The values of a, J, c, rf, e are 

Writing down the discriminantal equation of the tangent 
cone from />, it will be found that the highest power of a is 
a", and the term involving it is 27c*e {Sac — 2b^) ; and that its 
coefficient (rejecting constant factors) is ySVFg(/S7 — ^v,*)? 
also the coefficient of a*** does not involve /3 or y as a factor. 
From this it follows that if /a be the class of the cone, the 
number of tangent planes which can be drawn through DA 
to the surface is /* - 22 = tn - 26, since /n = m - 4. 

The tangent cone from A has five nodal generators, which 
are the lines of intersection of the plane 8 and the cone F^; 
also AD is another nodal generator of the tangent cone; 
hence its class is 90 — 10 — 2 = 78. The number of tangent 
planes which can be drawn to this cone, and therefore to the 
surface, through AD is accordingly 78 — 4 = 74 ; and we thus 
obtain tw — 26 = 74, giving m = 100. 

Let X be the reduction of class produced by each of the 
lines AB and AD, then 

ry? = l00=150-36-2aJ-2-2-2, 
giving aJ = 4, 

which verifies the correctness of our conclusions. 

20. When the nodal cone at a quarfic node consists of 
a quadric cone twice repeated, the constituents of the singularity 
are (7=15, 5=8. 

Consider the surface 

aw/ + W6 = (53), 

then, proceeding according to the first method, the two cones 
whose common generators determine the class are the sextic 
cones 
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which possess 36 common generators; but, since 10 of these 
common generators are the 40 lines oF closest contact, which 
are the common generators of the cones u^ and i(g, the totai 
number of oidiuary generators is 26. Hence 

m = 26 = 80-2C-3fi, 

whence 2<7+ 35 = 54 (54). 

Now, from § 9, it appears that a quadric cone twice repeated 
may be regarded as a quinquenodal quartic cone whose nodal 
generators lie on the qnadric cone «,, but are otherwise inde- 
terminate ; also these live nodal generators may be regarded 
as coinciding with five of the lines of closest contact, HeiH)c 

{7+JS=:18+5 = 23, 

giving C=15, B = S. 

The foregoing result is capable of extension to multiple 
points whose nodal cones are of the form u^'u^. 

Cuspidal Conies, 

21. It is not my intention to discuss the properties of 
singular curves on surfaces, but I shall conclude by a revision 
•and extension of S»8, §§49 and 50. 

The equation of a quintic surface which has a nodal conic is 

^* (a' U, + a' V^ + a C/, + tr ) + 2aa w, + 12'm = 0. , . [b^\ 

In which U^=: (fi, y^ 8)**; Q, and m, are quadric cones whose 
vertex is A^ and u is the plane through A which cuts the 
plane a in the residual line. In the second of equations 8.S. 
(46), 12' ought to be written for 12; and the forms of these 
equations show that the cones t^,, Q', and U^ pass through the 
points where the residual line cuts the cuspidal conic. Hence, 
if V and w be arbitrary planes through A, we may take 

where P and Q are constants, accordingly 

w,» - I2I2' = mV + 2PQ,uv + P'Q.' - auto - Qil\ . . (56), 

and, since the right-hand side of (56) has to be equal to U^Uy 
it follows that P'= Q, and 

Z7, = Mi;' + 2Pf2t--n?/;. 
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Substituting these values of u^ and U^ in (55) and writing 
Z7g' = ?7g + vwj we obtain 

a' («''£;; + aC/;+ ?7,')+ («« + 12) {(ai; + 12) M + 2Pi2a-a'w;l=0 

(57), 

'which shows that the quadric at; + 12=0 osculates the quintic 
alon^ the cuspidal conic. 

Since the points -B, (7, and D may be any points on the 
cuspidal conic, let them be three of the points of intersection 
of a, C//, and Q,, Then it follows from (57] that the coeffi- 
cients of /3' and /3* have a common factor, hence J5 is a tacnodal 
point ; accordingly the cuspidal conic has four tacnodal points. 
We may now write (57) in the form 

a' (a'?7^+ at/; + Z7J + (at? + 12) {(a!? + 12) m + a'w?} = 0... (58), 

where v and w are arbitrary planes passing through A ; and-{« 
is an arbitrary plane passing through the residual line. Also 
the tacnodal points are the intersections of the plane a with 
the cones Z7, and 12. 

22. If the quintic has a tacnodal conic, every point on the 
conic (a, 12) must be a tacnodal point, which requires that 
?7, = ©12) and (58) may be reduced to the form 

8'u-{ fi'«;a* + ii?a*=0 (59), 

where 8 is an arbitrary quadric and m, v, w arbitrary planes. 
This result will be obtained by a different method later on. 

23. The form of (58) suggests that the general equation 
of a surface of the n^^ degree, which has a cuspidal conic, is 

a'D:..+ («t; + Ii) [(a«+ 12) F^,4 a'TF^j=0...(60), 

where v is an arbitrary plane and f7^_„ 1^,_^, W^_^ are arbitrary 
quartemary quantics. This result may be verified as follows : 
let 

t? = joa + giS + ry + ^S, 
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-where m^ = v^ = i^^ = (a, 7, S)" ; then the highest power of /3 
18 j3**"*, and its coefficient is (^a + ytiS + V7)*, which shows that 
(60) has a cuspidal conic. 

Let B be one of the points of intersection of U^^_^ with the 
cuspidal conic; then Mo=0, and B is a tacnodal point. Hence : — 
^ cuspidal conic on a surface of the n^^ degree has 27i- 6 tacnodal 
points^ which are the points of intersection of the surface U^_^ 
with the cuspidal conic. 

The curve a=0, T^ ^ = is the residual curve; let B be 
one of the points in which it cuts the cuspidal conic, then 
Vg = 0, and the highest power of /3 is the (n- 3)'* and its 
coefficient is 

^^9 + (2<* + A^S + ^7)* v^ + {qoL + /iS + vi) a'w^^ 

which shows that -B is a cubic node on the cuspidal conic, at 
which there is a cuspidal cubic cone. The cuspidal tangent 
plane is 

qa + fiS + vy=^ 0, 

and the line in which it cuts the plane a is the tangent at B 
to the cuspidal conic. It therefore follows that a cuspidal conic 
on a surface of the n^^ degree has 2n - 8 points of the kind which 
Cayley calls " close points.^^ 

Tacnodal Conies. 
24. The equation 

S'U-¥S8'r+8"W=0 (61), 

"where 8^ 8' are quadric surfaces and U, F, W quarternary 
quantics of degree w - 4, represents a surface of the n^^ degree 
having a twisted nodal quartic, which is the curve of inter- 
section of the quadrics 8^ 8\ When the quadrics have 
a common generator, the nodal curve becomes a twisted cubic 
and a straight line; 1 shall not, however, stop to examine 
these special curves, but proceed to consider the case in 
which 8' consists of two coincident planes. Putting 8' = a', 
(61) becomes 

8'U'\'8Va'+W(x*^0 (62), 

which represents a surface having a tacnodal conic. 

The plane a cuts the surface in the tacnodal conic twice 
repeated, and in a residual curve of degree w — 4. Let B be 
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one of their points of intersection; then, if 



(62^), 



^here the suffixed letters denote ternary quantics of (a, 7, 8)» 
the coefficient of the highest power of /3 is 

«o that 5 is a cubic node, whose nodal cone consists of a quadric 
cone and a plane touching the cone. In other words the nodal 
cone is an improper cubic cone having a tacnodal generator. 
These are the singular points which correspond to what 
Cayley calls " close points " on a cuspidal conic ; and it is 
remarkable that the singular generator on the nodal cone is of 
the same character as the singular curve on the surface. The 
fact that this is the case when the singular curve is a cuspidal 
or a tacnodal conic suggests fiir-reaching analogies. The 
Domber of these singular points is 2w — 8. 

25. We shall now show that: — 

There are 4?i — 16 points on the tacnodal conic^ suck that any 
plane section through one of them has a rhamphoid cusp at the 
pointy and these jyoints are the points of intersection of the 
tacnodal conic with the surface F*=4C71F. 

Let B be one of the points of intei'sectlon of tlie surface 
V'^='iUW SLnd the tacnodal conic; and let C and D be any 
arbitrary points on the latter. Then the values of V and py 
will be given by (62^), but we must add the term wjS**"* to 
that of U, But, since the surface V'=AUW has to pass 
through By it follows that v^*=4:U^w^] hence, changing 
constants, the section of the surface by the plane S is a curve 
of the form 

(V/37+ Qya + Po^)' 0"-^^.+ UJ) 

+ a'{vffy+Qyoi + Pa0) (/3-'F.+ F...) 

+ a* (/3"-' TF, + ^- W, + TF,.J 

+ /8"-{(i'/87+<?7a + Pa/3)p + 2aT=0 (63), 

where all the suffixed letters arc binary quantics of (a, 7). 
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Let US n«w transform (63) by means of the equation 

^_ Jt 7_ 

a7 a/i^ 7P ' 

then, from the theory of birational transformation explamed 
in /S.C §§ 1 and 7, it follows that, if (63) has a rhamphoid 
xmsp at B, the transformed curve must have an ordinary cusp 
on A C. Kow, omitting accents, the transformed curve is 

/87'(Pa+ Ql3 + vyY{ar-yU,-i- ^--f7,J 

+ a/8V(Pa+ Ql3 + vy) (a-V-*F,+ i8«-*F,J 

4- a'^' (a*-V"*Tr, + /s"-* w;j 

+ ar'Y'*{py{Pa-\- Qli + vy)-{-qoL^Y = (64), 

^hich shows that (64) has a cusp at the point where the line 

Pa+C;S + v7 = (65) 

cuts A G. 

Additional information on Quintic Surfaces having a tac- 
nodal conic will be found in a paper shortly to be published 
in the Rendiconti del Gircolo Matematico di Palermo 1907. 



THE EXPANSIONS OF PRODUCTS OF 
HYPEEOEOMETRIO FUNCTIONS. 

By O. N. Watson, Scholar of Trinity College, Cambridge. 

§ 1. 'THE expansion in a power series of the square of 
■^ the hypergeometric function -F(a, /3, 7.^), when 
a, j3, 7 are connected by the relation 

a + /3 + i = 7 

has been investigated by Goursat* in the cases in which 7 is 
not an integer. 

The objects of this paper are as follows : first, to obtain 
expansions for the products of the complete elliptic integrals 
usually denoted by JT, K'j E, E' ; it being well known that 

• Ann. de PEcole Normale Superieure, Ser. 2, Tome xil. 
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and consequently does not come under the head of cases 
investigated by Groureat; second, to investigate the squares of 
some hypergeometric functions not discussed by Goursat ; and, 
third, to evaluate some definite integrals involving products of 
the complete elliptic integrals ; some results of this nature have 
been previously given by Dr. J. W. Nicholson.* 

§ 2. It has been proved by Appellf that if the general 
solution of the equation 

£'=/,(«)§+/.(«) (0 

then the equation of which the general solution is 



IB 

d£ 



f.-3/.(x)£4-[2{/.(.)}.-^/.(.)-4/.(.)]| 

+ [4/,(x)/,(x)-2^/,(^)J« = (2), 

It is proved by QoursatJ that if (I) be the differential 
equation of the function F{a., /3, -/.a;), then, when a + /S+J=«y, 
(2} can be written in the form 

[5(3 + 7-1) (•5 + 27-2)-a;(5 + 2a](^ + 2^)(^ + a-l-/8)]« = 

^ (3), 

.S denoting x -r . 

We shall only consider hypergeometric functions where 
the relation a + /3 + J = y holds, except in § 7. 

§ 3. We proceed to apply this result to the equation for 
the quarter periods R^ K\ viz. 



5{«('-41-J^-». 



where c = ^*. 



* Phil. Mag., 1905. 

t Comptta Rendutj Tome XCI. 

t Loc. eit. 
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We first change tbe independent variable in this equation. 
Putting c= J (1 + w), it becomea 

d_ 
da 



{(.-»-)J}-J,=o. 

^ ^ udu \udu) ^ ^ udu "^^ "" 



- 
du 



I.e. 



Writing 1 - w* = a;, we have 

-a-^)3+(i-i-)|-iVy=o, 

-where x = 4:kVi\ 

This is the equation for the hypergeometric function 
-^(41 4> 1»^)» ^^^ transformation is a particular case of 
one ot Riemann's transformations.* 

Consequently by (3) the equation, the solution of which is> 

J8 [y-x(S^iy}z^O (4). 

Since in this case 7 = 1, some of the solutions involve 
logarithms, and have not been hitherto investigated. 

§ 4. We proceed to solve equation (4) by the method of 
Frobeniust ; it is found that 

is a solution of the equation 

[5'-aj(A+J)']^'=c„«?.r« (6), 

^0 l>eing an arbitrary constant ; and consequently solutions of 



* Mathem. Werke^ p. 76. 

t Forsyth, Differential Equations, pp. 235-249. 
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(4) are given by 

Now 

9a ^ " L«=i ( (a+l)...(a+n) j 

;' ^ ^ ^ " ^ L*=i 1 («4-l)...(a+n) j 
• ["=1 1 (a+l)...(»+n) ) 

That is to say, putting 

aad writing for the scJce of brevity 

l .3^...(2»-l) 

" 2.4.6... (2«) ~ »* '>*-'^ 

111 

i + 2 +-+» = *• (*>^ 

1,11 /^N 

ff + 2". +..►+ -.=<r. (>X 

we find that each of the three expressions «„ 2,, «^ where 

Digitized by VjOOQ IC 
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•1=1 

;..= 4z,{logC2M')}' 
+ 24 {log(2M')} i [a:is^-B:) (2kkT\ 

«=l 

+ 36SK'(*„-0'(2Wri 
11=1 

-12S{a,>^-iO(2^*'ri, 

n=l 

» of the foni) ^ A'" + j&A" A"+ CK'\ 

Now each of the series for «„ «„ j»j^ Is absolutely convergCDt 
so long as [2AA;'|<1, t.e. putting A;*=c, so longas |c(l— c)|<^; 
that is to say, so long as, in the Argand diagram, c lies withm 
the Lemniscate of Bernoulli with foci c==0 and c—\\ except 
that 2,, 2, have logarithmic singularities at 6== and 0=1. 

It is necessary to consider separately the values o{ z^y z^^ z^ 
in the two loops of the Lemniscate, since the series for z^^ is,, z^ 
may represent different analytic functions of k in the two 
loops ; that is to say, if real values of k^ k' only are considered , 
it is necessary to consider separately the cases when 0<c<,| 
and ^<c<l; the double point of the Lemniscate being at 
tlie point c = ^. 

First, suppose 0<c<J; i.e. 0<i<l/V2. When k is. 
^ery small 

JK" = J7r + terms in &•, 7c\ ..., 

jK''=Llog4/i+ terms in AMogA, A* log A-, ..^ 

and in A;^ k\ ..»• 
Therefore 

iC^=r|-7r'-f terms whidi vamsh with k\ 
KK' ^ ^nlogi I k-^ „ „ 

ir-=(log4/A)-+ 
Kow «,= ! + terms whidi vanish with ky 

a,= 2 log2 + 2 logA; + terms which vanish with Jcy. 
^=4((logZ;/+ 2log2log^+(log2y} 

+ terms which vaaish with Xv 
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Therefore, when 0<k< 1/^2, 

■«:•= (K) [I + ^ !«.' (2^')"}] (i«), 

«=i 

KK'^[l7rlog2}z^^Qn)z, (II), 

ir'-=9(log2)';.-3(log2)i..+ |2^. (Ilia). 

Next suppose that 1/^2 <A< 1. When k' is very small, 

K' = ^Tr + terms in k'\ k'\ ..., 

JT = log 4/ A:' + terms in Aj'Mogit', ..., 

and in A", .... 

Whence it follows, since «„ «„ «, are unaltered by inter- 
changing k and k\ that when 1/V2 < *< 1, 

^*= 9 (log2)';8,- 3 (log2) z^ + 1;^^, (K), 

JT^' has the same value as above (II), 

ir"=(K)''. (UK). 

§ 5. The products which contain E or E' may be deter- 
mined from a differential equation of the third order in 
a somewhat similar way; but it is simpler to deduce them 
from the diflferential equations connecting K and J?, with the 
help of Legendre's relation, in some cases. 

These equations are to be found in any text book on 
Elliptic Functions; they are as follows: 

dK __ E^^K 
dk " kk" k ^^^^' 

dk )tr^ r ^"^* 

dE E-K 

-dk- -T- Ci2), 

'^= l'(^'-^') •■ 03), 

KE'+K'E-KK'=i^ (U). 

From (10) we have 

EK=Jc"K'-^l7c7c" ^ (15). 
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From (11) 

E'K'=^k'K'*-^kk'* ^ (16). 

From (10) and (11) 

dk 
Using Legendre's relation^ we have 

EK-=\7r-^lkk-' ^~ +k''KK' (ir), 

E'K=^ir-^kk'* ^^ +k'KK' ..(18). 

From (10) and (12) 



kk'' ^^ -= EK'- E'K- KK' {lc"-k'). 



E'=kk"^ + k"K* (19). 

a/e 



Fram (11) and (la) 

dWK' 



E"=^-1ck" "^-^^-^k'K" ............(20). 

From (11) and (12) 

EE'^EK'^y'KK' ^kh'^ ^^.. ...... .(2\). 

From these relations and equations (la) to (IIIJ) we can 
deduce series for the different products ; those which involve 
logarithms are hardly worth writing down; the others are: 
when 0<^•<l/V2, 

EK^\iT\k"-^ S a;(2M7"{r+n(r-r)l]...(IV); 

when I/V2<i<l, 

E'K'^lir'ik'^- i a„'(2M0'"{/c"+ n(i^'-. r)}]...(V); 

when 0<i<l/V2, 

^=|7r'[r(r-i')+ i a„'|2;i'(r-7cY+2nr (r-3A') 
n=l 

+ r(^"-yfc')j(2My"J..;(VI); 
VOL. XXXIX. D 
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when 1/V2<A;<1, 

11=1 

+ k'ik'-k")] (24A')'"J...(VII). 

§ 6. The solutions of (3) given by Goursat may be written 

L n=l (2-7),(7),-«I J 

f-x'-^fl I ^ (^«-^-y + '^)n(2^-27 + 2).(f-7), ^.-| ,24> 

where (a)„ denotes a (a + l)--(a+ n — 1). 

Siujce two independent solutions of the hypergeometric 
equation^ (if 7 13 not an iateger and a + j3 + J = 7) are the 
expression? 

F{oi, /9, y.x), 

x'-'Fil-a, I -(3, 2-7.ar), 

we see at once that if 1 — 7, 2-27 are not integers 

?,= {F(a, /3,'7.«')r, 

t={F(a, /3, 7.a')la;-ni^(i-«, i-/3, 2-7.0;)}, 

^^x'-''[F(^-o^ ^-^, 2-7.a;)}'. 

We now consider the case (which was not noticed by 
Goursat) when 27 is an integer, but 7 is not an integer. 

First, suppose that 7 = ^ + wi where m is zero or a positive 
integer. 

Then ^ becomes a polynomial going from a:"*^"* to x' 
consequently 

^,=.{F{a, ^, y.x)}\ 

^=x'-'{F{a^li,y.x)}{F{^-a, ^-/3, 2-7.^), 

as before, but we must have a relation of the form 

?,+ (7,?. = x-'»-' [Fa-a,i-l3, 2-7.x)}», 



-m-li 
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i.e. 

(25), 

where C^ is a constant to be determined. 
Now 

(Forsyth's Differential Equations). 

These results are valid, if a, /3 are real and unequal and are 
not integers or halves of odd integers, in the common region of 
convergence of the series, provided we make (1 — a5)-«, (1— a>)-^, 
(l-aj)«H, (1 — a:)^'-^ tend ta unity as x tenas to zero. 

Suppose a>yS, and substitute these results in (25), Then 
we find that on the part of the real axis between and — 1 
an expression involving the products of some hypergeometric 
functions of argument (1— a?)"* is equal to a polynomial fj. 

Now make oj tend to oo along the negative part of tl»e 
real axis ; the hypergeometric functions are regular all along 
the path of OG^ and the path of x does not go round any branch 
points of any of the functions involved. 

Then l^ tends to zero, and we see, by cansidering the 
bigfaest pawers of x^ that 

f r(7)r(«-^) )' , .,^ 

tends \o equality with 



D2 
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Consequently 

__ ( r(2-7)r(a)r(7-/j) r 
'" lra-wr(i-/3)r(7)| * 

And therefore, when a > |3, 

|r(i-0)r(i-^irw) L «=i (27-1). (7L«! J 

(26). 

Similarly, if 7 = J - W2, m being a positive integer or zero, 
writing J - i^, ^ — a, 2 - 7 for a, /8, 7 in the last result we see 
that, when a>/J, 

ji^(«,/3,7.*)l^l+S^ (27-l),(r)»«l 

r(a)r{7-/3)r(2 



r(Y)ra-/3)r(l-ff) r s (2a-27+2) j2/3-27+2).(i-7). .1 ^ 
CX2-7)L i (3-27),(2-7)„«! "" T 

(21). 

If7 = i, 

J?' {a, /?, 7.sin*^l = cos2a^, 
Tin 1 ^ ^ • <*/\\ 8in2a^ 

2Mid we merely obtain some elementary trigonometrical 
formulas. 

§T. We proceed to determine the other cases in whicli- 
{i^(a, /8, 7.aj)}' can be expanded in any sort of power series, 
whena + i8 + J--7#0. 

For convenience, we shatl write the power series given by 
?„ ?„ ?, in the forms 

4>, (a, /3, 7.^) ; x^-y^^{% i3, 7.aj) ; i»2-2y<|>^ (a, ^, 7.0;)- 

Case L a f- /3 - 1 = 7, 
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Then 

F(u, /3, 7 . a!) = (1 - x)Y-«-P F(rf-K,y-^,y. «), 
a;i-/^(a-7 + l, /3-7+1. 2-7.a;) 

«=xW(l-a;)y-«-SF(l-«, 1-^, 2-7.ic); 
conseqaently 

{i?'(a /3, 7 .CB)}" = (1 - a;)-' {F(7 - a, 7 - 0, 7 -^W 

-(l-a!)-4>,(7-«,7-/3, 7.«).-(28). 
Similarly 
^(a, j3, y.aj) i?'(a-7 + 1. /3 - 7 + 1) 2 -7-35) 

«(l-a;)-'<I>,(7-a, 7-/3,r-«)-(29), 
}F(o-7 + l,/3-7 + l. 2-7.a;)t' 

= (l-a;)-'<l>3(7-a, 7-^,Y.a!)...C30). 

€as«7/. a-j3 + i = 0. 
Then 

F(vi, A 7.a;)=(l -fl5)-«F(a, y- ff, 7-^1) . 
«;i-yF(a -7 + 1, /S-7 + 1, 2 -7.05) 

= »'-y('l-«)y-''-ii^fa- 7 + 1, 1-/3, 2-7-^3i). 
and in a similai' manner to case I. 
{ F(a, 0, 7 . x)}" = (1 - «)-2- *, (a, 7 - -8, 7 • ^j) • -(30. 
}F(a, /8, 7.a;)} lF(a-7 + 1, /8-7 + 1. 2-7.a;)} 

= (I - a;)r-2<.-i *, (a, 7-/?, 7 -^J -(32). 
{i?'(a-7 + l, /S-y + l, 2-Y.a;)|' 

= (1 - a;)2y-2«-2*, (a, 7-/3, Y-^J ; 

tliis equation is practically the same as (31). 

These results hold only in the common part of the two 
regions determined by | a; | < 1, | ar | < | a; — 1 1. 
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CauIlL i3-a + | = a 

This is obtained from case II. by intercbanging a and /3. 

There are several other cases of a similar, but more 
complicated, nature. 

Following the notation of Forsyth's Differential Equations^ 
Chapter yi., we have, if y,, y,, ...\ y^,, y,^ be the twenty-four 
solutions of the bjpergeometric equation 

yi=y4=y,»==y«,= ^,i 
y5=y6=y.i=y».= J^ti 
y7=y8=y»=y«=y"4» 
y^=y„=*y..=yi*=^*» 
yio=yii=y,4=yi«=^v 

ITiere is a linear relation between any three of the F's, 
but not between any pair. 

We consequently have relations such as 

therefore, if y,*, y^^^ y/ can be expanded in power series of 
their argument, 1 —a?, then y/, y^y^^ y^ can also be expanded 
in power series of argument 1 — aj. 

A table of linear relations between a, /3, 7 and the corre- 
sponding arguments in which y^*, yjf^^^ y* can be expanded 
can be written down. 



Belatton between 
".fty- 


Argnment of 
power series. 




7-J = 


1-05 


y,^y. 


7-1 = 


1-35 


V^^Vb 


7-J = 


(l-a;)-' 


y,»> y,* 


7-1=0 


(l-x)- 


y,>' y.. 


a-/3 + i = 


x-\ 

X 


y... y,. 


P-a+J=0 


X- 1 

X 


y„- y„ 
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The expressions Id the third column being those in terms 
of which F{ay(i, y.x) and «i-yiF(a-7 + l, /3-7+1, 2-7.0?) 
are expressed. 

§ 8. We now proceed to obtain a power series for {P„ (/a) )*. 

So far as I know, the only series hitherto given for {-P^(aa)}' 
are (1) a series of Legendre functions* and (2) a series in 
powers of f*,t where 2/Lt = f + f"^ 

The equation for P^ {fi) is 

Writing 1 — ^Lt' =ic, this becomes 

A solution of this equation is 

«iid the other solution has a singularity where /**= 1. 
Consequently 

P»=^i^|-i/i,J(n + l),l.l-,*'}, 

when |l-/ii*|<l. 

The hypergeometric series, however, has a branch point 
at /iA* = 0, and consequently (since in the /a plane the hyper- 
geometiic series converges within a Lemniscate, foci ±1), 
when the real part of fi is positive 

when the real part of /* is negative 

PJ^) = ^,F{-J„,i(n+l),l.l-M'l. 



* Adams, Proc. Roy. Soc., 1878. 

t Heine, Kugd/unctionen^ Band II., p. 368. 
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Patting ffl, ft = ^l respectively, we get 

n being a positive integer. 

Since — iw + |(n + 1) + J = 1, we have 

.i+£h^!)4+a(a(i_^y (33). 

In a similar manner we find for the generalised Legendre 
function P„"* {fi) 

Now P.^(/ii) = (l-/i')*'"x the coeflScient of r*"™ in the 
expansion of 

1.3.5...(2m-l ) 

Hence, by making fj, tend to unity, we see that when tlie 
real part of /li is positive 

A — (^ + ^0 1 
^"2"\m!(n-mjl' 

and when the real part of /x is negative 
Therefore, since 

X *, {^ («-«), iOn + n + 1), m + 1, 1 -/**], 



?.«. 
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§ 9. We now proceed to evaluate some definite integrals 

connected with K^ K 

2 r4* 
a as defined in (7) = — Hm^^'ddff. 

Consequently by (la), when 0<A;< l/\/2, 
-,K'=^-, f*''P''[l+ ia^sin'»^8in>.(2jfcyfc7"]i^c/^, 

•W TT Jo Jo n=l 

^'^' Jo Jo [l-4Wsin'e^sinV]** 

Writing ^W = /J'|r3^^n 

we may write this in the form 

{K(k)Y= (^K{2kk' Bin (l>)d^ (35), 

when 0<yi:<l/V2. 

Also from (la) we have 

^J^''^^K'kdk= r^^ jl-f i a^'i'^klcYl kdk 

= {^''\l + i a„'sin'"2^| sinOcos^id 
= J f^^'fl + i a^'sin'"*") sin^cf^ 

Jo \ n=l / 

2tJo 
By a known result, given by Torelli,* 



Giovnale di Mathematichej Vol. x., 1872. 
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Consequently 

'0 

Also 



^"^^\K^dk = \n (l-l + 1-...) (36). 



f ■^^A^'VA = f ^ k'K"dk' 
= [^ kK'dk. 

J 1142 

Now it has been proved* that 



and therefore 



/;«'«.2(i..i.+i.+...) 

-i»(l-f, + }.—•) (37). 

rV>/2 rl 

While ATTiTW/f^ k' KK'dk' 

Jo J 1/42 

J 1/42 

^^(kKK'dk. 

J 



And therefore, since* 



it follows that 

cm 

'o 



\kKK'dk = j^7r% 
Jo 

f'^^kKK'dk =^^7r' (38). 

J 



* Dr. Nicholson, loe. cit. 
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Before attempting to evaluate integrals involving the other 
products, it will be found convenient to determine a reduction 
formula for the integral 

^v^/2 



Jo 



Putting K^=yj (2M')*=aj, denoting the corresponding 
indefinite integral by //, and writing ~^ = y, etc., we have, 
from (4), 

^« = K [^^' (1 - aj) y + (24 - 36aj) ccj^ + (8 - 26a;) y] dx. 

By repeated integration by parts, we have, if n > 0, 

/:=8x»-(l-a")y-jr|.{8a!-(l-a;}+y;|,{8x-(l-a!)} 



d. 



+ a;"*' (24 - 36a!) y-yi {x'*' (24 - 36a;) j 



+ 5^ (8 — 26a;) x" 

-8n'/',_, + (8M'+12n'+6n + 2)/,. 
That is to say, 
(2n)'i'^,-(2n + l)'/;=a;"[8a;'(l -x)y-»nx(l -x)y 

+ (8« - 12x') if + Sn'y - (8n'+ 4n + 2) a;y]. 
Now 

rfa; 8/fc(/fc"-A') <^/fe' 

rf'y _ 1 dV _ l- ^h* dy 

dx* ~ Uk' (A" - k'f die' 64/fc' {k"- k")' dk ' 

And therefore 

(2«)'iV.-(2n + l/7; 

= (2M')'"[2A'r ^ + 2K-"(1 - 3/f) §-4«it/«"(/l"-;5;') § 
a/c ttA; tt/iJ 

+ 8«'^- 4 (8/«'+ 4?i + 2) Wy] (39). 
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44 Mr. Watson J The expansions of products 

ulC fCtC tC 

Therefore (2w)'/Vi - (2n + 1)'/; 

= (2M')'"[4^'- S7c"EK^Sn {k"^ k') EK 

+ {4X;''+ 8«i'*(i''- 70 + 8n'- 4ifc'A" (8w' + 4« + 2)1 ^*]....(40). 

A result which may be easily verified by diflferentiation ; 
while, if w = 0, 

-/; = 4£'-8ii:"^^-f (4r-8i'r) K' (41). 

Now equations (40) and (41) hold for all values of k 
between and 1. 

If, therefore, we integrate from to 1, since k'*K^ tends to 
zero as k tends to unity, 

8 [2n^'l\[2kky''-'K'k [k"^k') dk 

= 8 (2n + 1)' j;(2H7»^'y(: (^'^- k') ctt, if w > 1 ; 

while, if w = 0, 

-8j;^*yt(r-)fcy/fc=4[|£ti)r-l^(o)r]+8^(o)£^(o)-4[;rto)}' 

-=4. 
Therefore 

If, however, we integrate from to l/\/2, we get 
(2«)'7,.,-(2« + l)'7, 
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a reduction formula ; while, if w = 0, 

-..=,{«(i)}--..(A)^(i) («). 

We now consider 
^^'^^EKhdk=['^^[pK'+kk"K^\ kdk, by (.10), 

= rp'rX-'T'^ C'''\kk"-k + 2k')}rkdk 
and therefore by (36) and (43) 

j;/^W=,|.(±)}'-i.(^,).r(l).i{.(±)f 



Further 



^ (ifc'^0 = 2kE'-\- 2k'E^-j^^ UE'^ 2kEK.. 
Integrating, we have 

Using another result of Dr. Nicholson's, viz. 
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we hare 

-TV'r(r.-^.+.'.) (46). 

And in a similar manner 

"*' (p ~ 5"' ■*■ I "•••) "'"T^ ^*'^' 

Some of these resnlts can be pnt into a rather different 
form by making use of Legendre's relation 

together with the result 

aI«o given by Legendre. 

Now (39J, when written in the form 

» (2n)' J(2M')'"'y'^ (jr-k') dlcr-diin+iyfiikkyyh (*"-*') dk 



dk 



+ Sn'y - 4 (8rt* + 4n + 2) Ailfc^l , 



holds If y be any solution of (4). 
Put y = KK\ then since 

rfy _ EK' - KE' + 0^- k") KK' 
dk ~ kk'* 



^ = j^,[-iEE'+EK'(5k'-l) + E'K(i3-5k') 
+ KK'(l-2k')(l-Zk')l 
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we have 
8(2n)7(2Ai')'^y*(*'-*'y*-8(2n+l)*/(2*A;')'"yit(r-A')rfifc 

+ {8n» + 4n (A" - A*)' - * (8n' + 4n + 2) A'^iTif ']. 
Taking this between the limits and l/V^, we get 

8 (2nyC'''*(2kk')*^KE:'k(k" - *') dk 

- 8 (2n + lyC^^ikk')" KK'k (r - A') <M 

And 

J^^^Jj:ir'*(A''-A')rfi-i{^(-i)|'-iir....(48). 
Using the same procedare as in proving (38), we hare 

\'l''EE'kdk = ll'EE-kdk^^^ (4*> 

\j another of Dr. Nicholson's results. 
Also 

^ [k^h^KK'] - - X: (^" - V) KK' + [EK' - E'K) k. 

Integrating, we get 

+ J {EK'-E'K)kdk;. 
while, if we integrate Legendi'e's relation, we have 
{^'^^{EK' + E'K) kdk = 1 TT + gijTr'. 
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Therefore 

(51). 



§ 10. We shall now consider some more complicated 
integrals. 

If we differentiate (40) with regard to n and then put n = 0, 
we have 

^6/;-(^ /;) =2log(2M')[4^'-8r^ir+(4r-&i!:T') Z*] 

+ \^^{k"^V)EK+ {sr (^"- A")- IG^l'r} K'l 
That is to say 

= 2 log (2M0 [4^'-. 8r^J5:+ (4^"- 8A'n iST''] 

4. [-8 (r- 7cO ffir+ |8r (r- A')- iG^fc'r 1 ir]. 

Taking this between and 1, and evaluating the limit of 
the right-hand side, we get, without much difficulty, 

24-16 j;.(Iog 2kk') K'k (r - A') dk = 24 log 2y 

«•«• 2 j;(log2M') K'k {M'-k') dk = 3 (1 -log2) ...(52). 

While, if we differentiate (40) twice before putting n zero, 
we get 

=[2log(2H-')]'C'l-E'- 8r^ir+ (4^-8/:'*") JT] 
+ 4log(2M') [-8(£"-;fc')i?^+ {SA'X/fc"- A')-16W} A""] 
4(16-64A'r)A". 
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Taking this between aod 1| and evaliiatiug the limit of 
the right-hand side, we get 

96-.12.8(3-alog2)-8j;{2log(2ytA')P^;fc(r-A')rfA 

-144(log2)»-47r'. 

That is to say 

j;{2 log {2kk')Y K'k (&" - k') di 

= Jtt' -18 (log 2)' + 36 log 2 - 24...(53). 

From (52) and (53) we can deduce some further integrals ; 
from (40) we have 

\\(2kkT^'^K'k(Jc"-^k')dk 
Therefore 

f s ( («+i)(«+f)---(«+>»-y r(2H'r-i:'fc(A''-ji')cafc 

J,*=o I (a + l)(a + 2)...(a + n) 3 ^ ' "^ ^ 

If now we put a = 0, first in this equation as it stands ; 
second, after differentiating it with regard to a; and, third, 
after differentiating it twice with regard to a ; we get, usin^ 
the notation of § 4 and writing 



7m + QiH + RiH + T^, 



1"» "^ 3"* ■*" 5' 
the three results 



l\z,K'k (k" - k') dk = T3 JlK'k (f* - k') dk, 
l\z,K'k (r- AO dk = (6T3 - 6t,) l\K'k (k" - k") dk 

+ T, j;2 log (2kk') K'k (k'* - A*) dk, 
P^z^K'k (k"--k') dk = (24t, - 72t, + 48t,) j^lPk (i" - k') dk 
+ 2 (6t, - 6t J £2 log (2M') K'k (jfc" - /;*) r/A 
+ "^8 J!{2 log(27ci')l' ^A (i"- A') dk. 



VOL. XXXIX. 



Digitized by 



Google 



50 Mr. Watson, The expansions of products. 

Rewriting these, we get, witljout much difficulty from (52) 
and (53) 

(54), 

- f ^ K*K'k {Ic" - 1^) dk = (6t, - 6t,) (- i) + T.3 (1 - log 2) 

-6log2(-iT.) 



= 3t^ 
\^^^i.K'K"k ik'*- k') dk + C iK'k (A'» - k') dk 

-(24r,-72T,+48rJ(-i) 

+ 2(6r,-6O3(l-l0g2) 

+ T, j Jtt* - 18 (log 2)' + 36 log 2-24} 

-12log2{(6T,-6Tj(-i) + T,3(l-Iog2)} 

+ 36(log2)'-(-iT.) 

= (K)T,.- 24t. (55). 

Now it is not difficult to see that 

by changing the independent variable to k\ and then inter- 
changing k and k\ 

And consequently from (54) and (56) 

j[KVc(k'-k'')dk = QT, -. (56) 

^[\K"kik''''k')dk 

by interchanging ^, k\ 

While, as has been shown, 

l\K'K'k{k'-k")dk^{lir)T, (5Z) 

^]\KK"k(l^'^h')dk^ 
by interchanging A, k\ 
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An interesting result, given by integrating the formula 

^ {{kk')^ K'^} = nk [khy-' K"^-' (iT- 2E), 

is j;(AAO'*"^'""' (^- 2^) kdk=^{y ....(58), 

where n is any quantity greater than zero ; and, in particular, 

JlKVcdk = 2JlK'Ekdk (5^). 

It is possible to evaluate a large number of integrals which 
are of a somewhat similar nature to those given by (56) and 
(57), but which involve E or E' in the integrand. 
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ON THE PROPAGATION OF WAVES IN AN 
ATMOSPHERE OF VARYING DENSITY. 

By S. H. C. Searle, B.Sc, University College, London. 

On the propagation of Waves in an Atmosphere. 

1. TT is customary in considering the propagation of 
-*• waves in the atmosphere to regard the latter as 
a homogeneous and isothermal medium. That the atmosphere 
is neither homogeneous nor isothermal there is abundant 
evidence to show, and, since we are concerned almost 
exclusively with the air as the vehicle for the transmission of 
sound waves and barometric disturbances, it becomes of some 

e2 



Digitized by 



Google 



52 Mr. Searle^ On the propagation 0/ waves 

interest to examine how the heterogeneity and non-uniformity 
of temperature influence the character of the disturbances. 

Such disturbances are of two kinds: — (a) long waves, for 
which Boyle's law as an equation connecting pressure and 
density is a sufficiently good approximation, and (b) sound 
waves, for which the adiabatic relation must be used. Good 
examples of the former type are met with in the periodic 
alterations of the barometer at various points of the earth's 
surface. It will not be necessary to perform two separate 
investigations for the above two cases, since the former is 
a particular case of the latter, obtained by putting the ratio 
of the specific heats equal to unity. It will be sufficient, 
therefore, in most cases to deduce the former from the latter 
by putting 7=1. 

Flane Waves. 

Suppose the density to vary as some function of a;, but 
that in all planes perpendicular to the cc-axis the density is 
constant at any instant. The axis of x will afterwards be 
taken vertical in considering the earth's atmosphere. 

Write density 

= A = p(l + s) „....(!), 

where s represents the variations of density due to the sound 
waves, and p represents the "static" density in the un- 
disturbed medium. 

Thus, 5 is a function of x and t, p is a function of x alone. 

We have 



dt dx 



Therefore 



ds . ^du ds d'p ,^ N ^ 

Therefore, neglecting small terms like the squares of 
velocities^ 

ds du ^loffp ^ . . 

A 1 \_ dp ^^ du ^ du 

^ dx" dt dx'* 

where X is now retained as the cause of the variation of 
density along the a;-axis.. 
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Thei^efore, with the same approximations, 

Id^^^^da 

p dx dt ^ ^ 

leaking p=i^/e£i'^ = /tp'^(l-{-ys) • (4), 

thei-efore ^ = xyo'^'^ -f- + tcyp'* -^ , 

flte "^ dx '^ dx' 

DifFerentiate with regard to the time. Tliereforev since 
p is not a function of the time, 

^., d's _ dl d'a 
^^^ dxdt " dt de ' 

or, if X be a function of x alone, 

^_, d^s d^u 3f .^, 

'^p d^r--dt; ^^' 

DlflFei-entlate (2) with regard to x : therefore 

^ + ^ + ^'* ^^Qg^ I ^ ^**^^^ =tO r?v 

eforf^ rfo;' dx dx dx* ^ ^'^ 

Tliefefbre, eliminating -^-r- between (6) and (7), 



dxdt 

dy 

di 






If p be constant and equal to p^, we reach the ordinary 
equation 

ct*u_ y^id^i 

To integrate (8) we require p as a function of x. 

8. Consider the equilibrium of a column of air of unit cross 
section at a height z above the surface of the earth. 

Let r„ be the earth's radius, g the value of gravity at its 
surface. 
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We hay© 



therefore 



or 






■(9), 



Also 
where 

Therefore 
therefore 
therefore 

where ^^ = ^ > and A is an arbitrary constant. 

Therefore when T is known as a function of «, /> is also 
known as a function of z. 

4, In what follows we shall neglect the curvature of the 
earth and the variation of gravity ; (10) becomes 

/,=^.-wr (iix 



p=^RTp 

-B = gas constant, 
T= absolute temp. 



p=^,6-«/u-2Wron^/7' (10), 



Therefore log p 5= log 4 - log 7- w Idxj T, 
d , 1 dT n 



dry 



d , 1 dT n 1 / 

d\ 1 dT f dT\ I d'T 



putting in (8) 



u = Ucofipt^ 
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We have 

Or, substituting from (11), 

d'U 1 / dT\ dV 
da^ TV'^dx} dx 

whei-e 4*=cM'-^ 

and c^ = ^. 

(13) IS the equation giving the particle velocity when the 
temperature is known as a function of the height. We shall 
proceed to consider a few of the special cases of temperature 
distribution which have been used in correcting for astronomical 
refraction. Before doing so, however, it must be remarked 
that any attempt to allow for temperature effects must always 
be exceedingly arbitrary and unreliable, at any rate within 
two or three miles of the surface of the earth. Conduction, 
radiation, and convection fram land, sea, and mountain ; the 
presence of water vapour and clouds ; the prevailing winds ; 
all these conspire to produce a state of the atmosphere which 
must be anything but constant from moment to moment. 
Indeed, the temperature gradient often undergoes a complete 
inversion between mid«-day and midnight at the same place. 
Thus the most that can be done is to take a wide average, 
specify the time of day, and allow a very generous margin for 
errors due to the above effects. The almost imperceptible 
motion of the cirrus clouds would tend to show that in its 
higher reaches the atmosphere may be in a more quiescent 
slate, a result which is borne out by the recent balloon and 
kite observations at Blue Hill Observatory, Hyde Park, Mass. 
At heights of four miles or more it would, therefore, be possible 
to formulate a temperature law with more exactness than is 
possible near the earth's surface. 

The above considerations show that any law of temperature 
variation would be more or less tentative, and the very fact 
that the phenomenon is so complicated shows that much is to- 
be gained by simplicity in any proposed law. 
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With this proviso we may return to the discussion of thie 
differential equation (13)- We consider fu'at 

Newton's Law. 
5. Putting r=con8t.= 2;, (11) becomes 

p^pjSrin/T,)x^pj^lRT,)x (14), 

therefore ^ ^'^'^^ 



logp^\ogp,-j^i 



« 1 ff 



dx 



3logp = 



.(15); 



therefore, substituting in ■(12X 



S^-.f-'^-» 



.(16), 



where «. = ;^^, <'/ = «Vo"'= (l^)' i") 

\ =B wave length of sound at earth^s surface^ 
By the successive substitutions 

.6- = £, ?7=^V2«F, and (^'y£ = 17' ...... (18), 

equation (16) becomes 

therefore V= AJ^ja (29) + BJ-Kja (217), 

or 17= ei-.« lAJ,,,a (2 J «««) + BJ^.,,a (2 J ei"")! , 

or w = ei'^i* [-4 Ji/(y-i) (2 ^' e^"*) + BJi/^Uy) (2 ^ e^'Al cospt 

(20> 
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One of the constants A or B may be eliminated by making 
the surface of the earth a node. Thus u » when a; = ; or 

AJiHy-,) (2 J) + A/i/d-y) (2 ^*) - (21). 

The remaining constant depends on the mode and amplitude 
of excitation of the disturbance. 

Ivory's Law, 

6. There is a formula associated with the name of Ivory 
which makes the temperature a linear function of the height. 
The law, ^is given by Lord Kelvin* is 

^"^•[*"^^H ^^^^' 

but we may consider the more general case 

r«i;-./3x (25), 

from which the special formula above may be obtained by 
suitably choosing fi, {11) now gives 



p^p,(l--txy (24), 

(25). 



where ^=^. 1 = -.^^ . 1 1 

and €=^ 

SubstitutiHg the above value of p In the differential 
equation (8), we find 

d^U WIS dU 



dx 1- €X dx L ^ ^ (1 - exyj ^ 

(26), 



where c*=^^^ 

Ky 

and « = m(l— 7) 

In the equation above, make the successive substitutions 

(1 -.€«;)•*•= v* and U=vi^-^)K^-^^)z. 

♦ Manchester MemoirSj 18(38. 
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We find 

wi + 1 w/S 



where <r 



Thus, we have 

.=./.g.)^iy..(i.), 



; «=*5 + 2. 



or 



tr=(l-«a;)»<-->[^/.(|(l-ex)»')+A7:,(?^(l-8a:)»')]...(28), 

and the particle velocity =* m = UcospL 

Again making the earth a node, we have 

^•'•©+«'©-» w- 

In the special case of temperature gradient given by (22) 

7 — 1 F* 

we put /3 = r/x 'g^o ftJ^d remember that RT^*^-^ . 

' y 

The equation for u then becomes 
M = (1 - eaj)'[^/, {mV(1 - €^)} + ■C/.J^l - eaj)l] cos;?«. ..(30), 



where 



fi = 



ry-1 

2-7 



/*= 



7 



.(3i). 



2(7-1)' 7-1 

The relation between A and J5 is now 

7. Before entering into nnmerical considerations of (20), 
(28), and (30), we may investigate what happens in the case 
of long undulations for which y is closely equal to unity, (17) 
then gives a = and (16) becomes 



d'U dU ,„ ^ 



.(32). 



Digitized by 



Google 



in an atmosphere of varying density, 59 

Thus U==Ae^^^^-Be^, 

where ^)r^\\_ic^± s/[k^ - 4c/)] = /* + J'j say. 

Tlierefore u = {Ae^\^ + Be^) cofipt^ 

or, if M =s when cc = 0, we have 

wis^e^'^sinhi/xcos^?^ (33), 

where 

An equation of this form has already been given by 
Lord Rayieigh.* 

In the case of Ivory's law, if we at once put 7=1, then, 

7—1 

remembering that y8 = „.^ g2\y (24) and (25) give immediately 

I y-l ^ \l/(y-i) 






>(-' 



=* Po^ ^^/^^ ^) s^*^^® 7 = 1. 
Thus, we return to Newton's law and thence to (33). 
Let us take a general value for /8 which does not vanish 
when y=sl. Then, w ^fc oo when 7 = 1, but 5 = by (26). 
This leads to 

which gives 

Z7= J[ (1 - ecc) -f J? (1 - €0;)"^ 

therefore u = A[(l - ex) - (1 — ex)"^] cos pt (35). 

If we now make 7 = 1, this becomes 

u = A [1 '-'e(9!Vo')x] cos pt (36). 

* Phil Mag., No. 29, 1890, p. 173. 
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8. It IS at once evident from (31) that in tbe case of long 
waves the velocity increases indefinitely with the height. It 
would be difficult to say what would happen in the case of 
(20) and (30) without first entering into numerical values. 
Consider (17) and (20): we find 

*.= 1.176x10"*; c^aS.SxlO"'; a»4.68KlO"'; 2-»=«2.2xl0* 



a 



expressed in c.g.8. units. 
Also 

u = e{M<c l^Jiliyi) (2 J «*^) + BJi/^i^y) (2 ^ e^\ 1 cos pt. 

It appears that the arguments of the Bessel Functions are 
large and we may therefore use the asymptotic expansion for 

^■v(^)[- "''y(g' "'' --]-"- ^-"w 

//2\ r i'-4n' (l»~4n')(3*~4n'')(5'>-4y?') 1 

xsin{«-j7r-n(l7r)j, 
true when the real part of w is > - ^ . 

Now e7i/(y-l)=e72.5, cloScly, 

but /l/(l-'y) = /-2.5, 

and thus the above expansion is not valid for J-i.s. Wo 
may, however, bring it within reach of the expansion by 
means of the recurrence formula 

true for all values of n and a. 

By repeated use of this formula, we find 

Or, remembering that z is great, 

•7-2.5 = «A.6, qp* 
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By the above expansion for J^{z)^ when z is great, we 
have 

and *^"=>v/©(-^*''^)- 

Thus 

Msettfi)" . /( — 1 (- A wa.z — B coiz) cos pt, 

very approximately, where 3 = 2- e*^, 

or w = ei'^i (3-7) a? /f ?— J (J J sin a + B^ cos 2j) cos />^. 

Thus u increases indefinitely with x since {A^ sin;2^+ J5j coa^s) 
has a maximum value ^/{A'+ B^^), 

The exponential factor increases to twice its primitive 
value when 6^'^i(3-y)-* = 2, or when a; = 14 kilometres, so that 
the effect of the variation of density is smalL 

9. Similar considerations in the case of Ivory's law leada 
to the result 

u= . /( — J V(l - €^) [Acosz -£sin2t] cosp^ 

where z = fM \/(l —Bx)y 

and € = 3.34x10'^, 

/i=3.3xI0V 
while in (27) J = f. 

The effect of the elevation- of temperature in- ascending h 
now ta diminish the particle velocity which thus stands in 
contrast to the case previously considered. 

The factor \/(l — £^) decreases to one-half of its original 
value when 

V(l - ex) = i,. 
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or 4 — 4€a;=l, 

= 25 kilometres, q.p^ 

so that the effect is the reverse of the case previously 
considered and of a still smaller order. 

In reality, however, it matters very little whether the 
velocity increase or decrease as we ascend in the air. In the 
former case a state of affairs is ultimately reached at 
which our equations cease to represent the motion, since the 
hypothesis of small motions becomes untenable. In the latter 
case the low temperatures reached at greater heights would 
facilitate the deposition of moisture in the form of clouds which 
would materially alter our hypotheses. 

What we have to see to specially is that the energy of the 
motion remains finite. In the case of Ivory's law this is 
evident, since the velocity decreases uniformly from a finite 
value to zero. In the case of Newton's law we have 

energy of motion = J J*pwVfl5 

the exponential factor vanishing, since it is involved in both p 
and u. Now the argument of the integral is always finite and 
the integral is convergent at the upper limit. Thus the energy 
oi the whole motion is strictly finite. 

10. We shall now discard the restriction to one-dimensional 
propagation and investigate the vibrations of an isothermal 
atmosphere in which the " static " density varies according to 
any law in a vertical direction, but is uniform over all horizontal 
strata. 

Refer the motion to cylindrical coordinates r, 5, z — z being 
verticaL 

The equation of continuity is given by 

In the ease of a disturbance originating at a pole (the 
origin) the motion is symmetrical about the 2;-axis, therefore 
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where p is a function of z only, and s is a function of z and /, 
we find, neglecting squares of velocities, &c., 



or 



ds du dv dp ^ 

ds du du rflogp_ 
dt dr dz dz 



.(38). 



The equations of motion In cylindrical coordinates are 



r<.^^rR^-i<r,-> \ 



dt 



dr' 



and 



at dz 



.(39), 



JS and Z being body forces and p the pressure. 
In the case of the earth's atmosphere 



therefore 



and 



But 



therefore 



J2 = 0, Z=(7, 

du ^ p r dp^ 
^ dt^ A A rfr 

dv ^ 1 dp 

di A dz"^^ ' 



.(40). 



dp ds 



dr^'^Pdr^ 



dp dp 



dz 



d» 



since p is- independent of r, but not oi z\ therefore 
du K ^_, ^-xds 



.(41). 
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We have to determine u and v from (38) and (41) by 
eliminating a. 
From (41) 

W*^^' d?dt' 



From (38) 

d^3 d^u d*v dv rfIogp_ 

'/'»••// rim? ritf/li* rliv* rlf» ' 



drdt dr' drdz dr 
therefore 

dt' "^f* ydt'^ drdz^ dr dz J--<.*^> 

But t, = ^. 

dz 

,, - dv d*<b du , 

therefore -7- = -7—7- = -7- , 

dr drdz dz 

therefore ^^K^p- • [^ + ^ + ^ -^J (43). 



Again, from (41), 






and, from (38), 



d^s d*u d^v dv rflogp rfMogp 
rf«rf^ rfrrf^; dz* dz dz dz* " ^ 



therefore 



d^ 

df 






But «« = ^, 

., f du d'6 dv 

therefore -j- = -7—^ = -=- , 

az dzdr dr 

therefore 

dy 

dt 



V ^.x\d\ , d^v , dv rflogp rf'logpl .^^. 
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(43) and (45) determine u and v in terms of r, «, and t for 
a beterogeneous atmosphere in which the density varies in 
plane layers according to any law. 

1 1 . We may apply these results to the case of the earth's 
atmosphere, assuming the earth to be an indefinite plane. 
I^ewtou's law Is 

where p = density at surface, 

c a const, in Boyle's equation 
p^cp. 
Using this relation, we have 






....(46X 



where ^. — ? 







showing that to our approximation and with this law of 
yariation of density u and t? are the same functions of r, z^ and <• 
Putting 

M=s ZZcospr 



^Po'"' = 



m(7-l) = 6 
and| substituting, we have 



.(47), 



d^V . d'V dU 
dr" 

Again, putting 






U^Zcoaqr (49), 

therefore 

dz' 
In this m«ke the successive substitution* 



'-"•f^e^-sj^"" «• 



u = 2ei*« and Z=:u«/'*t? = u^/(y-Oi; (51). 

a 

VOL. XXXIX. F 
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There results 



from which 






■AJu 



therefore 

or, finally, the velocity u (or v) is given by 
where 



/A = 



47r 



\ 



XJ> 



t=f(7-l) 



Ztt 



.(54). 



^ = — and !r= time period 

5 « — and \ = horizontal wave length 

c = const, in Boyle's equation p^cp 
g = ace. of gravity (assumed const.) 
7 = ratio of specific heats for air / 

The assumption of Ivory's law of variation of temperature 
would lead to results somewhat similar to those previously 
obtained and need not be worked out in detail. 

It is clear that the variations of density at the surface of 
the earth have a vanishingly small effect on the amplitudes of 
aerial disturbances. In the case of a smaller planet the effoct 
would be greater, but the variation of gravity and curvature 
of surface would then enter as complicating factors. A& 
it remains, therefore, the problem derives interest from an 
analytical point of view only. 

1 have to thank Prof. Karl Pearson for kindly reading 
over this paper and for making many helpful suggestions. 
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ON THE DISTINCTION OF RIGHT AND LEFT 
AT POINTS OF DISCONTINUITY. 



By W. H. YouNO, Sc.D., F.R.S. 

§ 1. ^HAT a discoDtinaous fanction of a sinp^Ie real 
•*- variable may at a given point behave differently 
in its right-hand and in its left-hand neighbourhoods is well- 
known. For a function to have particular properties it is 
sometimes necessary that its behaviour in some definite par- 
ticular should be the same on both sides at every point at 
which the function is defined. Sometimes again, on the other 
hand, it is sufficient that the behaviour of the function at the 
point on one of the two sides at least should be of a certain 
character. 

We may illustrate the first case by the necessary and 
sufficient condition* that a discontinuous function which is 
the sum of a series of continuous functions should have the 
property of assuming in every interval every value between 
its upper and lower limits in that interval (and therefore, in 
particular, assuming in every interval every value between 
the values at the extremities of that interval). The condition 
is that the value of the discontinuous function at every point 
should be a limit of values assumed by the function in the 
neighbourhood of the point on the left and on the right also. 

As an example of the second case, I may mention the fact 
that for the sum of a series of functions to be pointwise dis«- 
continuous with respect to every perfect set, it is sutficient that 
the functions should be everywhere continuous on one side at 
least, t 

In the present paper I propose to examine what the 
possibilities are as regards the distinction of right and left, 
and to show, in particular, that the most general conceivable 



* It should be noted that thig condition is easily secured, and that we are thiu 
led to infer the existence of a large class of functions vrhich possess the property, 
often erioneouslj given as the cbaracteiistic property, of a continuous function. 
Young, " A theorem in the theory of functions of a real variable," 1907, Rend, di 
Palermo^ XXIT. 

t Young, "A new proof of a theorem of Baire's," 1907, Messenger of Math^ 
Vol. XMTii., pp. 49-64. 

f2 
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function of a single variable can differ as regards right and left 
at only a countable number of points, wiiich can, however, be 
everywhere dense. I may add that 1 have obtained similar 
results with regard to the distinction oF right and left at points 
of non-uniform convergence of a series of continuous functions. 
These results 1 hope to publish shortly in another paper.* 

§2. Let P be any internal point of a segment through- 
out which a function f{x) is defined. Take any interval 
with P as right-liand end-point (fig. 1), then f {x) has, 
for the points internal to this interval, an upper limit ; as 
this interval diminishes, this upper limit cannot increase, and 
therefore has a limit, which is, at the same time, its lower 

limit; denote this limit by 0jr(-^). 

We thus get for every point P of the segment a function 
0z (^^» or shortly 0^, which may be called the upper left-hand 
limiting function off[x). 

Similarly, changing left into right, we define a function 
022» ihe upper rights-hand limiting function of f Further, 
interchanging the words "upper" and " lower," " increase " 
and '' decrease," in the definition, we define corresponding 
lower limiting functions which we shall denote by i^x *"d ;^22« 

If at each point P we choose that one of the two upper 
limiting functions which is not less than the other, we get 
a new function, which may be called the (modified) associated 
upper limiting function^ and be denoted by <^. {Similarly we 
define the (modified) lower litniting function \p, by taking that 
one of the two lower limiting functions which is not less than 
the other. 

The word " modified " has been inserted in these defini- 
tions to distinguish the functions in question from the corre- ' 
spending functions extensively used by Bairef, and elsewhere 
by mysellj, and which 1 shall now distinguish as 0p and xp^.' 
The word ''modified" will be dropped, and, for brevity, the 
associated functions will usually be denoted by their symbols. 

Jt is obvious that 0p = 0, except where f^ ^. 

Throughout the following investigations theorems are 
usually only enunciated and proved for the ^'s, the corre- 
sponding theorems for the i//'s can, as is well known, be 
always obtained by changing the sign of /. , 

* A short account of these results, as well as of those of the present paper, was 
given by me at the meeting of the British Association at Leicester, August 6, 1907. 

t Baire. Sur Its fonetions de variables reelles, 1899, Ann. di Mat., S«r. 3, III., 
pp. 1—123- 0^ is that one of <f> andy which is not less than the other. 

X Young. The general Theory of Integration^ 1904, Fhil. Trans. A., COIV.^ 
p. 232, seq. Ujpper and Lower Integration, 1904, Proc. L.M.S.y 2, ii., p. 55, seq. 
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Some interesting facts which can be e^tpressed in terms of 
these functions are known, e.//. Bdire's tlieorem that ^jj is an 
upper semi-continuous function^ andy as suck, at most pointwise 
discontinuous^ and Pascli's* theorem that if the points at which 
^R — ^R (or <pL — ^i) «^^ > ^ form a set oj zero content ^ f [x) is 
integrable, 

No complete discussion of these functions appears however 
to exist. In particular, although Pasch's theorem, quoted 
above, suggests the possibility of the functions not being 
independent, their mutual relations have not been investigated% 
The theorems of the present paper will, I believe, be found to 
clear up the subject; in the light of them for instance, Pasclfs 
theorem and certain other kindred theoremsf become 
obvious. 

The greater number of the results of this paper refer to 
the distinction of right and left with respect to the associated 
limiting functions. Previous work o« discontinuous functions 
has either entirely ignored this distinction {e,g, Baire's Thesis 
above referred to) or has emphasized it in the statement of 
definitions and the like, and, in particular in the classification 
of discontinuities, without discussing how far the facts of the 
case ' warranted this. The examples commonly given of 
discontinuous functions have always been those where the 
distinction of right and left either did not exist, or played 
a trivial part .J 

§3. In connection with BaiiVs theorem, mentioned abovB, 
It may be pointed out that the word "continuous" must be 
understood in the extended sense in which a function is said 
to be continuo«s at P, provided, as x approaches P as limit in 
«ny manner, y* (a?) approaches always a single limit, and that 
limit is f(P), it is easily seen that this definition is the same 
as the following; — 

j4 function f is said to be continuous at P if the fict 
associated numbers at P are all equal, viz, 

* Pasch. Math. Ann.y xxx., p. 141. 

t Dini, Fumioni di Variabili lUali, § 187; Schoenfliea Bevichiy p 139. 

j Mark the importance of testing not only the accuracy but also the scope of 
one's resulU by constructing examples. To quote an instance which has conJe 
under my notice in the course of my present work, Dini (p. 307) states that if 
a left-hand derivate and a right-hand derivate both exist and are finite and 
different at every point of an interval certain results follow. 

The reader might well imagine not only that such a case could occur, but tliat 
T)ini knew of a case where it did occur. As a matter of fact, however, th« 
hyptheais is an impossible one. In default of an example it could, in such a cfisc, 
only stimulate research to state that an example had not been found. 
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This definition inclades the ordinafy definition in all cases 
when /(a;) is bounded*, but admits o(/{x) being always finite 
but not bounded, or oi f[x) being itself infinite. 

It is most necessary to bear this distinction in mind when 
dealing with the associated functions, as is brought out by the 
following simple example in which f is always finite, but the 
associated functions always infinite. 

Ex. 1. Let 
/= at every irrational point ; 

/= J at every rational point pjq^ where q is even, and 
f*^ — q when q is odd [p being less than q and prime to it). 

Here 0i = ^i2 = + co, 

§4. It appears from the above that the exclasion of 
proper infinite values in a paper dealing with the associated 
functions would be an anomaly. Where, however, this 
exclusion introduces a material simplification in the proof 
as well as imparts an extended character to the result, it has 
been made, the general theorem being at the same time 
stated and proved (§§12-14). Unless expressly stated, 
therefore, it is to be understood that infinite values are 
allowed.t 

§ 5. Since, by a theorem of Baire's, the points at which 
a function which is upper semi-continuous has a value < i, for 
fixed /:, form a closed set, it follows that the points where (p^k 
form a closed set. Similarly, the points, if any ^ where = -f co 
form a closed set ; the same is true of the points where \p <k 
or = — 00. If the function is pointwise discontinuous and 
finite, the sets = + oo, \f/ = ^co are dense nowhere ; without 
this restriction they may, as in Ex. 1, fill up tli« whole 
continuum. 



♦ Born^, limited (Robson)— that is when the upper and lower limits of /* in any 
region considered are finite. For obvious reasons I have used the term "bounded " 
instead of "limited j" the word limit would otherwise occur in too many connections. 

t In Baire's Thesis, although he uses the expression "fonction quelconqu«" the 
functions considered must be taken to be bounded. Thus Baire gives and con- 
Btantly applies the theorem "</>p— /has its lower limit zero in every domain," 
which, as in Ex. 1, is not true if /"is not bounded. Baire's theorem, quoted al ove, 
has been extended to the case when / is not bounded, and I have myself lately 
pabliahed a proof of it without restriction Mess, of Math., loc. eit. 
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The following theorem gives us corresponding information 
about the points at which ^ or any other upper semi'^continuous 
function = — oo . 

The set of the points, if there are an?/* at which an upper 
semi'continuous function ift ^^ go , is an ordinary inner limiting 
set.f 

For, if P be a point at which ^ = — co , we can surround P 
by an interval at every internal point of which Q<— w, n being 
any chosen integer. Let d be the largest such interval with F 
as centre, and let the set of intervals d for all positions of P 
be denoted by D^, 

The inner limiting set i? of the sets D,, Z>,, ..., D^ ... then 
certainly contains the points ^ = — go ; further, it contains no 
other points ; for, if Q be any point at which ^ ^t — ao , we can 
assign an integer k such that ^ ((?)> — i, so that Q is certainly 
not internal to any of the intervals i>^, and therefore does not 
belong to the inner limiting set E, Q. e. d. 

§6, Baire has shown that the function ^^ is upper semi* 
continuous J the following theorem, which will be found in the 
sequel of constant application, shows that a corresponding 
statement may be made with respect to each of the associated 
functions. 

Theorem l. Any limit approached by ^ (a?), ^l {^)^ ♦iz W? 
cr ^s[^) ^* ^ approaches a point Pas limit on the right < <^i[P), 
and as x approaches P as limit on the left <<^r[P)* 

For, by the definition of 0i, we can find an interval d 
(fig. 2) with P as riglit-hand end-point, such that at every 
point X internal to d 

e being any positive quantity previously selected. 

Thus, describing any interval h ^vith x as internal or 
end-point, and sufficiently small to lie entirely inside d, we 
shall have for everj'^ point inside S, including or excluding the 
point x^ 

/(q<*i(P) + e; 
Hence by their definitions each of the functions ^ (a;), 



* For nn examplte of a case where there are such points see Ex. 6. 

t Hence the set has the potency c, unless it contains no component dense in 
itwlf, when it is countable. Young, Theory of Sets of Points^ p. G4 (Caiubridge 
University Press, 190G). 
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Since e is at our disposal, this proves the first part of the 
theorem; similarly, approaching Pfrom the right, we get the 
second part of the theorem. 

Cor. 1. 0x is upper semi-continuous on the lefi^ and ^n on 
the rigkty while 0, like ^jj, is an upper semi-continuous function^ 
andy as such^ at most pointwise discontinuous. 

Cor, 2. At any point where 

hoth 0i and ^r «^^ upper semi-continuous (on both sides). 

It is hardly necessary to point out that the converse of 
Cor. 2 does not hold ; the following example shows this. 

Ex.2. Let 



/(-^)=l, /(+^.)=2, 



and elsewhere /« 0. 

Then, except at the origin, 

while at the origin 

and both <pi and (j^^ are upper semi-continuous. 

§ 7. Functions, such as ^x and 0;^, which may be said to 
be one-sided upper semi-continuous, have properties strictly 
analogous to those proved by Baire (pp. 8, 11, 12) for 
symmetrically upper semi-continuous functions. Thus: — 

If f is a function which is upper semi'-continuous on the 
right, the points at which f> k or f^-]- zo ^is closed on the le/t,^ 

If a function f is upper semi-continuous on the right and 
has its lower limit zero everywhere, the points /= are dense 
everywhere. 

If such a function f is alwnys positive, there is in every 
interval an interval in which the lower limit of f is positive. 



♦ That is to say 4>]^> its own associated left-hand upper limiting function. 

t That VA to say, includes all its limiting points except possibly such as are 
limiting points on the right only, that is right-haud end-points of black intervals of 
the set. 
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The proofs given by Baire require little modification ; 
proofs, however (such as those used by Baire in proving other 
properties of upper serai-continuous functions), which involve 
the property that/ and 0^ have the same maximum in any 
interval, cannot be transferred; it is easily seen that this 
property does not hold for / and 0x, or for / and 022> or indeed 
lory and 0. 

All these theorems, however, gain in interest after proving 
Theorem 5. 

§ 8. Theorem 2. At every point of continuity of 0, 

and both <pL and ^^j are continuous. 

For, as x approaches a point P at which ^ is continuous, 
whether x approaches from the left or the right, <p {x) has the 
limit 0(P). 

Therefore, by Theorem 1, (P) is not greater than either 
♦i(P) or 05 (P), so that, by the definition of 0, 

This proves the first statement. 

Again, since ^ is continuous at P, we can assign an interval d 
with P as middle point (fig. 3) such that, if x is any point of d 
except P, 

' where U is any quantity less than (P) (or, if ^ (P) = — ao , is 
also =- oo). 

Therefore, if x^ be any point of d other than P, any limit 
approached by ^ {x) as oj approaches x^ will be > Jc. Therefore 

0i(^i)— ^j and also 0i2(a;J>i. 

Thus any limit approached by either 0^ or 0^, as x 
approaches P, >i, and therefore, k being at our disposal, 
provided only it is <0 (P), any such limit > (P), 

But, by Theorem 1, no such limit is greater than (P), 
therefore it is always =0 (P). 

Since, as has been shown, 

0(P)=0x(P) = 0^(P), 
this shows that both ^^ »nd f^jx are continuous at P. q. e.d. 
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Con ^L ««^ ^Rt ^^ '^^^l <^ <p} «^^ «^ f^ost pointwise 
discontinuous, 

(N.B. ^jr or <pj[i may have points of continuity other than 
those of ^.) 

§9. The reasoning used in the proof of Theorem 2 is 
unaltered if, instead of ^, we use ^^. Hence we have 
the following theorem : — 

Theorem 3. The points of continuity of <f>s are among the 
points o/ continuity of 4>^ ^o ^^at at each 

at any point of continuity of (f) which is not a point of continuity 
of^B 

(N.B. That <f) may have points of continuity other than 
those of 4>B 5s shown by the following example ; it is shown in 
§ 14 that such points, if any, are countable.) 

Ex. 3. Let y=s 0, except at one or more isolated points 
where /=1. 

This function is upper serai-continuous and therefore = (bs \ 
it is discontinuous wherever its value is 1 ; <^, however, is 
always, and therefore continuous. 

§ 10. Theorem 4. The only points at which both <^l and 
fjiji are continuous are the points of continuity of 0. 

For, if P be a common point of continuity of 0x ^^^ ^iTi 
as X approaches P from the left, (^r[x) approaches as limit 
^^(P); therefore, by Theorem 1, 

i>B{P)<<t>LiPh 

Similarly, approaching P from the right, 

Therefore i>L {P) = MP) = * (^)* 

Now, if we take any sequence with P as limiting point, 
passing along which ^ [x) has a definite limit, at each point ^ 
IS the same as either 0£ or ^ij, and therefore we can so pick 
out the points of the sequence that <f> is always the same as^ 
one of these functions, say ^^-^ the limit will therefore be 
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^L{P)i that is, as has been shown ^ (P) ; thus is continuous 
at P. Q.E p. 

§ 11. BesultB exactly analogous to those obtained for the 
^'s hold, of course, for the i//'s, lower semi-continuity replacing 
upper semi-continuity. 

The points of discontinuity of a pointwise discontinuous 
function form an ordinary outer limiting set of the first 
category, that is the outer limiting set of a series of closed sets 
dense nowhere and each contained in the succeeding. It at 
once follows that the discontinuities of two, or any finite 
number of, pointwise discontinuous functions also form an 
ordinary outer limiting set of the first category. 

The complementary set of a set of the first category with 
respect to any segment is, as is shown by Baire, a set of the 
second category, dense everywhere, of potency c, and having 
common points with every set of the second category, these 
common points forming, as is easily proved, themselves a set 
of the second category. Such a set is therefore formed by the 
common points of continuity of ^ and ;//, points at which, as 
has been shown, 0, 4>l^ and (f>R are all equal, and so are 
«/'» ^£? V'iZ) *^ t'^*^ we may say there is no distinction of right 
and left. Thus we get the following statement : — 

There is no distinction of right and left except possibly at 
points of an ordinary outer limiting set of the first category. 

The following example shows, however, that the exceptional 
points may be dense everywhere. It will be noticed that in 
the example the exceptional points are countable; this suggests, 
what is in fact true, that the above statement does not give us 
all the information possible about the exceptional points. It 
is shown in § 12 that such points^ if o>ny^ are always countable. 
Thus the following example may be taken as typical of 
a function having the most complicated possible distribution 
of points at which there is a distinction of right and left. 

Ex. 4. Divide the segment (0, 1) of the aj-axis by continued 
bisection so as to construct in order the terminating binary 
fractional points ^, J, J, .... 

Divide the segment (0, 1) of the y-axis by continued 
trisection and blackening of the middle segment, so as to get 
the black intervals of Cantor's typical ternary perfect set 

Let each binary point as it is constructed in order on 
the a;-axis correspond to the middle point of the black interval 
constructed at the same stage on the y-axis. 
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If we tlien let each Hunting point on the cc-axis correspond 
to the limiting point of the corresponding points on they-axia, 
the correspondence would give us a monotone function, point- 
wise discontinuous, and, within the limits of vision, represented 
in fig. 4. 

If, however, instead, we assign at each point other than 
the terminating binary fractional points, a value greater by 
unity than the value of the above monotone function, we get 
a totally discontinuous function having at every terminating 
binary fractional point all five numbers ^^^ <fi«j ^x^ ^22? /? 
distinct, while, at the remaining points, there is no distinction 
of right or left. 

Arithmetically, using the binary scale for a; and the ternary 
scale for y =/(«;), we have, e, denoting a figure which may be 
either or 1, and e/ standing for 2e^, 

At the latter point we have 

but at the former point we have 

T//^ = 0.e/e;...e„'2 = (/)22-l, 
BO that all five numbers are distinct. 

§ 12. We shall require the following Lemma from the 
Theory of Sets of Points, which is here stated, 1 believe, for 
the first time. It is closely analogous to Cantor's Theorem of 
the Nucleus. 

Lemma, If Sis a set ivhich is more than countable^ it contains 
a component U' lohich is dense in itself on both sides^ and more 
than countable in every interval containing a point of TJ\ 

Using the nomenclature of Young's Theory of Sets of Points^ 
p. 53, we call a point of S an Z'-point, if in every interval 
containing the point there is a more than countable set of 
points of S. 

It is then known that a set is, or is not, countable, according 
as it has not, or has, an Zr'-point, and that, in the latter case, 
the set of i'-points is dense in itself and more than countable, 
while the remaining points of S are countable. It follows 
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tliat in tlie neighbourhood of vmy i-point there is a more 
than countable set of Z'-points. 

Now, if Pis an i'-poiut which is a limit of i'-points on its 
right, but not on its left, there is an interval with Pas right- 
hand end-point containing no i'-point. Thus such one-sided 
i'-points, being end-points of a set of non-overlapping intervals, 
are, like the intervals, countable. 

Next, let Q be an i'-point which is a limit on both sides 
of i -points. 

Then in any interval with Q as end-point there is an 
i'-point, and therefore a more than countable set of L'-pointi, 
and therefore, by what has just been proved, certainly there 
will be another i'-point which is a limit on both sides of 
i'-points. Thus such a point Q is a limit on both sides of 
points of the same kind. 

Thus, if we remove the one-sided limits there remains over 
such a set V as is mentioned in the enunciation. Q.E. D. 

§ 13. Theorem 5. ThepomtSy if any ^ at which 

<t>R>^L (1) 

are countable. 

For let k be any chosen number, and consider the set of 
points S at which 

<l>B><f>L-^^ C^). 

By the sense of this equation c^jj is not — oo , therefore the 
set 8 may be considered as the outer limiting set of the seta 
iSp 5,, ,.., where 8^ is the set of points at which, beside (2), 

<l>R>r (3). 

Thus, if 8^ is countable for all values of r, 8 is countable. 

Let us now make k assume in succession the values of 
a sequence of positive quantities with zero as limit ; the outer 
limiting set of the sets 8 will then be the whole set of points 
satisfying (1) ; this set will therefore be countable if 8 is so. 
Thus it is sufficient to show that 8^ is countable to prove the 
theorem. This we can do by the Lemma. 

For suppose, if possible, that 8^ contained a component Jj 
dense in itself on both sides, and let P be any point of the 
•et U. 

By reason of (3) we then have 

r<<l>L{P), 

Digitized by VjOOQIC 



78 Dr, Young^ On the distinction of 

as a result of Theorem 1. Therefore, bj (2), 

05(P)>r + A (4). 

Since this is true at every point of Z7, it may be taken to 
replace (3) ; therefore, by the same argument, 

and similarly 

for all values of n, at every point of Z7. Henco 

^^ = + co 

at every point of U. 

Hence, by Theorem 1, since there are certainly points of U 
on the left of P, 

^^(P) = + QO, 

which is clearly incompatible with (1) or (2). 

Thus the assumption that S^ has such a component is 
untenable, so that, by the Lemma, 8^ is countable, which 
proves the Theorem. 

§ 14. The importance of this theorem justifies giving the 
shortened form of the proof in the case when the function / is 
bounded. At the same time we are able to give in this case 
a more complete enunciation. 

Theorem 5a. /// is a hounded function^ the points^ if any^ 
at which 

i>B^i>L + k (2) 

form a set which has no component dense in itself on the left 
at least. 

For if there were such a component ?7, and P were a point 
of it, we have by Theorem (I), near P on the left, 

Lt022(aj)<0i(P), 

so that by (2) we can certainly find a point 05 of Z7 at which 

i>B{x)<it»R{P)-ik. 
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By a repetition of the argument, we get for any value of 
n a point x^ of U at which 

which is clearly impossible if /and therefore i^r is bounded. 

That the set .of points satisfying (2) may be dense in itself, 
provided it is so on the right alone, is shown in Ex. 5. 

That the statement in Theorem 5a is not necessarily true 
when the function is unbounded is shown in Ex. 6. The 
restriction to bounded functions is however not necessary, it is 
indeed sufficient if the function f is always finite. The most 
general form of the theorem, suggested by Ex. 6j is that 
given below as Theorem 5b. 

Ex. 5. Let the black intervals of a perfect set, dense 
nowhere, be [A^, 5,), (^„ 5,), (^3, i9J, .... (fig. 4). 

At every point of the perfect set let /= 1, while elsewhere 
/=0. Here <(>L = i>Ei everywhere except at A^^ ^„ ... where 
02i=l, ^22=0; and at -B,, jB,, ... where 05 = 1, ^£ = 0. 

Thus the set 

provided A < 1, is dense in itself on the right, while 

is dense in itself on the left. Both sets are, of course, 
countable. 

Ex. 6. As in the preceding example let {A^^ 5,), 
(u4„ B^j ... be the black intervals of a perfect set dense 
nowhere. At every point outside these intervals let /= — 00 . 

At every point of the closed interval {A^^ B^ let /= - n. 

Then at every point wherey= — oo , ^ = - oo also, and we 
have a distinction of right and left at the end-points of the 
black intervals only. 

Now at A^ we have ^2j= — «, 0x = — <»; while at B^ we 
have ^i = — n, ^i2 = — 00 • Thus the set of points 

0/2-02i>* 

consists for all values of h of the points A^^ ^„ «•• which i» 
dense in itself on the left ; while the set 



i>L'^i>R> ^ 
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consists of the points j?^, 5,, ... which is dense in itself on 
the right. 

Theorem 5b. If there t's a set of points dense in itself on 
the left at least at every point of which 

<t^B-<t^L>k (2), 

then the points at which 

and at the same time 

a7*e more than countable. 

For, if U be such a set of points, and P any point of Z7, 
we can show as in the proof of Theorem 5a, that, however 
large n may be, we can find a point x^ of Uy as near as we 
please to P, at which 

Therefore (since by (2), 0^ [P) is not + oo ), we can find 
an integer n, such that for this and all subsequent integers, 

a fortiori, by (2) 

Therefore, by Theorem I, we can find a whole interval rfp 
having x^ as right-hand end-point, throughout which both 
/ and are less than — M: since x^ is a point of Z7, there 
certainly are points of ?7 internal to d^. 

Applying the same reasoning to this interval, we get 
another interval d^ containing points of V^ such that throughout 
it both / and are less than — 2 if. 

Proceeding thus ad infinitum we determine at least one 
point L internal to all the intervals, at which 

and also ^ [L] = — co . 

Since there is at least one of these points L in the neigh- 
bourhood of every point P of Z7, they form a set, which, like 
?7, is dense in itself. But, by construction, they form an inner 
limiting set, therefore* they are more than countable, q.e.d. 



Theory of Sets ofPoirits, p. 64. 
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Ex. 7. Let us use the binary notation, by which, e^ being 
either or l^ 

e 

At every non-terminating binary fractional point let /= — co . 
Any terminating fraction may be expressed in the form 

where C stands for r consecutive zeros, and I' for s consecutive 
ones. At this point let 

Then we have at the same point 

and <^jB » — CO . 

For as we approach the point from the left, the terminating 
binary fractions have the limit 

while the limit on the right is 

Thus the set 

^i — ^JB > * ^ 

consists for every value of A, of the terminating binary 
fractional points; that is the set is countable but dense 
everywhere^ and therefore, of course, dense in itself on 
both sides. 

§ 15. Any one of the Theorems 5, 5a, or 5b shows that the 
points, if any, where f^R>^L are countable, and, of course 
similarly, those where ^^ > ^r are countable. Thus the points^ 
if any, where ^^ differs from ^l ^^^ countable. Combining 
this with the corresponding results for the lower limiting 
functions xpji and \jji^ it follows that the points^ if any, where 
there is a distinction of right and left are countable. This 
completes the investigations of § 9. 

§ 16. The reasoning used in proving Theorem 5, depending 
as it does simply on Theorem 1, remains true if we change 
^jj into/. Hence we have the following result: — 
yoL. XXXIX. a 
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Theorem 6. The points^ if any^ at which 

or /<*!?, 

or /> fl>, 

are countable, 

Combiaing this with Theorem 5, 

♦ii = *ij = #-/«w^ also ^l^L-^R^^Sfj 

at all but a countable set of points. 

The more detailed results given in § 12, viz. Theorems 5a 
and 5b, have in the same way their exact counterparts here, 
using/ instead of ^^, 

Ex. 8. Let/( -] = - J, and /(a?) =s - oo at each irrational 

point X, The set /> ^ consists of the rational points and is 
therefore dense everywhere. 

Ex. 9. The following examples involve only bounded 
functions, the set of points at which /> is dense everywhere. 

(a) Let /f2j-si^-^ while at each irrational point «, 
/(x)-0. 

Here ^2i=^#i2 = * = ^ ^i = ^i?=^ = 0. 

The points at which /> ^ are the rational points. 

(J) In the above the set of points at which /> ^ + i i» 
finite ; by a slight modification of the values at the rational 
points we can make it infinite without altering ^ or i//. 



/(f)-'-^ 



Here, provided only A<1, we can, to each integer q find 
at least one integer^ prime to q and such that 

At each such point - we shall have /> + A; ; thus this set 
is countably infinite. 
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(c) Both these functions are totally discontinuous. Wo 
may change them into pointwise discontinuous functions by 
assigning at the irrational points the value 1 instead of 0. 
This does not affect ^, but it makes 1/^=1, so that every 
irrational point is a point of continuity of /. The sets of 
points /> ^ + A; are unaffected by the change. 

In contrast to the examples just given the following is an 
example of a bounded function which is less than and 
greater than \p everywhere, 

/(a?) = 1, when x is irrational. 

Here # = 2, i// = 0. 

§ 1 6. Thus we see that, although from the point of view of 
distribution in the continuum, the distinction of right and left 
may exist in every interval, however small, yet from the point 
of view of potency it is the exception, and not the rule, for 
there to be a distinction of right and left. 

This is rather upsetting to the accepted classification of the 
discontinuities of a function of a single variable, in which 
a discontinuity is said to be of the first kind, or ordinary, if 
both the limits /(cc — 0), f(x + 0) exist* and have definite 
values which difiTer from one another.f 

We have, in fact, now learned that such "ordinary" dis- 
continuities are at most countable, while the remaining 
discontinuities, which may be more than countable, must be 
properly considered as normal. 

Again, if neither of the limits /(a: - 0),/(aj + 0) exist, the 
discontinuity is said to be of the second kind.| Here we 
notice that the normal thing is to have three numbers /, ^, 
and xfj at such a discontinuity, and only at most in a countable 
set of cases can there be more ; the oscillations on the right 
and leftf coincide therefore in the normal ease. 

* ThAtis</>2; = ^2i=/(*-^) »^d <^ij = ^U =/(« + <>)• 
t See Hobion, Functiom of a real varidbUf 1907, § 181, p. 234. 
i Loc. cit., p. 235, lines 9-13. 
§ Lov. cit.f p. 235, lines 14, 15. 

Gobtingcn, 
JunCj 1907. 
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ON A CUEIOUS DYNAMICAL PKOPERTT OF PARTICLES 

IN EQUILIBRIUM, AND ON SOME PROPERTIES 

OF SPHERICAL TRILINEAR COORDINATES. 



I 



By the late Dr. E. J. Routh.* 

N a short memoir published in the Bulletin de la Societe 
Mathematique de France^ 1897, vol. XXV., M. Andrade has 
discussed a curious question concerning the stability of 
a material point. He showed that- a particle in stable 
equilibrium under the separate actions of two systems of 
non-conservative forces may not be in stable equilibrium 
under the two systems acting simultaneously. In the next 
volume of the same journal M. Lecornu carries the proposition 
a step further, and shows that the mere introduction of a con- 
straint without the addition of any active forces may be 
sufficient to make the equilibrium unstable. 

These theorems, though not altogether new, seemed so 
interesting that I was led to examine the problem over again 
in a more general manner. As the method here employed is 
different from that of M. Lecornu, the theorems arrived at, 
though they do not contradict his results, are not common to ^ 
the two discussions. 

1. The position of equilibrium, 0, being taken as the 
origin, let (xyz) be the coordinates of the moving particle 
referred to rectangular axes fixed in space. The forces may 
then be represented by 

X— aX'{- fy + ez ' 

Y=fx-\-bt/ -\-dz ■ (1). 

Z=iex-\-d'y-\-cz . 



* This paper was written by Dr. Routh shortly before his death, and seems to 
have been left by him in a nearly complete state. 

Mrs. Routh informs me that he was unable to work after the middle of April 
when his strength failed rapidly and he lost the power of concentration. He died 
June 7, 1907. On the first sheet of the paper in Dr. Routh's writing is the title 
^'On a curious dynamical property of particles in equilibrium, arts. 1-10. Alio, 
some properties of spherical trilinear coordinates which appear to be new, arts. 
11-19. [For the Quarterly Journal of Mathematics] ." 

The wnole MS. is carefully written in ink in Dr. Routh's neat writing, so well 
known to his pupils, with a few pencil additions. It has been printed yerbatim as 
it stands in the original MS., except for a few trifling alterations indicated by 
Routh himself in pencil, and due to his haying changed the sign of p^ from po8itiT& 
to negative in equation (2).— Editor, 
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The possible directions of rectilinear motion are then 
given by 

X Y Z 



y « ^ 



.(2), 



which leads to 

(a+/)aj+/y + c« = 

/'aj + (4+^")y + ^« = l ,.(3). 

c'oj + t?y + (c 4-f>0 « = , 

By eliminating the ratios of a?, y, z we arrive at a rfti- 
criminating cubic by which we can determine p*» 

2. It is therefore obvious that two cases arise : (1) that in 
which the cubic has three real roots which we represent by 
Pii p/, p/, and (2) that in which the cubic has only one real 
root. 

3. Let OAy OB, 0(7 be the principal axes of the fred 
motion; OL, OM, OJV normals to the planes BOO, COA, 
A OB. Then on a sphere, centre 0; L,M,N are the corners 
of the polar triangle of ABU, We shall suppose that the 
positive directions of OA, OB, OG are so chosen that the arcs 
AB^ BCy CA on the sphere are each less than tt. The 
spherical triangle ABO may be called the principal triangle. 

Let {xyz) be the oblique coordinates of the moving point 
Preferred to the axes OA, OB, 00, and let (X'TZ') be the 
oblique components of force. Then, since ( F', Z'), {Z\ X') 
{X\ Y') vanish when {y, z'), {z, x), (j»,\ y) are respectively 
zero, we have 



X'^^ 






Y'=-^,y, z'=-^.v.. 



Let {xyz) be the rectangular coordinates of P referred to- 
any fixed axes, being the origin. Let the direction cosines 
of OA, &c., OL, &c. referred to these axes be given by the 
diagrams 





X 


y 


z 


A 


a 


/3 


7 


B 


a' 


^' 


7' 


C 


a" 


/3" 


11 
7 





X 


y 


Z^ 


L 


\ 


/* 


V 


M 


\' 


m' 


v' 


N 


X" 


It 


y" 



where we may replace the letters A, B, C by their equivalents 
V, y, z if this is more convenient. 
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In the first case there are three real directions of possible 
rectilinear motion^ which are not necessarily at right angles, 
and are sometimes called the principal axes of the motion, 
(See the author's Dynamics of a Particle^ arts. 292, 513.) In 
the second case there is only one such axis. Let us consider 
these cases in order. 

To fix our ideas we suppose the particle to be in stahU 
equilibrium under the action of the system of forces (XYZ). 
In this case the three roots p,*, 2^/, p* are positive, and the 
three periods of oscillation are 27r/p„ 27r/2?„ ^tt/c,. Let us 
now suppose that a constraint is introduced into the system^ so 
that the particle is constrained to move on a surface which 
passes through the point 0. Our object is to determine whether 
the position of equilibrium at remains stable or becomes 
unstable. 

4. Let (XYZ) be the components of force along the axes 
(xyz)^ then 

- Z=p,'x\y+p,'y'.y'+p,'z'.y\ 

Kesolve (x'y'z) along OL^ OMy ON^ we find 

X cos LA = ojX + y/i + «v, 

y coH MB ss:x\' +yfA' +«k', 

z cofl NC = x\" -f yfi," -I- Kv\ 



we find 



Now, if we take the plane of xy as the tangent plane of the 
constraining surface, we have «=0. After eliminating (x'y'g')^ 

T-J « «^ , « «^' , ._?^1 
"" 1^» cos^i'*'^' cobBM'^P' cos GN]^ 

■^ l^» cos^i"^^" cosBM'^P' cobCN]^^ 

^ ^-^{P^ cosAL^P' cos^if"*"^' cosGN]^ 

■^f » cos^X"^^'* co8i/.l/"*"^» cosCWj^' 
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This we may write shortly 

To solve these we write --X=m'aj, — Y^m^y^ and arrive 
at the equatious 

5. Conditions op stability. The quadratic giving the 
periods (29r/m) of the constrained motion is 

Put ^ + 0=w, AG-BB'^v, u"-4e; = to. 

The roots will be real if w is positive, and both these roots 
will be positive if u and i; are positive. The conditions of 
stability of the particle after it has been constrained to move 
on a fixed surface are that all the three quantities u, v, w must 
be positive^ 

6. The trilinear coordinates. The normal to the 
surface of constraint at has been taken as the axis of « in 
the rectangular system of axes (art. 3), To prevent confusion 
with other systems of axes we designate this particular normal 
by the letters OQy and its intersection with the sphere whose 
centre is by the letter Q. We now put 

^ ^^o%AQ,co^LQ ^cos BQ. com MQ cobCQ.cobNQ 

These quantities may be regarded as the spherical trilinear 
or areal coordinates of Q when referred to either the spherical 
triangle ABC or the polar triangle LMN. 

7. The curves m, v, w. We find by using the known 
properties of direction cosines given by the diagrams in art. 3, 
that 

«j = U-" — 4i;. 

By turning the straight line OQ round into any position 
defined by {KvOi ^^ determine at once^ by observing the signs of 
wvw, whether the introduction of the corr^onding constraint has 
introduced instability or not (art. 5). 
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8. Geometrical forms. To put this result into a 
geometrical form, we refer the motion to a set of axes Oa?, 
Oy^ Ozy which are fixed while OQ moves. Let (x^y^z^ be 
the coordinates of any point in OQ^ r, its distance from 0\ 
the direction cosines oi OQ are then aj,/r,, &c. Let the 
direction cosines of the fixed lines OA^ OB^ OC, OL^ &c., be 

M%\ (a;^/7/), (a/'/S/V/'); (V.^), &c. (see art. 3). 
Then, by Art. 6, 

r/£ as r^ cos -4 Q cobLQ I cos AL 

=Ka,a^i + ^ly, + 7i«:) (\x, + fi,y, + v,z;)IcobAL. 

Hence r^'g, and similarly r/17, and r,*f are quadric functions 
of (a5,y,«,). And the surfaces defined by w = 0, t? = 0, f = 0, 
^ = 0, f =0 are quadric cones. These cones separate the spaces 
on the sphere on one side of which m, v, f , cfcc, are respectively 
positive and on the other negative. The surface u; = is a 
quartic cone possessing a similar property, 

9. When Q is at the corner G of the principal triangle 
(art. 3) f =sO, i; = 0, {'=1, and therefore 

^^Pi-^P!t ^^PiPt\ ^^iPi-P.y* 

When Q is at the corner N of the polar triangle we have again 
{= 0, 17 = 0, f=: 1, and u, v, w have the same values as before. 
Thus w, V, w are positive at every corner of both triangles. 
When therefore Q lies on the same side of the cone w^O as any 
one of the six corners -4, B, C, L, i/, N, then u is positive at Q 
and one condition of stability is satisfied. Similarly, when Q 
lies on the same side of the cone t? = as any corner then v is 
positive and a second condition of stability is satisfied. In the 
same way, if a curve on the sphere can be drawn from any 
corner to the point Q which cuts the quartic cone u; =: in an 
«ven number of points, then iv is positive at Q and the third 
<iondition of stability is satisfied. 

We may therefore change the stability into instability by 
merely placing the normal OQ $0 that any one of these conditions 
is not satisfied. 

10. The equations giving the values of f and u may be 
written in the forms 

<5 - /(«^,yi^)? ^' 0^ -P/ -P: -P:) = F(x,y,z;), 

Digitized by VjOOQIC 



property of particles in equilibrium, 89 

"where /(aj,yi»,) and F{xj^^z^ are quadric functions of (a5,y,«i)> 
whose coefficients are the same for all positions of the radius 
vector 0Q> It follows that the surfaces defined by any given 
values of f are concyclic and coaxial cones. The same remark 
applies to the cones defined by any given values of i;, f, a, v. 
The circular sections of the cones defined by giving f any 
<M)nstant value are parallel to the planes 

«i«^i + i8,y, + 7,«, = 0, \x^ + /t,y, + v^e^ = 0, 

and these planes are respectively at right angles to OA and 
OL (art. 8). Thus the two sets of circular sections of the 
cones f, i;, f are perpendicular to (0-4, OL), (OJ?, OJf), 
(0(7, ON) respectively. 

11. Om sperical trilinear coordinates, Let^J50be 
any spherical triangle, LMN its polar triangle. The spherical 
•coordinates of a point P here used are 

y COB^P.cosLP cos PP. COS JfP ^_ cos OP. cos ^P 
^" cosu4L ' "^ cosPif * ^ cosOiV^ • 

We may express these in terms of the elements of either 
triangle alone. Let -4P, PP, CP produced cut the opposite 
Aides of ABG in G, H, K (fig. 6), and let LP, MP, NP 
produced cut the sides of the same triangle in G\ H\ K\ 

Since -Wis the pole of AB^ 

co3iVP= sinPfi^' = sin PK. sin Z, 

cosNG=^BinGF =sinOJr,sinJr. 

Substitute in the expression for f, and the result contains 
the elements of the triangle ABC alone. We thus find 

cosilPsingP cos PP. sin gP ^_ cos OP sin JTP 

^"" Bin AG ' "^"^ Bin BE ' ^^ sinCK * 

We have similar formulce when the position of P is referred 
to the triangle LMN. 

The arcs OP, HP^ KP are taken positively when measured 
in the directions OP, HP, KP respectively. We notice that 
the arcs AL^ BM^ CN lie between ± Jtt. 

12. We shall now proye that the invariable relation con- 
meeting these coordinates takes the simple form 

f + ^+?-l. 
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This relation Is much simpler than that which holds between 
the perpendiculars from P on the sides when taken as the 
trilinear coordinates, and is also simpler than that between the 
angular distances APj BP, CP, Both these last formulss 
consist of seven terms each containing the product of four or 
five factors. 

To prove this, we take OAy OB, OG m the axes of 
a system of oblique coordinates, {xy'z) being the coordinates 
of P. By projecting r = OP in succession on the normals 
OL, OMj ON to the planes POO, COA, AOB (art. 3), we 
find 

cd' C08-4i = r cosiP, y cosPJf = r cosifP, 

z cos CW= r cos NP, 

Let n be any other point on the sphere, then by projecting 
r = OP on on, we have 

x' cos^n + y cos PIT + z cos OH = r cosPll. 
Therefore 

-5 COS^n.COsiP COsPn.COSifcfP COS Oil. COS ^P 

cos ril = -rj * Dir H TrsT • 

C08-4Z/ COsPJf COS OiV 

Similarly, interchanging P and n, 
^ T^r, cos^P.cosZn COS pp. COS il/n COS OP. COS ^n 

COsPn = Yf + 5TF + 7yk7 • 

^, cosAi/ con BM con ON 

V 

Either of these formulae gives the cosine of the arc joining 
any two points, and reduces to the ordinary expression 

cos Pn = cos a cos a + cos 13 cos /S' + cos 7 cos 7' 

when the axes OA^ OB, OG are rectangular. 
Let the points P, 11 coincide, we then have 

1=?+';+?. 

The coordinate curves on the sphere defined by equating 
the coordinates f , 17, f in succession to any constant may be 
called for brevity the curves S, 7;, f. The cones having these 
for base and the common vertex at may be designated the 
cones f , ^, f. 

13. To find the points of interssctton of the quadric 
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fvith the sides of the triangle ABC, the coefficients DEF being 
constants. Let P be any such point, ^17 its coordinates. Put 
(bO, and we have 

D^-^-Ev^O, f + i? = l (1). 

Substitute from the second formuIsB of art. 11 ; since P lies 
on AB^ G coincides with B, and H with -4, hence 

i)tan5P+^tan^P=0 (2). 

The quadric Z7=0 therefore cuts any side AB^ or AB 
produced, in points such that the ratio of the tangents of the 
segments is equal to the ratio — i?/-B. Since AP-^-BP^c^ 
the equation (2) is practically a quadratic to find tan^P or 
tan -BP, and supplies two values oftSLXxAPreal or imaginary. 

We may determine whether the intersections are real or 
imaginary more simply by solving the equations (1). 

If the value of f thus found is inconsistent with the superior 
and inferior limitations to the values of ^, the intersections are 
imaginary. To find these limitations we make f sinc^ that is, 
cos AP. sin BP a max-min. The result shows that the maximum 
and minimum values of f are \ (cosecc±l), and that they occur 
at points distant ± \ir from the middle point of AB. 

14. Before proceeding further it will be convenient to trace 
briefly the different positions of the coordinate curves Z, The 
polar equation of this curve, when referred to the middle 
point T of CN as origin, is obviously 

cos^M . COS*/) — sin'n .sin'/5 .cos*^ = Z C08 2n, 

where CN^2n, TP=pj and the angle GTP^^, and Z has 
any constant value. 

For any given value of 4> the polar equation leads to but 
one value of cos2p. It follows that points, the sum of whose 
distances from T is equal to tt and which have the same ^, 
have also the same value of ^. These two points are clearly 
equidistant. • on opposite sides, from the great circle whose 
pole is T. 

Let the arc CNj when produced, cut AB, LM in jP, F\ 
then NCFF' is at right angles to both AB and LM. Let the 
sides ABy LM intersect in 1 and J. Then / and J «ire the 
poles of NCFF' and the polar circle of T passes through / 
and "J" and bisects FF' in some point T\ 

The great circle IT' J divides the spherical surface into two 
egual parts and the values of Z are the samji on each side. 
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15. Since f=cos (7P.cos-^^P/cob2;i, it follows that iohen 
f 15 negative P lies between the two great circles AB, LM, and 
^ is a negative maximum when p = ^tt, ^ ~ 0, that is at the 
point T (art. 13). Its value at T' is -sin"w/cos2n and the 
curve f is then reduced to the solitary point T\ 

As f approaches zero (but is still negative) the f curves 
become elongated ovals which surround T' as their centre 
and extend from ^ = — ^j to # = + ^i where 

cos*^jM — {^cos2n/sin'n. 

When ?=0, the curve f becomes the two sides AB^ LM^ 
and the cone ^ reduces to the two planes containing those 
sides. Thus ^=0 when P lies on any side of either of the 
triangles ABC, LMK 

When f becomes positive, the curves encircle the point T 
(fig. 6). When f=l the equation of the curve becomes 
cosOP.cos^PsscosCW", and the angle CPN is obviously 
a right angle. For the sake of brevity we may call this 
particular curve the sphero conic on ON. 

As f continues to increase, the f curves lie inside the 
sphero conic on GN and 5 is a positive maximum when /o = c, 
that is, at the point T. The value of £" at T is cos'w/co8 2n, 
and the curve is then reduced to the solitary point T. 

In the figure the dotted lines represent the forms of the 
f curves. The points (^, ^), {L, M) lie on /K7, IF J 
respectively. 

16. To TRACE THE CURVES w, v, w. Keturning now to 
the conditions of stability (art. 7), the fundamental equations 
Uy V may, by using art« 11, be written in the forms 

«- (;>/+ft') 5+ [p;^p:) V + {p:+p^') c, 

tt> = w' - 4i;. 

In order that the motion may be unstable It Is necessary 
that one at least of the expressions {uvw) should be negative 
(art. 6). It is evident that the curves u = 0, v = cannot be 
real unless one at least of the coordinates (rj^ is negative at 
every point of the curve. The same results will presently be 
proved for the curve t(? = 0. These three curves must lie 
within the area of the three lunes formed by producing the sides 
{AB, LM)^ [BC, MN), {CA^ NL). This is just the space 
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which becomes evauescent when the forces form a conservative 
system, and the principal axes OA, OB, 00 are therefore at 
right angles. 

17. The quartic expression 

u? = M'-4u(f + i7 + ?) (J) 

may be written in several other forms. Substitute for u and v 
from art. 16^ and we find 

w = (P.'g + p/, _p,'{;)'+ 4P,'P.'flf. (2), 

where P^'^p^'-p,', P,'=p:-'P:, P.'^p^'P:, and if 
p^\ p^y p* are in descending order of magnitude, P,*, P/, P/ 
are positive quantities such that 

P,'-P/+P/=0 (3). 

It follows that to cannot be negative unless 17, ^ have 
opposite signs, and similarly f , f have opposite signs. Hence 
one at least of the three coordinates ^t)^ must be negative at 
every point of the curve. The spherical area enclosed by w=^(^ 
lies therefore within the lunes formed by the sides [AB, J^^\ 
[BO J MN)f [OAy -Ni), and these lunes are evanescent when 
the principal axes OA^ OB, 00 are at right angles. 

18. Expanding the expression (2), we find 

v> « p/f ' + p,v + P,V + 2P;p/f 77 + 2P/p;i7?: - 2P;p;f 2:. 

The quartic w = therefore touches each of the sides of the 
triangle ABC and therefore also those of LMN, By putting 
^, (f, 97 in succession equal to zero, we find that the points of 
contact with P(7, -4P, A 0, &c. respectively lie on the curves 

p;fi+p:K=(>, p.'f+p.'?=o, p.'f-p.'?=o. 

The exact positions of these points may be deduced from 
the rule in art. 11 and depend on the values of P^^ P/, P^, 

We notice, however, that each of these curves correspond 
to two points of contact such that 97, ^ and f , t have opposite 
signs in the two first, while ^, ^ have the same sign in the 
thiixl. The two first points of contact therefore lie within the 
lunes, and the third is external to all three lunes. 

Other properties of the curve «? = arc suggested by the 
corresponding theorems in trilinear coordinates and need not 
be mentioned here. 
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19. A third form for w is 

«, = p:p: (1 - 0* - p.'p.' (!-«?)•+ p,'p: o. - o\ 

where the sum of the reciprocals of the coefficients is easily 
seen to be zero (art. 17). The quartic curve ii; = therefore 
touches each of the quadrics ^1(1— i7)±P,(l -0 = ^ '^ 
points which lie on the sphere conic described on CN (art. 15). 



THE BINOMIAX THEOREM. 

By A. C. Dixon, Sc.D., F.R.S. 

TN the Quarterly Journal^ Vol. xxxvili., p. 108, Mr. Barnes 
-'- has called attention to the most general case of the 
binomial theorem, and given a proof. The present paper 
gives another proof, which depends only on principles that 
are given in the text books of Chrystal and Hobson, and 
establishes the logarithmic and binomial theorems with little 
more trouble than is necessary for the proof of the logarithmic 
series only. 

It may be noted that in addition to Abel's, a proof 
depending on the rearrangement of a double series is indicated 
by Chrystal {Algebra^ Vol. 2, p. 302, ex. 19), while the 
theorem is a case of Taylor's and could therefore also be 
proved by the integration of 

«-« 

round a circular path enclosing the origin. 

Let / (m, a) = 1 + mg (m, «), 

1 ^ N m- 1 » (m- 1) (»i- 2) . 
where g (m, «) = « + —^ «'*+ ^^ ^ '- «' + ..., 

972, z being complex, and | « | < 1. It is to be proved that 

/(m,i5) = (l+«)-. 

Now, if I rw I < 1, t wi -.w + 1 1 < n for positive integral values 
of m, and tnus the moduli of the coefficients in g (m, z) are 
all <1. Hence, if |«|<J<1, the moduli of the terms in 
g (ni, z) are less than the corresponding terms in 
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Thus, when | « | < J, ) m | < 1, the series g (wi, z) is absolutely 
and uniformly convergent, and the modulus of its sum 

<J/(l-&). 

If I m I < 1 — J, then the absolute value of /(wi, «) — 1, that 
is, of mg (m, z)^ is less than b, and the point representing 
/(w, «) lies within the circle | ;5 — 1 1 = J. 

Suppose then that | « | < J, | w | < 1 — J. 

Let log/(m, »)^K+iL. Since the series /(m, z) is 
uniformly convergent, its sum is a continuous function of z, 
and the logarithm JT-f- tL is also continuous since /(m, z) does 
not approach the value 0, but lies within the circle | » — 1 [=&. 
Hence K+ cL is completely fixed when we say that it is to 
vanish with z. 

Similarly, let \og/{tn/q, «) = A+ *?, where j is a positive 
integer, and k-{- d vanishes with z and is a continuous 
function of z. 

We have [f{mlq, «)}«=/(m, «), by multiplication of series, 
and therefore JE'+Aii-2(^ + e?) == a multiple of 247r, which 
must be 0, since it vanishes with z and is a continuous 
function of z. Hence k = Klq^ l = Llq. 

Now 

/(m /j, 0) =: e* (cos ? + 1 sin Z) 

= e^/fl'(cosL/j+ iBinLlq). 
Therefore 

9 (^/2j *^) = [«^/^ (cosjL/2 + * sinlr/j) - 1] qjm 

^{K+iL)lm 

in the limit when q is infinite. 

But, on account of the uniform convergency, 

Umg[mlq,z)=g{0,z]] 

that is 

K+iL = mg{Oj z) 

/ (wj, z) = expm (z - i«" + ^«' -...)• 
This result has been proved when ] « | < 6, | m | < 1 - J. 
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For a greater value of | m (, take a positive integer r which 
is > I w 1/(1 —J). Theu the result holds for mfvy that ia, 

fimjr, «) = expwi/r(j5-J;8' +...), 

and /(wi, (B) = {f{mlr, «)}*'=expm(«—i«' +.••), 

The thing is therefore proved for all values of m. 
In particular 

exp(«-i2;'+...) = /"(l, «) = ! + «. 
Thus, if |«|<1, 

log(l+«)=«-K+K--M 
and /(m, «) =expmlog(l +«), 

the logarithm being in each case a continuous function of e 
and vanishing with z^ so that the coefficient of i in it is 
between ± ^tt. These are the desired results. 

When I « I = 1, we only need to use Abel's theorem, given 
in the text-books, that if a series in ascending integral powers 
of « is convergent when « = l, it is uniformly convergent for 
real positive values from to 1 inclusive, and that therefore 
its sum is a continuous function of z for such values. 

If m = a + ^i3) the ordinary tests show that the series 
/(wi, z) converges absolutely when a>0, and that the succes- 
sive terms diminish without limit* when a> — 1. The 
binomial theorem then follows at once if a>0. If a>— 1, 
but <0, let /„(wi, z) denote the sum of the first n terms in 
/(m, z). Then, by the usual multiplication, 

(1 + «)/,(m, «)=/„,(wi+ 1, «)- the (n+ 1)'^ term in/(wi, z) 

= /(m + 1, «), in the limit when n is oo , 

since /(m + 1, z) is convergent and the terms in /(m, z) 
decrease without limit. It follows that /(m, z) is convergent, 
unless isss— 1, so that the binomial theorem holds when 
I « I = 1, provided the real part of m + 1 is positive. 



* The terms «„ u„ ti„ ... diminish without limit if n{\tin/uni.\\^l} tends to 
a positire limiting yalue. 

Belfast, 

May, 1907. 
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ON GENESALIZED LEGENDED FtTNCTlONS. 
By E. W. Barnes, Sc.D. 

§1. T^HE ordinary Legendre FuDctions are solutions of 
-*- the equation 

The two fundamental solutions are P^((t) and Q^(oi)* 
When n is a positive integer, the former is a polynomial in x. 

The associated functions Pf^(x) and Q^ (a?), when m is 
a pofiitire integer, are defined by the equalities 

«.»}"^ ^ dx-\QM ^'^' 

They satisfy the differential eqftation 

When m has any general valtfe the generalised Legendfe 
functions P^(x)^ Q^(p) ^^ defined to be the solutions of this 
equation which reduce to their valaes given by (1) when m is 
a positive integer. By finding such solutions the generalised 
functions are usually obtained. But they may be considered 
from another point of view, in which we endeavour to 
generalise the idea of differentiation to the case when m is 
a complex quantity. Such generalisations* usually are based 
on the theory of contour integrals : if we can express f(x) in 
the form l^li)x'ds^ where ^(5), and the contour of integra- 
tion are independent of a?, then a generalisation of-y^si/Ca?)) 

when m is complex will be given by I ^ {a) ^ ~r x'^'^ds^ 

provided the latter integral has a meaning. 

Now P^(x) is a particular hypergeometric function exprcs-*^ 
sible in the form F{-n^ n + l] 1; i(l-a;)}. It therefore" 

* A short summary of such investigations ii giren in the Encijlcloi>d He det* 
Mathtmatischen Wistentehaften^ Bd. 2, pp. 116—119. 
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98 Dr, Barnes, On generalized Legendre functions. 

follows by the general theory which I have developed in an 
earlier paper* that 

^■W-2-^ f^'"'"r(°V.r""^'" '^<'-'^'''^" 

provided j arg(a;— 1) |<7r. This is an integral of precisely 
the type required, and therefore the equality 

P,»=(x'-irri- fr(^-»)r(>t.u.)r(-.) .,„^^ 

" "^ ^ ^ ^ 2774 J r(l-m + s)2* "^ ^ 

may be used to define P^'\x) for all values of n and m. 

Similar considerations apply to Q^'^ix). We therefore 
arrive at contour integrals for P^{x) and Q^\x) of a very 
simple type. It is from such contour integrals that we 
develop the whole theory of generalised Legeudre functions 
in the present paper* 

Part I. 

The general theory of the transformation of the series for 
Legendi^e functions, 

§ 2. The transformation-theory of generalised Legendre 
functions is known to lead, when discussed by circuits of 
Pochhammer's type, to exceedingly tedious algebra, where 
thepossibility of mistakes is very easy. The theory given by 
Heinef is faulty: the only complete investigation that has 
been given is due to Hobson,J whose memoir is the standard 
authority. I have calculated that the methods introduced in 
the present paper diminish the labour of the theory discussed 
in Part I. of the present investigation to about one-third or 
one-quarter of that which previous methods have imposed. 

§ 3. There are several interesting considerations involved 
in the transformation-theory of generalised Legendre functions. 
Such functions are always associated with hypergeometric 
series or with the equivalent Riemann P-functions of a special 
type. In this type of P-function the difference of the two 

♦ Barnes, "A new development of the theory of the hypergeonaetiic fnnctions." 
Bead before the London Mathematical Society, January, 1^07. 

t Heine, Handbuch der Kugeljunctiontn (1878). Hobson has discussed Heine*! 
tlieory in some detail. 

X Hobson, Philosophical Transactions of the R(jf/al Society (1896). Vol. 187 (a), 
pp. 443-531. 
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exponents associated with one of the singularities is equal to 
one-halt*. Therefore the P-function is such that we have 
Kieraann's transformation* 



P 



' 0, 00 , 1 
0, i3 , 7, a; 



^-1, * 



= p. 



7 J 2/3, 7, ^x 
7 , 2/3', 7' 



•(^), 



where /3 + jS' + 7 + 7' = J- 

From this transforjnation Riemann deduces that we can 
express in terms of one another the functions 

^(/*, ^ h ^.)> Pif*y 21^, fi, a?,), P(^ 2/tt, I/, aj,), 



where 



aj, = 4aj,(l-a;,) = 



4aj, (1 - x^) ' 

Thus whereas the ordinary hypergeometric equation admits 
24 solutions, the corresponding equation associated with the 
generalised Ziegendre functions will admit three times as many^ 
We have in fact series whose arguments are any functions 
derivable by homographic transformation of the system a?, Ijx^ 
l—Xj 1/(1 — a;), a;/(a3— 1), (a;— l)/aj from the functions 
(1 — a;)/2, l/u3*, {a; — VCa;"— 1)}*. It has been customary 
hitherto to derive the series corresponding ta such transforma- 
tions from the transformed differential equation (such was 
Kuramer'sf orignal raetliod), and then to find the actual 
values of the constants involved by cottsidering some special 
point of the plane. This- process Heine applies to series of 
arguments l/x* and {a; -V(^*— !)}*'• Hobson obtains the direct 
transformation of series of arguments (1 — a;)/2 and 1/a;*. In 
Part I. of the present paper all the transformations are 
obtained directly without recourse to the differential equation, 
and the work is by no means laborious. And, further, the 
aame method enables us to deduce by direct transformation the 
most general form of Riemann'^s relation [A). 

Considerations of space prevent me from giving the whole 
of the T2 series and the expressions in terms of them of 
P^{x) and QJ^{x), The series themselves may be found in 
Oldbricht's memoir,J though he does not express in terms of 
them the associated Legendre functions as they are usually 
defined. In Part I. of the present paper all the important 
expressions in serie* of the associated Legendre functions are 

* Iliemann, Oeuvres Matkematlgues Paris (1898), pp. 73—76. 
t Knmmer, CvelU, T. J 5 (1835), pp. 39-83 and 127-172. 

j Oldbricht, Nova Acta dev Ksl Leop- Carol, Deutschen Akademie der Niftur- 
forscfitr.'hd, 52, No. 1 (Halle 1887), pp. 17-20. 

h2 
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given, and from the given contour integrals any particular 
form desired can be at once written down. 

Very full references to the literature of this part of the 
subject are given by Oldbricht*: for the varying notations 
Hobson's memoirt may be consulted. After great hesitation 
I have decided to make one change from Hobson's notation. 

I replace his function ^ "* ix) by O "* {x) -r— ; r — . Each 

function has the same value when m is a positive integer, and 
is therefore admissible as a generalisation, and iny own form 
arises naturallv and introduces a considerable simplification 
into the formulas. 



Definitiom of FJ^{x) and Q^'^ix). 

§ 4. The differential equation of the associated Legendre 
functions is 

We assume that m and n are the most general or real 
complex quantities. We will first show that the integrals 

J_^(a;)= same expression with — m written for i?i, 

and J.^ix\ are all solutions of this equation. In the first two 
integrals we assume that | argfa? — 1) | <7r, and in the last two 
that I arg(— ic- 1) | <7r. The integrals have contours parallel 
to the imaginary axis with loops if necessary to ensure that 
positive sequences of poles of the subject of integration lie to 
the right of the contour, and negative sequences to the left. 
Under the assii^ned limitations the integrals are, by the 
theory developed in my previous paper, convergent. 

We will consider the integral I^{x). Denoting it by 7, 
we have, since we may differentiate with respect to x under 

* Loc. cit.j pp. 7-11. 
t Loc, cit.j p. 4^6, 
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the sign of integratioD, 

dl /'>'-i^i *"• 



xiif^ f r(^+i-n)r(.^2^.)r(-.) ^ ^^^ 

27rA J r(2-w + #) *^ ^ " 

In obtaining this formula we have replaced $ by (*+l); 
this is equivalent to moving the contour of integration through 
a distance unity parallel to itself, as is obviously possible, since 
we may so choose the original contour that we pass over no 
poles of the subject of integration during the motion. 

We therefore have 

-(:4-:r<-)(-i^) r'7r:rr-" ii<-)i-^ 
H^r«---'(-.-^) r"rrr.:r'-' ii'--rw. 

where 

= -n(w + l). 

Therefore ij„ satisfies the differential equation. By sym- 
metry I^^ satisfies the differential equation, and a similar 
method ot proof is applicable to J^ and J_^^ since 

§ 5. We now define the fi^rat associated Legendre function 
P^(x) for general complex values ofm and n hy the equality^ 

Our definition is thus valid when | arg(a; — 1) |<7r, that is 
to say, for the whole plane of the variable x dissected by 
a cross cut along the real axis from -co to + 1. This cross 



*** The case when n is ail iuteger is discusaed in § la. 
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(x-\- In*"* 
I which occurs in the 
x—lj 

definition of I^(x), We assume that ( z\ = \ ttis^i 

•^ ^ \x-l) (x— 1/"*' 

and each of the functions in this quotient is uniquely defined, 

provided [arg(aj + l)| <7r and | arg(a;- 1) |<7r. 

In the first place we see that immediately from the 

definition we have 

In the second place we see that, when m = 0, 



thei'efore, if m be a positive integer, 

^)__ 1 sinr27r r r(^-70r(y»-H+^)r(-5) ,^ ...^, 



§6. Expansions of PJ*(x) in powers of (l±a;)/2 and 

Suppose that 1 1 — aj|<2. Then we may bend round the 
contour of the integral I^^ so as to include the positive sequence 
of poles of the subject of integration, and we have, by Cauchy's 
theorem, 

which is the expansion of PJ"(aj) in powers of i (1 -x) when 
1 1-a; I <2. This is Hobson's definition [(5), p. 451]. 

Suppose next that 1 1 — a; |> 2. Then we may bend round 
the contour of the integral I so as to include the two negative 
sequences of poles of the subject of integration, and we find 

ry^mf ^ /a+n*"^ r(2n-\-l) ... -,^J ^ 2 ) 

^ ^.^^""^''T.V n {K^-0}"""'-P^W^ 1+wi+n; 2i2/i; -?-l] , 

2 

the expansion of P^"* {x) in powers of when 1 1 - cc | > 2^ 

X "~ X 
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Again (by §16 H.F.)* 

jr(-*)ro>-a,-a,-»)r(a. + 5)r(a,+.)(i-5)'J. 



HeDce 

/a; + 1 \*"' sin nir 



■(«)-C-M)' 



wr(i -»»+«) r (-»»-«) 



(1). 

This integral yields immediatelj expansions for P^[x) in 
ascending or descending powers of | J (1 + a;;) as { 1 + a; | ^ 2. 
We get • 

^»»=(£-;y" r(i-i^lor(L-») ^-"' "-^^ ' ^^'"' ^(^^^^^ 

and analogous series, the upper or lower sign being taken as 
I[x) is positive or negative. 

§ 7. Expansions of P."* (a?) in powers of and . 

aU "7* 1 35 •*" 1 

From the equality (1) of § 6 we obtain at once 

1 r r (-5) r(»-«) r(a-OT-n) / > -a ?\' j 

*^ r(-«)r(-m-n) J r(i_,„ + s) U+a;y' *' 

J x\ 

provided arg- <ir. 

1 "T" aJ 

Therefore 
° f(rbo(:4-;rt^(Hx)r-4.1. l-m,n; 1-.; gg} , 

♦ In tbia waj refertace will be made to the author's previous paper quoted ia 
§ I. Hobson's paper will be referred to simply by the letter H, 
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ivhen 



05+ 1 



<1. 



By taking the integral to enclose the negative sequences of 
poles we get the two terms of the analogous expansions valid 
when 

x-1 



x + l 



>1. 



§ 8. We now define the second associated Legendre function 
Q^[x) for the general complex values of m and n by the equality 

the upper or lower sign being taken as I(x), the imaginary 
part of X, is positive or negative, /^ and J^ being the integrals 
introduced in §4. 

The definition seems at this stage to be both arbitrary and 
artificial. We shall see, however, in § 11 that Q,^{x), as thus 
defined, is expressible either by a simple contour integral or 
by a sfngle hypergeometric series. And in §^21 we shall 
express Qj^(jx) as a hypergeometric series of argument 1/a;*, 
which reduces when m = 0, to the series by which Q^{x) ia 
usually defined in the elementary theory of Legendre functions. 

When m = we have 

Hence^ if m be a positive integer, 

From the definition we have, when |l±aj|<2, the; 
expansion [H. (16), p. 460] 

^ «!/ ^ni-wOsinnTT _ /a;H-l\*'"„, 
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§ 9. The expansion of Q^^ (x) when | (1 - a;) | < 2. 
Again, by H. F. (§ I'i), we have the formula, akeady 
substantially obtained in the transformations for P^"*(a?), 

'^^"r(l-ir^ ^t-«.n4.l;l-«.;j(l^x)l 

r{l-TO + n)r(-ni-»j) I ' ^ » T^ '2\ 'i 

Tlrerefore 

r(^m)r(i-fm) rwr(i-^) 

- r(i-7n + w)r(-m-7i) -~ r(-w)r(i + w) -" * 

for (a;— 1)*"== (1— aj)"*e±^''S the upper or lower sign being 
taken as I{x) is positive or negative. 
Hence 

2 QJ^ (a?) sin wtt = - {sin W7re±«»* + sin mire^^^'] I^ 

![ I 

r(i-7fn-n)r(-w2-«) -- 

TT 

= - Sin (n + m) tt/^- pr?i TTTrT "x ^-m- 

^ ' * r (1 - w + w) r (— m — n) ** 

Thus 

2 g^"* {x) sin iWTrr (- m - w) 7,^ 7^ 



TT r(l+n + m) r(l-m+w) 

0). 

Hence, when [ 1 — a? | <2, we have the expansion 









From the relation (1) we readily see that 

Q: {x) r{-m-n) = Qr W r {m - «). 
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§ 10. Expansion of Q^ (x) when 1 1 + a; | < 2. 

We can easily deduce from our previous results that 

rHm)r(i + m) r(m)r(i-m) 

"• r{l-m + n)r{-n-ni) "^ r(-n)r(n + l) - 
We therefore have 

2 QJ" {x) sin mir = J^ j sin mir + sin n7r6^("*+»)»*} 

a. 1»5 

r(l-m + «)r(— n- w) 
We therefore have 

«^m/ X .« ^/ V sin WITT J„ e/ 

2<2.-(x)^-r(-m-«) -^- = r(i-.;:-H«) - f(rT;T^) • 

Hence, when 1 1 + a; | < 2, 

2(? «(aj) !lfl^ r(- m - «)c±«^^ 

,(^f n-'») ^ ^{-n.n-H;14-m;i(l+x)} 

\X— 1/ r(l — m + w) * ' 7 a \ /) 

From this result, coupled with that of the previous 
paragraph, we obtain 

- Qn" (- «) <2." («) «^" [H. (21), p. 463]. 

Again, by § 6, 

by §8. 
Therefore 

P„"'(-aj) =P,"»(a)eTnir*. 2(2.'"(aj) ?^ [H. 20, p. 463]. 
§ 11. We will now show that 

" ^ ' sm(m + w)7r 
_ _1_ /x + iy- r ris + n + l)r{m-s)r{-3) n(^_iy.j. 
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provided | arg(a;— 1) | <7r, the contour being taken parallel to 
the imaginary axis with loops to ensure that positive sequences 
lie to the right and negative sequences to the left of the contour. 

The theorem is important as it enables us to express 
Gn*"(^) 2is a single contour integral of the same type as the 
integral for P^\x) given in § 6. 

Suppose that ||(a; — 1)|<1. Then we may bend round 
the contour to the right and we see that the previous integral 
is equal to 

(x-\\'" r(»i+n+i)r(-wj) _, , , V ,1 

/aj-l\*"T(»n + w + l)r(-w)„, ^ ^ 



(— ) 



rin + l-m) 
« ^ m / N Sin mr . ^ ^ 

" ^ "^ sin(w + n)7r' "^ ' 



Tf^ can now at once deduce hypergeometric series for 
QJ^{x) valid either when |l-ar|>2, or when |l+aj|>2, 
and in each case Q^\x) is expressed by a single hypergeometric 
series. 

When 1 1 —a; I > 2 we may bend the contour of the integral 
just considered round to the left^ and we get 



_L ^\V^ T^(^ A.^\ -nfyy* _l « j. t^ 



sin (m + w) TT 

x-\- 1 >^*'" r(n-f l)r(m4w + t ) 
r(2n+2j 

xFJ^/i + n + lyW + 1; 2n + 2; -^-f 



-m) 



Thus 

xi^|w + n+ l,n + l; 2n + 2; 1 

xi^jn-i- 1, n+1 -w»; 2w + 2; —- i , 
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108 Dr. Barnes, On generalwied Ltgendre functions. 
And therefore [H, F. § 11 (^)] when H 4 « | > 2, 

x^|n + l,n + »t + l; 2n + 2; r-^l (0 

x^jn + l,n — m + 1; 2n + 2; [ . 

None of these simple series appear in Hobson'a memoir. 
Their existence might have been suspected a priori as, when 
m and n are general complex numbers, Pj^{x) and Q^(x) 
are functions of the same degree of complexity each with 
a simple expression in a suitable region of the x f lane. This 
will be more apparent in the sequel when the Kummer- 
Biemann transformations are considered. 

From the expression (1) we see that, provided 

|'""e(f^)|<'' 

^ 27rtU+l/ \Ux) J r^2n+2+5) \Ux) 

= J_ f ?zi f eT-n f ris)r{s + m)r{n + l^s) (jrl^ds 
27rtU + l/ J r(n + l+5) Vl + a?/ 

If we bond round the integral to the left we get, when 

|l+cc|<2, 

^ ^ m . N sin mr j_ 
" ^ ^ sm (m + n) TT 

r(-»i)r(n+i+«i) /oj+ix*"-,, , , , /. M 

We thus verify the result of § 10. 
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§ 12. We can now obtain the important formula 
Q^i^)- Q\.,(x)^7rcotmrPj'(^x>) [H. 18, p. 462]. ..(I). 
Bj equation (1), § 9, we have 

.sin WITT I^ I 



2q:{x). 



r (-m-w}r(l+n+wj) r(-m-w)r(l ^n—m) 



When n is changed into — n — 1, the integrals I^ and /^ 
are unaltered, and therefore the second term on the right-hand 
side is unchanged. 

Hence 

2 { Qr[^)-Qr^.m ^-^ = - i {8in7r(m+;i)+sin7r(m.ri)}/^, 

or Q^^ (x) - Q^,^.i (x) = - cos mrl^ = ir cot wttP^*" (x). 

We therefore have the given formula. 
Similarly, since 

and 

we have tbe important identity [H. 19, p. 462] 
aO-^a^^rr m - Binffl»r8inn7r _ P .-"(») P.." (a;) 

2C. («)r(-m-n) ^^5 f(rr^7^-r^i + ^+„) 

(2). 

Formulae (1) and (2) coupled with previous results enable 
us to express an} of the eight solutions 

in terms of a fundamental pair. 

The formula (2) coupled with the expansions for P^(x) 
obtained in §§6 and 7 enables us to find expansions for 
Qn.^) when 1 1 ±a; I $ 2, or when ( 1 +a; | ^ 1 1 - ic | . We can 
thus express any of the 24 solutions of the fundamental 
diflFerential equation which have arguments derived by 
liomographic transformation from i (1 - a?) in terms of 
F-(x) and Q-(x). 
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From the previous results we can deduce a formula whicli 
is of importance when we come to consider the asymptotic 
expansion of PJ^ {x) when | m | is large. 
We will show that 

FT hhr-r r— ^ =-^n'"* W «^"" sin irn + PS^i-x) sin Trm, 

^he upper or lower sign being taken as I [x) is positive or 
negative. 

By §10 p-(-^)=p-(a:)eT»«-2<2-W^. 
Therefore by §9 

Hence, by the equality (2) just proved, we have 

r (1 - m + n) r (1 + m + w) 

+ ^^^ r (m - n) [P„-- (a-) e+"-* - P,""" (- x'i]. 
Thus 



. = p. '"(a:) r (w — m) {sin tt (m — n) — sin 7n7re+"'^*] 
r (1 + «i + ?i; n \ J \ ; ( \ ; > 

+ sin WITT r{m — n] P^"*" (- a;) 
= sin 7W7r r (m - w) P„"*" (- ^) - e+'^*"» sin irn V (m - n) P^"^ (^), 
we thus have the given result. 

§ 13. Descriptive pi^operties of P^"'{x). Exceptional cases. 
From the definition 

(1), 

we have seen that in general P^"*{x) has a cross cut from — oo 
to+1. The equivalent formula 

(2) 

allows that the singularity of P,"(a;) at a! = 1 is of the type 
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The formula (2) is a valid definition of P^ [x] in all cases 
except when m is a positive integer ^ or when x lies on the 
cross cut (—00, 1). 

When m = 0, or when »i/2 is an integer, we see that P„{^) 
has no singularity at aj= 1 ; it has a cross cut from — 00 to — 1 . 

The. nature of the singularity of Pj^[x) at ic = — 1 is (§ 6) 
given by 



a;-l\*- 

i^{-w,n+l; I4m; J(l+a;)| 






r(l — m + n) r(— M-«) 



When ?n=0 we have (§ 6), if n be not a positive or negative 
integer or zero, 

+ ;^(m4-1+^)}, 

and therefore P^{x) has a logarithmic singularity at a; = — 1 
typified by 

TT 

+ a power series in ^ (I + oj). 

WMien n is a positive or negative integer we see from (2) 

(X + 1\*"' 
—-■J • 

When m is a positive integer we see from (1) that 

^„ W ^-^ ; 2"T(l-f-w-»i)r(m + l) 

x/^lTW-TijW + n + l ; tn + 1; i(l-«)l (3). 

The latter form is valid if n be not an integer (positive, 
negative, or zero). When m is a positive integer and n is an 
integer there are <hree cases : — 

(1) 71 positive and >rn] the expansion (3) is valid and 
PJ^ [x) [x^ - I)"*'" is a polynomial 
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(2) n positive and <m; the expression (2) shows that 
JPJ*{x) is sero; a solution of the differential equation is 

(3) n negative. In this case formula (3) may be written 

P " (X) = (X' - ir ^^^, ^^"^TA Tx 

"^' ^ ' 2'"r(-m-n)r(w+l) 

xF{m-n, w + m + 1; »i+ 1; ^ (a? - 1)1...(4). 

This is valid if n is negative and — n>?n. If — n<m the 
formula shows that P^* (cc) is zero ; a solution is 

Definition of P^[x)^ when - 1 <« < 1. 

When m = 0, we have seen that P^[x) has a cross cut from 
— GO to - 1 ; when, however, mj2 \fi not an integer P^ [x) 
has a cross cut from — oo to + 1, and is therefore not detined 
when — 1 <a:<l. 

It is convenient to take such a definition in this case that 
PJ^\x) is real when m and n are real [H. 470]* 

We therefore assume that, in the limit when €a>0 and 
-l<a;<l, 

P^ {x) = a«^^ P^ [x + ei) = «-i«»'^* PJ" [x - et) 

Hence, when m is a positive integer and — 1 <a?<l, 

" ^^-^ ^ '' 2"* r(m + l)r(l + n-?w) 

xi^{^?^-w, 7n + w+ 1; m + 1; J(1-a*)}« 

We can now show that if m he zero or a positive integer^ for 
general values of x not on the cross cut -co to + 1, 

" W-^, ^'''ni + m + n)' 
and, i/-l<.r<l, 

p -« / ,A _ /'_\« P " / „^ r(l -ffl + n ) 
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These fortnulcB are valid for all values of n: of course 
when n is a positive integer <m the right-hand side becomes 
indeterminate. 

For general values of a not on the cross cut —«o to 1, if 
m be zero or a positive integer, we have 

p-r^^-f^'-iv- ^(^+»+ 

-r. w-L* •; 2"r(i + «-OT)ro« + i) 

xF{m-nfm + n + li l + w; J(l-x)|, 
and 

Hence by the Eummer-Gauss relation [H. F. $ 11] 

r(l + n^m) 

r(i + n-^m) " ^ ^ 

When -l<ar<l, we have 

-«^» w V > V* *; 2"'r(i + /i-7/i)r(w+i) 

X F{m — n, m + w+ Ij w + 1; i(l— a:)|, 
and 

Therefore in like manner 

i; «-(-) i; Wr(l + ;n-hn)- 

§ 14. 2%e/MWctfon 0^"*(a5) anc? t<« definition when - 1 <cc< !• 
Q^**(a;) has been defined (§ 8) by the formula 

^- ^*^ 2Tr» U-1-/ J r(»+l-«»)'r' ^a; i}cf» 
1 fx-l\^ r r{s-n)r(n + l+8)r{-s) 
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Tliis definition is valid for all values of m and n if :r do not 
lie on the real axis, and n is not an integer or zero. 

If 7} be a positive or negative integer or zero the contours 
of the integrals just considered cannot be drawn, but the final 
formula of § 8 shows that in this case QJ^ (x) is infinite, if m be 
not zero or a positive integer. If, however, m be zero or 
a positive integer the formula of § 11 may be written 

.g..w-(-rf^; f<"V',r„<:;;^'> iK>-.)i-" 

xJF|w + w + 1, W4-1; 271 + 2; t^T"! • 

It therefore gives a definite value for Qj^[x) when n is not 
a negative integer: it shows that QJ^{<x) is infinite when n is 
a negative integer and ?7i + w + 1 < 0, and further that Qj^ia) 
has a definite value when ?» is a negative integer and 
i»-f»+l>0. 

Tlie final expression of §9 shows that, in general, Q^[x) 
bas a cross cut from — cx> to + 1. 

It is convenient to give a definition of Q^ [x] valid when 
— l<ir<l. We take its value to be the mean of the values 
on either side of the cross cut, so that Qj^{x) is real when m 
and n are real. We thus have, in the limit when e = 0, 

Now by § ^ in the limit when € vanishes 
2sinw7r_ . n /^w/ . n 

TT 

r(i+«i+«)\i-*y I » -r . > 2v /J 

(1)^ 

Therefore, when — 1 <a; <1, 

0^(jr\^ TTCos^fflTT r r(m) /l-h.ry^' 

^'^ ^ ^ 2sinw7rr(-7n-w) Lr(l + wi + n) Kl-x) 

xi^{-w, n + lj^-m; i(l-a:)J 
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This definition differs from that of Hobson (p. 471). Each 
reduces to Heine's definition when m^O. 

By equation (1) we see that when - 1 <ar < 1 [H. 30, p. 47 1 ] 

where P^{x) has the valne defined in § 13. 

The formula of § 11 gives us, when — 1 < ^ < 1, 

A/^m/ \ sinwTr 



_ sin(7/l + n)•7^ 
l (Ux\^^ - fr(fi+n+i)r(m-«)r(-«),, . ,.,, , 

the contour embracing the positive seauences of poles. 
For general complex values of x^ the formula 

'^ ^ '8in(m + w)7r 27rt Vaj— 1/ 



J- 



'"'••"' r;i't":;""''" »"'-''i-'^ 

is valid for all values of m when n is not an integer. In 
particular, when n is complex and m is a positive integer, 
^^"^(aj) = 0. When m is an integer (positive, negative, or 
zero) the formula 

««.-(^w-)-^. (E;r f'""rg-?'^'-' iK»-)iv. 

is valid for all values of ti, except integral values. 

Expansions of P^(x), Q^^(x) in series of arguments derived 
ly homographio trans formation from a?*. 

§ 15, We have previously connected PJ^ (oj), Q^^ (x) 
with the 24 series derived by homographic transformation 
from J (1 - A') We will now show that we mav equally 
connect them with 24 series derived by homographic trans- 
formation from a'j and in this way establish one of the two 
Biemann transformations indicated in § 3. 

At the outset we will take one of the simplest forms of 
such transformation, and show that, if a + a +/8 + /3'=s J, 

-F{a + /3,a + /3'; l-a'+a; 1-y'} 

=i?'l2a + 2/3,2a + 2/3'; l-a+a; iO-»)l- 

12 
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The limitations under which this formula is valid must be 
carefully noticed. The second series is convergent when 
j 1 — y I < 2, that is to say within a circle of radius 2 surround- 
ing the point y = 1 ; and if the hypergeometric series be 
expressed as a multiple of the contour integral 

-2^J r(i_a' + « + 5) ^l(y-l)l«?» 

we see that it represents a function with a cross cut given by 
I *^g(y "" 1) I = '^1 ^^^t *s a cross cut from — oo to - 1. The 
first series, on the other hand, is convergent when 1 1 — y*| < 1, 
or, putting y = re'^ when y lies within the lemniscate r*= 2 cos 20, 
Now this lemniscate consists of two ovals enclosing respectively 
the points ±1, with a single point of junction at the origin. 
In each of these ovals the hypergeometric series may, and in 
point of fact does, represent a different function. And it is 
the function i^j{a + )^, ot + /3'; 1-a+a; I-3/*], defined by 
the series in the positive oval, which enters into the above 
equality. The function defined by the same series in th©^ 
negative oval we sliall denote by i^. 
If we put 

2a + 2j3=w + i-«>, 2a + 2j3'=-7n-w, l-a4a = l-n>, 

so that 2(36 + 2a*+ 2)8 + 2^'= 1, the formula to be proved may 
be written 

^ili(» + ^-^)» i(-^-«>; 1-^;!-^! 

= i^{w + l-?tt,. — r»-w; 1- w; J(l— y)}. 
By the formula already quoted in § 6 we have 
r{i (71 + 1-772)} rjl(~m- 71)1 r{ia~^-n)K{i~i(m-^>} 

xi^,{-|0i+l-7w), i(-m-w); 1-m,- l^y'\ 

= iili^I'(-^)r(i-s) r{l {n^l^m)^s\r\},{--m-n)^s)]y-ds. 

The integral is a valid expression of the series F^ provided 
I ^^SI/ I ^'^' ^^ indicates that the function F^ has a cross cut 
along some part of, or the whole, of the negative half of the 
real axis. (The cross cut is actually from — co to — 1, and so- 
enters within the negative loop of the lemniscate). The 
contour L is drawn parallel to the imaginary axis, with, of 
course, suitable loops, if necessary, to ensure that positivor 
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sequences of poles of the subject of integration be to the right 
of the contour and negative sequences to the left. 

Now by the multiplication formula for the gamma function 
we have 

r(25)=^r(5)r(5 + i). 



Therefore 



r(M + i-m)r(-»»- «)„,„,. 



r(i-M) 

Now if the contour M of the integral be parallel to the 
imaginary axis with loops to ensure that positive sequences 
of poles of the subject of integration are to the right and 
negative sequences to the left of the contour 

r(-,)(i -«,)•=- A j^r(*-»)r(-«)(-x)*c?« 

provided | arg (— a?) | < tt, and | arg (1 — :r | < ir.* 

Therefore the previous expression, provided | arg (y — 1) | K'tTj 

X2^j3rr(#-5)r(-*)(y-i)*c?*. 

Now if we take L and M to be the parallel contours of the 
figure (fig. 7), we may invert the order of integration, for the 
integrals concerned may, by a tedious though not difficult 
investigation, be proved to satisfy the necessary conditions.^ 

We thus obtain 



♦ See the author's paper, Quarttrly Journal of Maihemolios, Vol. X-Xiviii.; p. 1 10-' 
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But 1 Lave previously (H. F. § 15) shown tbat 

- 2^^ ;xr(a.+») r(a.+ r(/3.-.) rO,-5)* 

r (g. 4 /3,) r (g, + /3.) r («.+ /3,) r (a. + /?,) 

r(a,+a,+ /3.+ A*,) 
The previooa expression b therefore equal to 



r (n + 1 - m)r(-m-n) _^i 



r(l-m) 

xFjn + 1-wi, -wi-n; 1-m; JO-y)). 
We thus have, proyided | arg(y - 1) | <7r, 

which is the required result. The condition | arg (y — 1) | <ir 
can obviously be replaced by the narrower condition jargy | <7r, 
since each series is one- valued when 0<y<l. fcjince the 
series on the right-hand side is convergent within a circle, 
radius 2 and centre y = 1, we see that F^ is uniform provided 
1 arg ( y + 1) I < TT : F^ has in fact a singularity when y = - 1. 
The formula may be written [H. F. § 11 {A)\ 

The formula may be exhibited as the equality of two contour 
integrals. For by H.F, § 16 we have 
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where |arg(l -«) | <ir if the contour be parallel to the 
imaginary axis. 

Hence we have, when | argx' | < it» | arg J (.c + 1) | < ir, 

/r (-«) r (i-5) r (*+«) r o +«) je'W« 

«COS(«-/3)22-2«^2/» 

« /r(-*)r(i-at-/8-.«)r(2a + «)r(2/3 + a){i(l+«)rrf^, 

the contours being parallel to the imaginary axis. 
We note that the formula may be equally written 

i?'{2a,2/9; 75 i(l-y)l-^.l«^ /9) 7; 1-y"} 

where 7«a4-)8 + J, 

Put now l-if*=sf so that y=* + i/(l -.«), since R{y) is 
positive in F^. Then we obtain, provided |arg(l — «)r<ir^ 

^{«,/9; 7; «}=«i^[2a,23; 7; ill-V(l-«)l]- 
Putting 1 - y =« 2j:, we obtain, if R (jx) < J, 

iPj2a,2/3; 7; a:j=i^{a,/J; 7; ^x{\^x)\. 

§16. The function 

can be transformed by writing — y for y in the previous 
investigation. We obtain 

F,^\\ (1 - if)TF{-^, n + 1 5 1 -m ; i +y)l, 

provided 1 1 -fy | < 2 and | arg(l — y) | < w. 

We have the interesting phenomenon that the differential 
equation for F{J(n + l— m), J(-»n-n); 1 — m; 1— y*K 
which may be derived from Legendre's equation by an obvious 
transformation, has both its fundamental solutions represented 
by this series, each oval of convergence giving a diffisrent 
«olution« 

§17. As an immediate corollary from the previous result 
we may show that 

J.. ., , p_ riK^-^^)ir(i-c im) 

/'l-itjfi + i; 1-m; jj_^ ^^ _^^^^^_-^-^j ^--^-^^^-—^ 

For putting y = in the result of § 15^ we have 
i^{-ff,ii+l; 1-m; il*2»"i^{J(»«+^-'»)) K-»«-"); l-»t; M, 
and therefore the given result follows at once by Gauss* 
theorem. The formula may equally be obtained from tho 
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theory of difference eqrtations, and by its means we can give 
an alternative proof of the fundamental theorem of § 15. 

§ 18. The expression of P^(x) as hypergeometric series of 
arguments 1 —a;" and 1 — 1 jx^. 

The result of § 15 coupled with the definition of §5 at once 
gives us the series 

which is valid where 1 1 — a:* | < 1, 5 (a?) > 0, 

By Kummer's formula {H.F, §11 (-4)} we may equally 
write this in the form 

From the first of these series we see that we have the 
contour integral 

2"* 
■^•" ^'^ " rli(n + l-m)}rii(-m-n) 

\ 2W J r(l-im + «) ^ ^ ' 

wherein |arg(aj'— 1) |<7r, if the contour be parallel to the 
imaginary axis. 

§ 19: The expansion of P^(x) in terms of hypergeometric 
series of arguments 1/(1 —a?*) and 1/a:'. 

Reverse the previous integral in the usual manner, and we 
obtain, when 1 1 — aj* | > 1, 

xFh(n^l^m), |(7i + ,n + l); f + «; j^X 

r\l(ji + l^m)\r{l^l{n^m)\^ ^ 

which is the first of the required series. 
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Using Kummer's formula just quoted and we find, when 

ki>i, 

to which Hobson's formula (22, p. 463) can be reduced. 

Each of these series has only been established under the 
limitation |arg(a;*— l)|<7r. But the first series are con- 
vergent for the area outside the lemniscate of § 15, and the 
latter outside the circle | a; | = 1. Moreover, Pj^lx) is, as has 
been seen in § 13, a uniform analytic function within these areas 

Provided they be dissected by a cross cut from — oo to — 1 . 
^herefore the formula will be valid when | arga: | <7r, provided 
we take the analytic continuations of the functions (aj"— l)"*^**"^*' 
and (a;*— !)**•. Each of these functions must therefore be 
such that (aj*- 1)« = (a? - 1)« (a; + 1)« where | arg (a; ± 1) | < tt. 

§ 20. The expansion ofPj'(x) when [ a: | < 1. 
We have just seen that, when B (x) > 0, 



P'^(x) (a;*- 1)*~2""*= r— 

xF\l[rv+l-m),l[-m-n)] l-wi; l-a,*j. 
Hence (by H. F. § 16), when | arg(ar''-. 1) |<t, 
P^^(x) (aj*- l)*"ir r (- »i-n) r (1+ «-m) 2"^* 

= ^jr['8)r{l-s)r\^{n + l-m)-^s}r\l{-m^n)-^s}x^ds. 
Hence, when ( a? | < 1, we have 

x^{J(n+l-»n), J(-OT-«); J; x'\ 
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wherein, of course, arg (a;*— 1) is equal to arg (a;— 1) + arg (a?+l) 
and |arg(u:±l)|<7r. Hobson's more complicated formula 
(27, p. 469) can be reduced to that just given. 

Evidently any other formula expressing P^'*(ic) in hyper- 
geometric series of arguments derivable by homographic 
transformation from x* can now be written down at once. 

§ 21. A series for Q^(x) when | a; | > 1. 
We can now show that, when | a: | > 1, 

^" ^^ siu iH + m)ir 2"^' T (n + f ) a:"*"*' 

xF{l(n + m) + l; J(m + w,) + |; «+|; l/a;'|, 

where |arga!|<7r, and (»'- !)*"=(» — 1)**(jc+ 1)*", where 
I arg(ar± 1) j < w [H, 10, p. 456], 
We have (§ 9) 

r(-wt)r(l+m+«) /ar-l\*"*«, , , 1/, M 

And bj § 15 this expression is equal to 
r(»n)^j-jyj»F.{J(n+l-in), J (-«-«); 1-m; l-a;'| 

■*■ r(l + n-«t) ' ^*~ ^ 

X i?;{i(« + l + m), i(»»-«); l + w; 1-ar*}. 
Putting l — x*—y we therefore have, if | arg(— ^) | <7r, 

'«'» '''^sin(rt + »t)ff r|J(« + '») + M ^ 

for the last integral, when |y|<l, can be taken to embrace 
the negative sequences of aeroes, and gives rise to the two 
series just written down. 
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Hence 

^" ^^8m(« + m)7r F {^ (n + wi) + 1} 



or 



^^ ^^^ sin (n + m) ir * 2"^' F (n + f ) a"*"*** 

and this is equal to tbe given resalt [H. F. § 11(^1)]. 
The final series 

F\l{n-¥m)-^hi{n-¥m)'\-}i^, n + f; \/x'\ 

is convergent when |jr|>l. We are therefore no longer 
restricted by the condition | arg(^^— 1)| <7r, but in the 
definition of («'- 1)^ we must make it equal to 

u-iru+ir 

where | arg (^r ± 1) | < ir. 

We note that incidentally we have established the 
transformation 

-F{Kw + m) + l,i(« + »») + i5 « + f; i/^'l 

" (^ J'jm + n + l.n + l; 2« + 25 ^. 

This may of course be established directly. 

The formula of the present paragraph gives us, when 
I arg (—a;') | <7r, the contour integral 



smnir 



/ 1 \ r r(25+w + n2 + i)r(--/.) / 1 y 

§ 22. The expansion of Q^{x), when \x\<\. 
Take the previous contour integral and bend it round fo 
as to include the negative sequences of poles. Then, since 
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(— l/a;")-"=Ba:2«e+«^*, the upper or lower sign being taken as 
I{pc) is positive or negative, we have 

. V sinwff (x^-- l)"*"* 
^^[^^^^^ i(l-n+m); f ; x^\ 

This formula embraces the two formulae obtained by 
Hobson {(25), p. 467, and (26), p. 468}, In it 

arg(x'— l) = arg(a;— l) + arg(ar+ 1) 

■where | arg(a;± 1) | <7r. We have only proved this formula 
under the limitation | arg (- a:') < 7r. That this restriction 
may be removed is evident from the considerations intro- 
duced at the end of §19, or may be at once established 
analytically by means of the formula (§ 10) 

Evidently any other formula expressing Qj^(x) in hyper- 
geometric series of arguments derivable by homographic 
transformation from x^ can now be at once obtained. 

Expansions o/P^"^(x) and Q^{pc) in series of arguments 

derived hy homographic trans formation from $*, 

where f = a; — \/(^'*^ 1) <^^^ I f I < ^« 

§23. We now proceed to connect P^(x) and Qj^ix) 
"with the 24 series derivable by homographic transformation 
from \x — \/(a^'— !))*• We thus complete the Riemann theory 
mentioned in § 3. 

For adequate definition of our procedure we must briefly 
discuss the transformation 

In this equality we assume that such a value of »J{jc^^ 1) 
is taken that |f |<1. 

We have l/| = a? + V(^*'— 1), so that 

2^-g+l/i 2V(**-1) = l/g-S. 
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If we put ^•=re'^ and x = x + iy\ we have 
2a;' = (r + l/r)cos^, 
2y'=(r-l/r)sln^. 

Hence the interior of the circle | f | = 1 maps on to the 
whole of the a:-plane except for the cross cut from — 1 to 1. 
This cross cut corresponds to the circle | g | = 1. A circle in 
the g-plane corresponds to an ellipse, foci ± 1 in the a:-plane. 

The positive half of the a;-plane corresponds to the positive 
half of the g-plane. The two points f and 1/f correspond to 
the same point in the a:-plane. 



Again argaj = - tan'J ^^^^ tan dV , 



and therefore | arg(jj5) | < Jth when | f | < 1. 

Hence a;«|« = (a?f )«, where a is any complex quantity and 
the principal values of the two expressions, i.e. values such 
that Jargaj|<9r, |argf |<7r, | arg (a:^) | < tt, are taken. 

Moreover, that value of V(^*— 1) which intervenes in ike 
formula 

w, when | ^ | < 1, eq^aal to V(« - 1) V(« + 0) where 

1 arg(a; + 1) |< TT, I arg(a5 - 1) | <7r. 

For 2V(a;"-l) = 2(a;-g; 

= (l/r — r)cos^ — A(r + l/r)sin^ 

Therefore, when | f | = r < 1, we have 

I arg V(aj'- 1) |< i^ when R (x) > 0, 

arg\^(aj'— 1) lying between Jtt and tt when x is in the second 
quadrant and argV(^*- 1) lying between — \ir and — tf when 
X is in the third quadrant. 

In all cases therefore ^(x^—1)^a/(x^1)'^(x-{-1) with 
the given speciticatiou. 

§ 24. We can now show that, if|a5l>l,|S|<lr 

i^JK^M-m) + l, i(« + w2) + J; n + fj tlx'] 

= (2a:|r"»^»i^{n + 7n+l, m+i; w + |; ^i 

where | argar^l <*7r. 

Tbis theorem is fundamental in transformations to series 
of arguments derivable by homographic substitution from f"* 
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It may be proved bj exactly the same process as the corre- 
sponding theorem established in § 15. We proceed to show 
that it reduces to that theorem by a simple change of the 



variable. The more general transformation of Biemann's 
P-functiou which includes both the present theorem and that 
of § 15 is proved in § 36 infra. 
In § 15 we have see that 

F{l-jiH.fi, -wi-n; 1— »i; ^(1— y)} 

Hence by an obvious substitution for m and n 
J'l/i + w + ljn-m + l; n + f; J(l-y)} 

^F,[i(n + l-\-m),l(n^fn-\-l)] n + f; 1-y'}- 

Now i^{a„a,; p] «} = (1 -«)-«. i^'jaj, p- a,; p] ^| 

where | arg (1 — ^) | < w. 

We therefore have, if | arg(l -I- Jf) \ and | argy* | are both 
less than ?r, 

^{n + m + l,Hw; w + l;^} 

xi^j{J(n + m+l), J(n + «i) + l; w + |; 1-1/y'}. 
Thus, if JS(y)>0, 

i^|n + m + l,J + m; w + §;|^| 

= (-^) i^lKn+»«+i),i(n+'»)+i;«+f;i-i//). 



where are 



<Jt. 



Put now y-'voti)' 

where | a; | > 1, and the square root is so chosen that B (y) > 0. 
We then have 

i^l-1 yl_ a;-V(a?»-l) , «herelfl<;i 
and we also have 2y/(l +y)«2a?g. 
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The last result may therefore be writteDy when |^|>1 
and|g|<l, 

= (2^$r-^'i^{»i + m + 1,111 + 1; n4i; ri, 

wherein | argarf | < ^Tr. 

The last condition [arg(:»^) |<Jw- does not really impose 
limitations which at first siglit might be suspected. For 
by § 23 

2xf = 1 + ?'cos 25 + *r' sin 25, 

and therefore, if |f |<1, |arga;^| is always less than iir. 
We have then in (2j:f )"^*" merely to take the principal value 
of the expression, and the final theorem can be stated in the 
form given in the enunciation. 

Had we taken the equality (§ 16) 

valid when i?(^)<0, we should have worked with tho 
transformation 

where | f | < 1, and we should have obtained the same result. 

§ 25. ?%« expansion of Q^ (x) in powers of f *, when | f | < 1 . 
We will now show that when [f|<l, |arg$|<ir, 
I arg(l - f) K-^ [H. (35). p. 475], 

xJ'{m + J,n + m + l; n + |; ffl. 

We have seen that, when [^|>1 (§21), 

^w. x_ 8''n(m-fn)7r r(n + m-f 1) r(^) (or'- 1)*" 
^- ^^" sin WIT 2"-^*r(n + |) a?**"*** 

xF{^(n + fn) + l,l(n + m) + l] n + f; 1/*'|, 

wherein |arg*|<7r and (a-*-1)*~=(x- l)*^(a? + l)*'", where 
arg(a:±l)|<w. 
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Now by § 23, when | ? | < 1, 

where | arga:£ KJtt, | argrc |<7r, | argf |<7r. 

If then we combine the previous result with that of § 24, 
we have 

(?,«(^) = cot«^^S^I^^l^ 

xi^ln + m + ^m + J; n + f; f). 
Now, by § 23, 



25 



= V(«-l)V(a? + l), 



wherein | arg (or ± 1) | < tt. 

Therefore (l-fT»(2$)"'(aj'- 1)*" where |arg(l -.f')|<7r. 

The last result may therefore be written in the form given. 

From this result we see that we have the contour integral 
expression 

x)«/ x__8|nww_ r (m + ^) 
^- ^ ''sin(n + wi)7r r(i) 

" 27ri^ ^^ ^ J r(n + ^-+8) ^ *^^'^''- 

The contour may be taken parallel to the imaginary axis 
(with of courae suitable loops if necessary) provided |arg$|<7r 
and |arg(-g'')[<7r. 

The integral will represent the analytic continuation of 
Q:^{x) when |f|>l, provided (1-5')"= (1-Sr(l + ?)", 
wherein | arg (1 ± g) | < tt. 

§ 26. Expression of Q^[x) as a hypergeomttrtc series of 
argument fV(5*"" !)• 

By Rummer's formula [H.F. § 11 (-4)] we have at once, 

iflarg(l-r;|<^, 

e(-)=cotn;r^i|I^^ 

The series is convergent within that area in the 5'plane 
which includes the origin and lies between the branches of 
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a i*cct<iiip;ular hyperbola of major axis »J2. In the f-plane the 
analytic continuation of Q^{x) outside the circle |^|=1 will 
be given by the same series for all points ^ within the area 
of convergence, provided that (1 — 5^)"*= (1 -5) *(1 + 5)"*, 
where | "rg ( 1 ± £) | < ir. For, with this restriction, the expres- 
sion on the right-hand side of the formula is an analytic 
function within the area of convergence. If, then, we suppose 
that Q^{x) is continued across | ? | = 1 in the ^-plane, so as to 
take vaiiics which correspond to its continuation across the 
cut (-1, 1) in the aj-plane, the equality will continue to hold. 
But it mnst be distinctly understood that the a:-plane is a two- 
sheeted Ricmann surface, and that the value of Q^(x) in llie ' 
^-plane at a point outside | S| = 1 is not its value at the point x 
in the original sheet of the deplane which corresponds to this 
point g. 

Hobson's result [(57), p, 485] is equivalent to that just 
given though its form is more complicated. 

§ 27. Expansion of Q^i^r) in powers of {l — ^. 
From the result of §25 coupled with the formula already 
quoted at the end of § 15 we have, if | arg(l — 5*) | <7r, 

" cos»i7rsiu(«+ 7r«)7r ^ ' 

= -2^r';r(«»-«)r(-OT-5)ra+5)r(« + i+»)(i-r)V.. 

Hence, if 1 1 - f * | < 1 , we liave by Cauchy'a theorem 

- erco ^^ r (- n - «.) = r^-'-Lti!^ (1 - r)-r' 

' \ ' V ' r ( 1 + n - wj) *■ ' • 

and by reversing the contour of the integral we obtain an 
analogous expression in powers of 1/(1 — f^. If we suppose 
that the function QJ^{x) is continued when |5|>1 across the 
cut (-1,1) in the two-sheeted a;-plane on to the. second 
sheet, the expression just given holds for all values of ^ within 
the lemniscate area ot convergence provided in 5"** we have 
|arg?|<'n-, aud in (l-D*"* we have 1 arg (1 - ?) |< Tf. 
YOL. XXXIX. K 
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These condltionfl give cross cuts in the £-plane from £ = ±1 
in directions along the real axis away from the origin. As 
a verification we see that, if we replace QJ'ix) by GJ'[^) iu 
order to indicate the new variable, 

the npper or lower sign being taken as 7(^ is ±, or I[x) T, 
which 18 evidently eqm'valent to the old relation of § 10. 

By Kummer's relation [H.F. §11 {Aj] we have, if 

/'{^-f-J, w + m + l; l+2m; l-^] 

«(rr'*^li + »w,;n-«; l + 2wi; l-f'j- 
Hence, if i?^g)>0, 

^^Q^[x) r (- n - m) 

This formula is not valid when ^(£)<0. In this case we 
have 

^2(3 "•(aj)^^^^^ r (-»t-»w) e^(2«+i)^' 
* 7r 

equal to the sum of the two series just written down, the upper 
or lower sign being taken as /(^) is positive or negative. 

§ 28. Expansion of PJ* {x) in potoers ofl— f '. 

We proceed to show that, if R (£) > 0, and 1 1 - ?' | < 1, 

wherein in S***^ we have |arg$|<7r and in (1 —2')"^ we have 
I '^'*&(^ "" D I <*"■. This expansion is not given by Hobson. 
By § 12 

T> « / N sm nrr ^ ,,, • \ sin wir ^-, . ^ 

• p.- (a;) cos m « -^ ^;' («) - -jj- <?-.,., (ar). 
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Heoce, when R (f ) > 0, we have, by § 27, 

P,"* (x) cosnir = - 2*"^* — ^^'''1, ^ (1 - 0""T' ' 

x-F[-wi + J, n-m + l; l-2in; l-Tl 

r(l+n-m)r(-n + «0^ ^ '^ * 

xF{- m + J,n-m + l; l-2f»; l-ff, 

far two series cancel. 
Thus 

P^"(a5) cos w»=s 

0.-.-1 r(m) f 8tn(m + «)ir ] . fctx--.e»*i . 

r(H.«-m;r(m-n) ( "^8ia(m-ii)7r)^ ^^ * 

X i^j-wi + J, n-«i+ 1; 1— 2m; l-T} 

To obtain the expansion of P^(x) in powers of (1 - g"), 
when jB(|)<0, we may either use the same process and 
employ the final series of § 27, or we may use the relation (§ 10) 



We find, when jB(f)<0, 

2""e^(» 

xP{J-?w, l + n-m; l-2m; l-f*l 



p^« (a;) = ?1!L!!Z r (»i) 2«"e^(«+»)ir« (1 - g»)-{*»t 



^ ^ '"^ 2'*e^'»»' (1 - {")"• r 



r(l+n-«i)r(-m-«) 

xF{J + m, 1+n + m; l+2m; !-{"}» 

the upper or lower sipjn being taken as 7(5) is positive or 
negative. In (1 - ST" we have 1 - S" = (l - 5)(1 + £). 
where |arg(l±£) | <7r, so that |arg(l-{") |<7r, and in f"^* 
we have Iargg|<ir. 

K2 



Digitized by 



Google 



132 Dr, Barnes^ On generaliztd L^gendie /uucitons. 
\Vhcii lt(^)>Of we liave equally by Kummer^s relation 

-p.v)=r^£-/i-er"r2^ii-w,-«-«; i-2m; 1-n. 

We see that, when i? (© > 0, we have the contour integral 

'^ VW i r(l-2r,i + *> ^^ ""'^ "'*' 

"wherein | arg(f'- 1) | <7r when the contour of the integral it 
parallel to the imaginary axis. 

Of course we must always remember that, in any of these 
formulae, when | 5|> 1, we pass to the continuation of P^"'(a;) 
in the second si>eet of the ^-plane. 

§ 29. The expanaion of Pj^(x) in powers of f*. 
By the previous paragraph coupled with the result of 
H. F. § 16 we see that, provided | arg^ | < n, 

^,r(^)r(l)r(i + n-m)r(i-^)r(-m-n) 
... J- (1-f )-«r*7r(-5)r(-^-w.s)r(i-m+*)r(i+ii-»i+a)rA- 

27ri 

Hence, by Cauchy^s theorem, when 5 ({) > 0, ( ? | < I , 

By the argument already employed several times [cf. § 19] 
we see that this is valid when ] f |<1 for all values of jB(£) 
provided we have the condition |argf |<7r, and in (1 — f)'"' 
provided | arg(l - f') | <7r. When n is half an odd integer 
the expansion breaks down; the limiting form, which may 
be directly deduced from the contour integral, is somewhat 
complicated. 

Since the two series change into one another when n is 
replaced by - m*- 1, we have the old relation 
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jSiiuilarly bj \ *2$ w« see that we have again the relatioti - 

^« v«)-Gr(«)— ;;r- ~^— ,(«)— ^ • 

Tlie expansion of PJ^(x) in ascending powera of 5' may l'/ 
Kummer*:} torniuhi equally bo written, when | f | < 1, 

wherein | «rg 5 1< ir, | nrg (I - D |< t. 

Uobsou'a t'unuula [(36), p. 475] may be reduced to tbis 
form. 

§ 30. If we take tbe contour integral of § 29 the reverse 
way we haoe the expansion of P,"'(a!) «'« powers of 1/f*. 
Wofiud,ifii(£)>Oand|arg(l-f')|<ir, |5|>1, 

The condition | arg(l - D | <'"' >8 obviously equivalent to 
making (i -g-f =(l- $)-(i + $)- where | arg(l ±$) |<7r. 
The condition A(^>0 can evidently be renioved| and re- 
placed by I arg$ | <ir. 

We proceed to investigate the meaning of this formula. 

In the first place we see that the function P'*(a;), herein 
involved, is the continuation across the circle |^{»1 of the 
function previously defined when |5|< 1. We have there- 
fore passed over the cross cut (-1, 1) in the a;-plane, and 
thus we have passed to the second sheet of that plane, con- 
sidered as a two-sheeted Riemann surface. We will denote 
the function at the point x in the original sheet by iPj^{x)y 
and at the same point in the second sheet bj ,Pn"*(^). 

Let us now put 

and postulate, as usual, that (1 - O*- (* - 5;" (' + K. "". 

, Google 
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Then F^\^\ is a function of £ defined when | £|<1, and it 
tnaj be analytically continued over the whole of the ^-plane 
if the latter be dissected along the real axis except between 
^ = Oand£=l. 

W« may writ« tl>e relation just found in the form 

,P.-(a;) = i?'f(l/5)e±«- |$|>1, 

the upper or lower sign being taken as 7(5) is positive or 
negative. 

And the relation previously found may be written 

,P,"(a;)=F/(S), |5|<1. 

If now we pass from ^, where | ^ { < 1, across \\vb circle 
?| = 1, iP^{oc) becomes ,?,"(»); we therefore have, wbea 

jr--(5) = jr-(i/5)e±m« a). 

the tipper or lower sign being taken as I{%) is positive or 
negative. 

Changing £ into 1 fX we see that the siame foi*mula bolda 
i^hen I 5 1 < J . 

This relation may be verified by the following considera- 
tions: — 

The function F^ (X) is one-vaked if the 5-plane be dis- 
sected by a cross cut from — oo to and 1 to oo along the real 
axis. In this disRected region we may go by a contiauous 
path from $ to l/£. This path corresponds to a complete 
circuit round the point x=l in the a?-plane. The figure (fig. 8) i« 
drawn for the case when I\x) is positive and | ^ | < 1. In this 
case we«ee by §6 that PJ^[x) is multiplied by e"*^* in going 
round the circuit. Hence, as £ and 1/S correspond to the 
same point in the aj-plane, i^J"(S) i* multiplied by e*"^* when 
it becomes F/' (1/5). 

Thus, when i(|) is negative and 1 5 1 < 1^ 

The cases when J(S) i« positive or | 5 1 > 1 can be treated im 
the same way. 

§31. We may now ohtatn the expanmon of Q^ [(c) tn powers 
of l/5^ sind show simila-rly that it corresponds to an ebvious 
^•.otation-transformation in the aj-plane. 
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Take the integral given at the end of § 25, reverse it and 
employ Cauchy's theorem, and we find if | g l> 1, | arg$ | <ir, 

i«rg(-r)i<^, 

sinitir r (m -h ^) 
^* ^ '8iu(w + iM)7r r(i) 

— f 1 - r»^"»^'«*» r ^\-ii-«-i r (n 4- m 4- 1) r (- n — ^) 

In this relation we must have | Arg(l — {')|<7r so that 
(l-f»)-=(l-g)-(l + f)**where |arg(l±f)|<^. The con- 
dition that | arg (— f *) | < ir may be interpreted to be R (Q > 0, 
but I not real and positive. It may evidently be removed by 
the process of analytic continuation and replaced by the 
condition that the ^-plane is dissected outside the circle 
I { I =s 1 by cross cuts along the two parts of the real axis. In 
thus continuing Q^{x) outside the circle J^jai, x in its 
plane makes a circuit of the origin across the cross cut (— 1, 1] 
and we have to suppose that Q^'^ix) takes a value correspond- 
ing to this circuit. If the a:-plane is a two-sheeted Biemann 
surface which corresponds to the whole ^-plane and has 
winding points at a; » ± 1, we shall have passed from a point x 
on one sheet to a point in the other sheet. 

With these limitations the previous formula may be 
written 

sinnn* 



«."('»)sMirT^f(i)(^-^/^''"' 



= r(H + m + l)r(-n-i)^^^^e±(«+i)"r"' 

xF{i-m,l + n-m', | + n; Ij^] 

wherein | f | > 1, the upper or lower sign being taken as 7(5) 
is±. 
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§32. Pat now 

when |5|<1, and suppose that 0^{^, when |S|>1, is tlie 
analytic continuation of this series. The function then has 
A cross cut along the whole of the real axis except when ^ lies 
between and 1. 
Then, by § 25, 

<?.'"W = ^«-(f)when|g|<l. 

The relation just found gives us, when | f |> 1, 

Binnir ^ '^' * r(n-m + l) 

xF{-»n + i,-»»-n; J-fj; 1/5*}. 

Now, if F^ (5) be the function introduced In § 30, we have, 

when|$|>l, 

' Therefore, when 1 5 i > 1. 

the upper or lower sign being taken as i(g) is positive or 
negative. 

Now, when g moves from f,(|?o|<l) to rf|t|>l\ 
without passing over the cros^s cuts in the ^-plane along the 
real axis, O.^lg^) becomes OJ^iX). 

Therefore 

the upper or lower sign being taken as 7(g') is ±. Tins 
rjelation which has been established when |S'|>1 evidently 
holds also when |^'|<1. It corresponds to the expansion 
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obtained at the end of the previous paragraph, and may be 
interpreted as follows: — 

When we ^o from l/g', |£'|>1, to g', the function 
0^[\/^) = Q^'\x) is changed owing to the description by x 
of a ± circuit round a;=l as I {^) is if. Therefore correr 
spouding to such a circuit Q^' {x) becomes 

x^m/ V sin fw + wiW ^^ , . 
e±^"^» " [x) T ITT r-^- P "• {x). 

This may be readily verified by our previous knowledge. 
For, by § 9, when x describes a ± circuit round x = I (and 
not round 03 = - 1), QJ^{x) becomes 



rim) 



r{i^m)P-{x) 



r(l+MH-wt) 2 sinn7rr(—m-?j) 

The verification Is therefore complete. 

§ 33. When — 1 <fl3 < 1 it will evidently he useful to express 
the functions P^(x) and Q^(x), as we have defined them on 
the cross cut in §§13 and 1 4, in terms of the functions F^ \ ^) 
and G^(Z) which, as they have been defined in the previous 
paragraphs J have no cross cut when |g| = l. 

When — 1 <aj<l we put 03 = cos ^ where O<0<Tr. 

Then g = e-*^, and since by our dctinition the condition that 
I g I is < 1 necessitates that 7(03j and I[^) always have opposite 
signs, we see that 

if aj=cosd + SA where e is very small and ultimately zero 5 = «~'^ 

ifaj=co8^— €t „ „ „ „ £=e'^ 

Now, by § 13, 

P,"* (cos 6) = €i«»* PJ" (cos d + e*) = e-hfn^i PJ^ (cos 0-zi). 

Therefore 

P."* (cos e) r= cW^Ti ir^« (e-iO) = e-i«»»' P^" (c'^j, 

This agrees with the formula (-4) of § 30, being positive, 
tiidO<^<^. 
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Again, by § 1 4, we slmll have 

O,- (cos 0) = J i <?.- (a; + €») + <2." (« - «)l 

«nd also 

^ iTT sin (m + n) IT ^^^ G «(c-0;,5-*««- (?,"*(e'*;6*«»*. 

This again agrees with the formula [B] of § 32. 

§34. Ill the next place it will be convenient, when we 
come to consider the asymptotic expansions of P^"'(co8^), 
^^"•(cos^), to express P/*(-cos^), Qrrir^^^^)^ ^^^^ 
< ^ < ^-TT, tVi terms of our functions F and O. 

Since 6 is positive, we have 

©^~(-cos« + e*) = (?^"'(-e'<'j =G^/(C*]e-(«+i)xi, 
and g * (- cos 5 - Et) = QJ^ (- c-^) = G^.- (€-*«) €('^+-i)'». 
We therefore have, when 0<^<^ir, 

Q^ (- cos 0) = l{ On"" {e*^ e-i^Vr.n + aj" («-*«) eC'H-Dirt} . 
And also, under the same condition, 

-.TTBinCm + t.)^^, 

sin?J7r " ^ ' 

n6« general transformation of the second degree 
of Riemann^s P-f unction. 

$35. It has been stated in §3 that the three sets of 
transformations of generalised Legendre functions are possible 
because they are substantially Riemann P-functions of a special 
type in which the diflference of the two exponents associated 
with one of the singularities is equal to one-half. In this 
case a special transformation exists. Biemann obtained the 
form of this transformation for the case when the singularities 
of the P-function are 1, oo, by general considerations. It 
is interesting to show that the analysis used in § 15 will give 
the complete form of the corresponding transformation for the 
P-function with general singularities a, ft, c. 

We will assume that, ir a, 6, c be represented by points 
A, Bj G in the Argand diagram, these points are so placed 
that when we go round the circle through A^ P, and C in 
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a positive counter-clockwise direction we pass from A io G 
to B. This, of course, is Riemann's ftindamental assumption. 
Further, as in my previous memior,* we will take one oi 
the 24 P-functions, let us say that with suffix unity, so that 
we have 

, * , c , 

> /3, 7, X 

_ -o^ / gc-c.^-g y r r:Qt+7-^) r(j3-f g) rf/j'-f^) / x 'a.c-b \' 

"" 27r* \x—a.b^cj J r(l— a'— 7+«) \ c-a.x—b) 

^ i x^ch^a y f x-a.<i-b ^^^^ r(a + /3 + 7)rfa+/3^+7) 
*°\aj-^.c-a/ \c-a.x-b) r(l-a+aj 

xl^|a + /3 + 7,« + ^'+7i l-«f«; ^:^;^2^ |. 

Yf^ assume as before that y oas a cross cut alone: 

the arc AG^ and that its argument ranges from tr just withia 
AG to «ero on the arc ABC and to — 7r Just outside AC. 

Similarly '- , has a cross jut along ^^, and 

n. k r. / c — a.x — b ^ ' 

^'f'^-^longC^. 

We also have the permanent relation 

a + a+/8 + /S'-f 7 + 7 =J. 
§ 36. We can now show that^ i/ a + a + J3 + /3' + 27 = |, 



a J b J c 



xP. 



* I y22a^4gy-H f X-C.h^^ .y 



r(a+^+7+i)r(a+/S'+7+J) V*-«- 
-1 



o/D /fa^b.X'-c\ 
x + 7, 2/3, a + 7 a/ A 

X +7, 2/3, a +7 ^ / 



where . /( ^ ^J is such that its argument is —^ir Just 

inside the cross cut along the arc GB, is zero on the arc BA Gy 
and is \ir just outside the cross cut GB. 



• H.F.§§ 20-29, 
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Puiting for brevity 

we have [H. F. § 26], in the special case wben 7-7 = ^, 

|a, 4, c , 
w-«uy€±"« r (a + /3' + 7' j r (a + j3 + 7') ^i ' < 



a, 6, « , I 
a. /3, 7 , aj[ 
a, li\ 7 + i, ) 



-=.f^jr(-«)r(j-*)r(a+/347+*)r(a + /S'+7+*)er'A 

i«7rc> 
« ^ ;r(-2«)2'"VW r(a + /9+7 + s)r(a + j3'+7+»)w"'«^», 

the upper or lower sign being taken as x lies within or with- 
out the circle ABO. And the last expression may be written 
in the form 

xjr(*-»)r(-^){V(i/u)-ii^<f^, 

provided | arg j V(l / «) — 1 } | < •«■. 

Interchanging the order of integration, vie have 



(-5^,y^'^(-*^^^('/")-'i*''* 



X ;2*-'r(a4/34-7 + J») r(a+y8'+y+^»)r(|^-i»}rlJf^+iH«]i« 

r(<^ + i + 2a + 27 + p + 0'j ''^ 

TT r {ia 4 2<3 + 27^ r (2a + 2/3" + 27) 

■^ r 1 1 - a' + a) 2ia+ifi+iy+ilf-2 

xF[2a + 2/3 + 27,2a + 2/3'+27; l+a-«'; i|l-V(l/«))]. 
We therefore have 

^■"^'"^^"^ r(l + a-a') 

^F[2a4 2/3 + 27, 2a4 2^'4 2y; 1 + a-a'; Ifl-Vll/M)!]. 
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But by H. F. § 24, we have 

^. a+7, 2/3, af7, V(l/w)[ 
la +7, 2/3', a +7 ^ 

-H {I + V(lA)l>+r [J {1 -V(lA)fh+ye^'«« 

r (2a + 2/3 + 27) r (2a + 2^^ 4 27) 

r^l+a-a'j 

xi^[2a + 2/3 + 27, 2a-h2j3' + 27; I + a-a; i (l -\^(lA)l], 

the upper or lower sign being taken as \/(l / ") has its imaginary 
part negative or positive. 

It' then we take ai*g V(lA) *o ^® " i^» where a; lies just within 
the arc jBC, on the arc ABC, I^tt just outside the arc BG^ 
*i/[\/u) will have its imaginary part negative or positive as x 
lies within or without the circle ABC. And, since u is greater 
than 1 on the arc A C and less than I on the arc AB, we have 

UlHV(lA)!]-+r[|{l-,^(l/«)l]a+r=[jfi_(,/„)j]«+y=^, 

the final many-valued function having its stereotyped meaning* 
Therefore 



i*. 



a^ b y c 

a, /3, y , X 

a, ^', 7 + i 



w>-«M'ye±'»'*« 



1 , CO, -1 I 

a + 7, 2/3, oi + y,^/{\ju)[u>'i<^+y) 
a +7, 2^', a+7 i 



r(a + /3 + 7 + i)r(a + /3'+7 + ^)* 

But with the specifications which have been used through- 
out 

ttTi;Yu,Y«l [H.F. §22]. 

We therefore have the given result. 

The fo7'm of the relation may be readily verified by con- 
sidering in Riemann's manner the singularities of the functions 
which occur on the two sides of the quantity. 
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§37. Suppose now that we pat a = l, i = QO , c = 0, 7 = 0; 
then we have the complete form* of Riemann's transformation 
of the second degree previously quoted in § 3 : — 

wherein a + a + jS + /3'= J. 

As Biemann did not define the P--function except as to an 
arbitrary constant mnhiplier he did not give, and in fact could 
not in the nature of things obtain, the constant term in this 
relation. 

From this result we may readily deduce the fundamental 
transformation of §15. We have, when a+ a +^3 + ^8' = J, 
and*(y)>0, 

i^{a + /3, a + /3'} 1-a+a; 1-/} 

= /'12a + 2/3, 2a -f- 2^'; 1-a+a; J(l-y}. 

For, if we express the two P-functlons in terms of hyper- 
geometric series, we get [H. F., § 24] 

wherein | arg V^ | <^7r. With the specifications used through- 
out, we have 

We therefore have 
jFla + A a-h^'; l-a'+a; l-;r} 

= i?'{2a + 2j3, 2a + 2)8'; 1-a+a; ^(l-V^)}. 

Putting y^*Jx^ we have, when RXy)>^^ the given 
relation. 

In a similar manner we may deduce the transformation 
of § 24. 

♦ Cf. Riemann, Oeuvres Mathimatiques (Paris, 1898), p. 73, formula (-4j, 
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PART II. 
Asymptotic expansions of generalised Legendre functions. 

§ 38. It will be evident to the reader who has followed the 
previous investigations that the comparative simplicity of the 
contour integrals for generalised Legendre functions, which 
have been introduced in the previous theory, may be expected 
to lead to simple proofs of many formulae in the theory of such 
functions and to wide generalisations of known results. In 
the ensuing paragraphs we propose to deal with one of the 
most interesting and important branches of the theory, that 
of the asymptotic values of the functions. We shall investigate, 
in the first place, the asymptotic expansions of Pj'ijs) and 
QJ'^x) when |n| is large. In the second place we shall 
consider the asymptotic expansions of tl»e sancie fonctious 
when I m I is large. All the variables x, m, and it are supposed 
in the general investigations to have general complex values. 
Particular expansions, when some of the variables are real, 
are deduced as subordinate results, or obtained by special 
methods. 

When n is a positive integer, and cosd is real and positive, 
the aspmytotic approximation to P^(cos6) was first deter- 
mined by Laplace*. Laplace gave two investigations, neither 
satisfactory from the point of view of modern pure mathematics. 
Another investigation of the same limited problem is due to 
Bonnetf; criticisms by Heine of Bonnet^s theory will be 
found in the latter's treatise:^. Todhunter§, in his text book, 
reproduces some of these investigations. Heine himself^ 
investigated the same problem, when n is a positive integer 
and X is complex, for both the functions P^(x) and Q^{x). 
He did not, however, estimate the magnitude of the remainder 
after the terms taken in his approximation, and did not there- 
fore show that the results were valid in Poincar^'sH sense. 
Darboux*^, in his famous Miinoire sur V approximation des 
fonctions de trhs^grands nombresj appears to have been the 
fii^t to obtain an expression for the magnitude of the remainder 
in the asymptotic formula for JP^(x)^ when n is a large positive 
integer and x is either real and comprised between — 1 and 1 

* Laplace, Mecuniqu* Ct/ecto, T. 5, lirre xi., §3; and Supplement au T. 5. 

t OMsian Bonnet, LiouvilUy T. 17 (1852), pp. 265-300, enpeciallj pp. 270-277. 
I Heine, Handlntck der ICuaelfunetiotien (1878), T. 1. pp. 171 Hnd 179. 
§ Todhunter, Functions ofLapiacej Lamty ttnd Btstel (U75), Chapter 7. 

* Heine, loc. ci«, pp. 171—182. 



II Poincaii, Acta Mathematicat T. 8, pp. 295, et seq. 
*♦ DarbQux, LiouiiU (1878), Ser. 3, T. 4, 



pp. 22 and .39. 
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or complex. Darboux also obtained (loc. ctL, p. 402) a similar 
formula for Q„{x)^ when ?} is a large positive integer, and 
extended his results to the well-known polynomials of Jacobi 
and Tcliebychef. But his method only applied to cases in 
which n is a large positive integer. Stieltjes* attacked the 
problem of the asymptotic value of P„(a5), when ti is a large 
positive integer and x is real and comprised between — 1 
and I, by the theory of contour integrals, and obtained a series 
convergent for a certain range of values of the variable and 
rigorously asymptotic outside this range. Hobsonf, relying 
on a formula of D.irbouxJ, obtained expansions for /*^"*(costf), 
Q^'"(cos^), when cos^ is positive, m and n are real, and ft large 
and positive but not necessarily integral. He also obtained 
asymptotic formulae, when x is real and greater than unity, 
for P^{x) and Q^{x) under similar limitations for m and w. 
And by estimating the remainders in the earlier set of these 
formulae he established them in Poincar^'s sense. Finally, 
reference must be made to another important contribution of 
Stieltje8§ who, by his proof that the asymptotic expansion 
of r(ir) is valid for general complex values of x when 
|argj;|<7r, made possible the subjoined theory of such 
expansions. 

In the present investigation I show by means of the 
asymptotic expansion for T (ji) that an asymptotic expansion 
can be obtained for Qj^(x)^ when wi, w, and x have general 
complex values and \n\ is large, provided |argw|<ir — e, 
where e is a finite positive quantity, however small, inde- 
pendent of n. It follows that a similar expansion can 
be obtained for P^{x)^ when |w| is large, provided 
|arg(±?j) I <7r— s, that is to say, when n is not near the 
positive or negative directions of the real axis. The special 
cases, when x is real and n is real and positive, are considered 
iu detail. The generalisation thus made is not merely of 
great theoretical interest. Such formulae would be useful in 
the consideration of expansions In terms of Mehler'sIT conal 
harmonics. 

Finally, at the close of the present Part of this memoir, 
I investigate the asymptotic expansion of F^(x) and Qj^(x)y 
when 172, n, and x have general complex values and |fii] is 

* stieltjes, Jnnalet dM la FacuUd da Scieneet d§ TouIoum (1890), T. 4, 
pp. G 1-17. 

+ Hobson, Phil. Trans., Royal Society^ Vol. OLXXXVII. (1896), A. pp. 486-491. 

I Darboux, JAouuille, f^Sries 8, T. 2, pp. 291-312. 

^ Stieltjes, LiouvilU (1889), Series 4, T. 6, pp. 425-444. 

7 Meliler, Crelle, Vol. LXviii., pp. 134-160; also Hobson, loc. eft., p. 629, and 
Tran^uciions of the Cambridge Philosophical QceiHff (1887), Vol. Xiv., pp. 211-236. 
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large. I am not aware that any such investigations have 
been previously given, though they are necessary to establish 
the convergence of many expansions In terms of generalised 
Legendre uxnctions. 

§39. The asymptotic expansion Q^{x) whin w, m, and x 
have general complex values^ 1^1** Ictrge, and \ argn | <7r — €, 
where ^ is a finite positive quantity^ however small^ independent 
of n^ \m\ and \ x \ being finite. 

Let S^(x) be the r'^ simple Bernoullian function of a:, 
ivhich is the only algebraic solution of the difference equation 

which vanishes with x. S^(x) is thus a polynomial in x of 
degree (r+ 1). 

Let the quantities Kj^ be determined when r > ^ by the 
expansion 



t^o x"" 



r=l ^X J r=C 

Let the functions 4>g"*(0 be given by the equality 

^'^^^ ^ r^t+l) pZoplV(q^p-^i^m)' 

wherein g = * — \/(«^*- ^^^ II [ < ^ "" ^n where e^ is a finite 
positive quantity, however small, independent of n. 

Then^ if\n\ he large and \ argn | < tt - 6, where e is a finite 
positive quantity^ however small^ independent of w, we have the 
asymptotic equality 



'■{i'-^'^S^*:^^^^' 



tdhere^ for any assigned finite value of N^ \Jn \ can he made as 
small as we please by taking \ n \ greater than a sufficieiitly large 

fositive quantity. In this case we shall sometimes say that 
J^f I tends uniformly to zero as | n \ tends to infinity. 



VOL. XXXIX. 
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We have seen that [§ 25] 

Tf herein | arg ? | < tt, | arg (- ^) |< tt. 

If I f I < 1 we may take the integral along a contour closely 
embracing the positive half of the real axis. If, then, 
|argn|<7r— €, where e is a finite positive quantity inde- 
pendent of n, we shall have, when | n | is sufficiently large, 
I « + n [ as large as we please at all points on the contour. 

Therefore by the asymptotic expansion of the gamma- 
function 

r(n-f g + m-f 1) 

where | iJ^ I can be made as small as we please for any 
assigned tiiirte value of N^ however large, by taking | n | to 
have any value greater than a sufficiently large positive 
quantity. 
Thus 

r (« 4 *+ i) " ,ii (n + «r*"" (» + *)^^^^* " ' 

where | 2Jn (* + ») I possesses a similar property^ 
The previous integral i& therefore equal to 



where 



27rt 






Hence |3«^.v|<^ S — wTITiT"" '^ '^ 
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where, for any assigned value of N^ the positive quantity 
17 can be made as small as we please by taking | n | greater 
than a sufSciently large positive quantity. But the last series 
is convergent when |^{<1. Hence |s</i^| can be made as 
small as we please by taking | n \ sufficiently large, provided 
1 5 1 < I — ^p where 6, is a finite positive quantity, however 
small, independent of n. 
Consider next the integral 

"" 2ir* J (l+^/wp* V «;; «*• 
It is equal to 
g r(m4-< + ^) ^ 

*Sr(e-fi)(i+//«r*-~^ 

since | arg(^/n} | < ir, the integral being taken along a contour 
parallel to the imaginary axis leaving the origin on the right 
and the point m - r — ^ on the left. And the last series may 
be written 

^ r(i+l) ^ A^(j^+Or(r + i~m) «^ "^n^' 
where 

•^^^2^^ r[t^i) ^ J n^r(r+i-m) * ^** 

the last integral being taken along a contour parallel to tho 
imaginary axis, cutting the real axis between and 1, with 
a loop, if necessary, to ensure that m — -A!^— r — i is to the left 
of the contour. Thus | ^[jj \ can be made as small as we please 
for any assigned value of N by sufficiently increasing | n |. 
We therefore have 

r(m4^)sin7rw 
^- ^^^r(i)8in7r(n+m)^^ ^^ ^ 

- S A1 V (-)" r( p-fr.f^^m) « r(m-M+i) .« 



n^*"!' 



L2 
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where \xIn\ possesses the same property as |o-(zv^ii 

We thus have the given result. 

§40. We will now show that the evaluation of the first two 
terms of the previous expansion leads to the asymptotic equality 

y(^)=./- """^"''"'^ r'(i-n->«"|i+^4...}, 

where „Cr.= («,-|) jj (m + f) + (m + J)^J . 

In this result \n\ is large, [argn|<7r — €, where e is 
positive and independent of h, |£|<1 — 6,, and |argg|<7r. 
And the equality is truly asymptotic in Poincari's sense. 

We know that 

Heifce^ 

S,{m + 1) - -5. (1) = i K+ ^ - I) = J (»« + i) ('« ^ l)' 

Also. exp|-^^^| = ^r + -^ + y +.... 

Therefore iT." = 1 , ^j"- = I (m + f ) (m - J). 
Hence 

and 
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Thus, as regards the first, two terms, the previous expansioa 
may be written 

« 8iD7r(n + m) r(^) ..^^ .^ frCmjJ) 

We thus have the given result. 

Hobson's formula [(66), p. 491], apart from an obvious 
misprint, Is the particular case of this formula when n Is 
real and positive and x>l. 

§ 41. The asymptotic expansion of Q^ (x) .= 0J^(X)^ when 
I ^ I « 1, and \n\i8 large, \ m \ being finite. . 

When I ?| = 1, Q^{oi) H«s on the cross cut from « = — 1 to 
aj=l. We shall therefore work with the function Oj'(X)f 
which, as previously defined in § 32, has no cross cut when | ^ | = 1 
(|#lor-l). 

Put f = e*^, where is real and 0<|5|<7r, and choose 
(- ?) so that 1 arg (- D | < w. Then we have 



ffJN-m ^-«-l 



On the left-hand side |arg(l — g')|<7r and |arg5|<7r. 
On the right-hand side we take the contour of the integral to 
be parallel to the imaginary axis (with, of course, suitable 
loops, if necessary). 

The integral will be convergent when |5| = 1, provided 
I a^g (' S') I < ^9 which has been ensured by the conditions 
imposed upon 6. 

Now, provided | argw | < jTr— e, where e is a finite positive 

!|uantity, nowever small, independent of n, we may repeat our 
brmer analysis of § 39, working with contours parallel to the 
imaginary axis instead of with contours closely embracing the 
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positiTe half of the real axis, And since with such new 
contours the equation 

r(-5) a +«)'=-2^jr(- *) r(^ -.) x*rf^ 

is valid* for all values of s and \x\^ provided |arga;|<9r, 
|arg(l 4 05)1 <7r, we shall arrive at the same asymptotic 
equality as before, provided |arg(— ?) |<7r — e,, where e, is 
a finite positive quantity, however small, independent of n. 

Thus the asymptotic expansion previously obtained holds for 
Qri^)^<^n(X), ^^^ 1^1 = 1, ;?roi;t(fed€,<|argg|<7r-.E, 
and I argn | < Aw ^ e, and provided \ arg (1 — ^') | < w. Thus 
(l-?r=(l-£r(l + £r,t(;A^e|arg(l±5)l<7r. 

§42. We may now show that when is positive and 
€ <tf<w — €„ when \n\is large and | argn|<^7r — e, we have 
the asymptotic equality 



e(-^)V(ra^)"" 



, sin TT (n 4- rw) 
sin irn 



We have seen in § 33 that 

<2,-(c08<>) = i|(?.-(e-») + ^."(O}. 

We therefore have, by the result of the two previous 
paragraphs, under the assigned conditions for and ti, 

O *" (cos 0) = V ( w / n) — --4 - 

+ e-(«+i)^«(l -(r2^^)-i|l +'^^^^^^ + y +...{1 , 
where .C7. ^^(rn-J^) {i(^ + i) + (^ + i)i^e} • 

• See the author's paper, Quarterly Journal of Mathematics, Vol. xxxviil., 
pp. 108-116. 
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But since is positive 

(1 _ e^'^yh = (2 sin dyke^e+i^ir^ 
(I - e-2*»)-i = (2 Bin 0yh eh^^-k'^. 
Hence 

Now 

Hence 

^8in7r(7n + n) 



^n \ J s^ \2n8meJ 



smTrn 



We thus have the given result. 

When m = we have the asymptotic expansion, valid 
when |n| is large, |argn|<j7r-€ and e,<^<7r- e,, 

sin|(^ + |)g + i7r} (») 1 
■*■ 8wsin6^ ■*■ w'* ■*'•••]• 

This should agree with the result of Heine and Hobson 
for the case when n and m are real. In each case there is 
a slight divergence. Heine (loc. ciV., p. 182) obtains for the 
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coeflScient of 1 ( , , . ^ | , the terms 
* \2/r sm 0) 

Bill Jtt sin (» + i) ^ + ^ cot tf cos } (;i + J) ^ + Jir}, 

Hobson (Zoc. cfV., p. 490) gives the terms 

- cos [(n + i) ^ + Jtt} + ^ cot tf sin {(n + i) ^}. 

It appears that the two terms are 

- cos [(n + J) 5 + Jw} + J cot ^ sin {(n + j^) 5 + ^tt}. 

§43. We may next show that when d is positive and 
e,<^<7r-e„ when \n\ is large and |arg«|<j7r — e, we 
have the asymptotic equality 

IT \ sin IT (n 4 m) 



«.-(-».<o.^(5^,) 



smTrn 



: n" [co8{(« + i) (^-9r) - H +ll> +...] 



As has been seen in §34, we have, under the assigned 
conditions for 6^ 

Q^" (- cos ^) = i { GJ' (e'*) e-(»+i)« + G'."i(«-«9) e(«+i)*t} 
^ ' "^ 2sin7rn L t ^ ) 

+ ^(«+l)i(e-ir) (1 - ^-2*0)-t Jl 4 «'>^'^"^) +•••}] f 

which yields the result stated: it is but another way of 
writing the result of § 42, and verifies the range there given 

for |arg?|. 

§44. The asymptotic eocpansion for P^"*(a:), when \n\ is 
large^ \ m \ and \ x \ are finite^ | g | < 1 — e,, and \ arg (± w) | <9r— 6, 
where e and e, are positive quantities independent ofn^ 

We have, in § 12, obtained the formula 

IT 



Digitized by 



Google 



jDr. Barnes^ On generalized Legendre functions. 153 

Also we have obtaiaed the aaymptotic equality 

»in^(« + m) r{i)_ „ ,^^, 

^" ^ ' »inirn r(i + wt)^ ^' ^ 



Mi^^'^'*--®^*}- 



where | w | is large and | argn | < tt — e. 

If, then, |arg(±n)|<7r— e and |n| is large, |g|<l-e,, 
we have 



ll'^^^^^v^^^l 



sin ff(m-n) r(|) ,, s^ ,«.-./_ „_l^'»-^ 



{|^^^^' *.-«'-$}• 



X 



where | iJ^l and 1 2</iv^| can be made as small as we please, for 
any assigned value of N^ bv taking | n \ greater than a suffi- 
ciently large positive quantity. 

If in this result we confine ourselves to the initial terms, 
we have 

VWcosTrn ^ ''^^ *» L ^ J 

VWCOSTrn ^ •^/'i^v y ^ „^X j» 



where 



.C7,= (m-J)|Km + i) + (tn + J)^}. 



We see that this perfectly general formula is not valid 
when n is near the positive or negative directions of the 
real axis. 
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§ 45. We proceed now to consider in detail the dominant 
term furnished by the previous asymptotic expansion for Pj^[x) 
in the various cases which may arise. 

Put g = (1 /r) e'^ so that | r | > 1 and | fl |< ^ ; and, further, 
put n = tt + *i; where u and v are real. The terms of the two 
series which enter into the asymptotic expansion for P^ipc) 
are respectively dominated by ^*' and $'", and 

j ^ I « exp {"dv — u logr|. 

We therefore have the following cases. 

Case L (a): — u and t? both positive; /(f) positive or, if 
/(g) is negative, \6\<iu/v) logr. 

In this case ^ is, when { /) | is large, negligible in com- 
parison with g"". 

Hence we have the asymptotic formula 

f."W« '''!;^^'"""^ t-grr(-n-ir>li-^ +...}• 

But siDTr («-«)_«' 



COSTTW 






if the terms in n of the lower exponential order be neglected. 
Thus, since (- n)'""*=n"*'*e-*^*C'»-*), 

Case L (b): — u and v both positive; /(g) negative and 
\e\>{u/y)\ogr. 

In this case g ** is negligible in comparison with g", and 
we have 

" ^ ' viTTJcosTrn^ *» / *» ^ ^ j 

•^ , sin 7r(m + n) er^im 

But ^ ^ = , 

cosTrn I 

terms of lower exponential order in n being neglected. 
Therefore 

^"^'^^"V(-)(l-r)*r"'~M^ 

Ca5« //. (a) : — m positive, v negative ; / (g) negative or, if 
/(g) is positive, d<{u/\ v |) logr. 
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In this case ^ is negligible in comparison with g~", and 
we have 

" ^ V(tw)(1-5/ I w J 

The form is thus the same as in Case I. (a). 

Case 11, (b): — u positive, v negative; /(5) positive and 
0>(u/\v\)\ogr. We have 

Case* ///. awrf /F. when u is negative, can be derived 
from the preceding by the formula 

Throughout the previous investigations we have been limited 
by the condition | arg(± w) <7r — e. When R(n) is positive 
and I ^t*|<Mlogr, we have obtained the asymptotic formula 

and the part of P^'"(;i?), which is discontinuous, when n passes 
over the real axis, is masked by the dominant term just 
written down. The expansion ceases to hold for general 
values of n, when n lies on the real axis, owing to the fact 
that the expression for P^(x) in §29 is no longer valid for 
general complex values of tw, when n is half an odd integer. 
Hence, when n lies on the positive half of the real axis, special 
investigations become necessary. The most important of 
these is given in § 48, infra. 

§46. The asymptotic expansion of PJ^(cob0), when 
e^K^B'^iT'^e^^ where e, is a finite positive quantity^ however 
. small^ independent of n. 

We now proceed to show that, if e, < 5 < tt - e,, and 
|argw|<iTr-e, we have the asymptotic equality 

i'.-(cM»)-^(j;^,)""[»n|(»+i)<'+J-»T+W 
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We have seen in § 33 that, under the assigned conditions, 



sin nTT 
Also, by §41, 



<?."(e'')=V(V«)^^^^Wi)«»(l-«'^)-in"{l+«^ +...} , 
where 

Hence 

-*V(wn)-P,"(cos^)n'" 

_ etfi+i).e+iiiMr, (1 _eae)-» |i + st^W +.. I 
« e-('»+i)»M»»'>"-i« (2 sin 5)"» ll + "^'^"^^ + ...l 

-e(»+*)'e-4'»«+J« (2 sin 5)-* |l + s^i^^ +.,.l . 
Thus 

■*■ 2^i^ n "^ n«" "*■•••] • 

This, though written in a slightly diflferent form, agrees 
substantially with Hobson's result [(63), p. 490]. The 
necessity for the introduction of the quantities e is well 
illustrated by an investigation in a recent paper by Bromwich*. 

* Bromwich, Procudings oftht London Mathematical Society. Series 2, Vol. iv.i 
pp. 212-218. 
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§47. The asymptotic expansion of P^"'(— cob^), whm 
By § 34, we have 

— tir sin (m + n) TT Q „ . ^. 
r-^^ — P " (— cos 6) 

sia/tTT * 

Hence 

- * VCttm) n'^'P.-C- cos ^) = e('H-i)KO-*)-im*c (i _ ^^^e)-! 

= e(»+iMe-ir)-ji«ir*-i.e+iiri(2sine)"*|l + ^-^ +...1 

- g-(»H-i)Ke-*)44mirH^jiM'^. (2 gin ey^ h + i^^ +... 1 , 

We therefore have 

^n'"(-cos(?) = - /(—t-^) 
* ^ V VwTrsiDa/ 

X n*" sin | (w + J) (5 - tt) - Jwir - Jtt} + ^^ + . . . 1 . 

The approximation can, of course, be carried ta any order 
shotild necessity arise. 

§ 48. The asymptotic value of P^ (oj), when n is a positive 
integer^ \n\is large^ and | 5 1 < 1 — e,. 

In our previous investigation of the asymptotic e^tpansion 
of P^"*(aj), when | w | is large, we have been continuously 



limited by the condition |arg(±n)|<7r- e, where e is finite, 
small, and independent oif n. It happens, however, that, in 
the fundamental expansion of l/(y — «) in terms of Legendre 



functions, as well as in other investigations, we need the 
asymptotic value of P„(a?), when n is a positive integer and x 
can take general complex values. 
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// I 5 1 < 1 — €,, xohere e^ is a finite positive quantity^ hotoever 
small^ independent of w, we will show that^ when n is a positive 
integer^ 

where \ arg ? | < tt, | arg —^)\<tr^ and \ J(ji) \ can he made 
as small as we please by taking \ n \ greater than a sufficiently 
large positive quantity. 

Heine (loc. cit., p. 174) gives this result, but his proof lacks 
adequate rigour ; the first satisfactory inyestigation appears to 
have been given by Darboux*. 

When n is a positive integer one of the two series in § 29 
vanishes, and we have, when | 5 1 < 1, 

Hence 

PC-,N^ 1 p,( T(i + «-«)r(-*) .., . 

the integral being taken round a finite contour which embraces 
the points 5 = 0, 1, 2, ..., n. The subject of integration is, of 
course, a quotient of two polynomials in s. 

Suppose now that | = rc'^, where | ^ | < tt, | r | < 1 — e^, and 
that 5 = <rj + t<7„ where a^ and a-^ are real. 

Then |r| = exp|-(7,log(I/r).5^,i. 

Now, if r<l— e, logl/r is positive; hence, under this 

limitation, we can always find an acute angle 4>', such that 

loff(l/r) 
tan ^' = \ a • If now we take two lines, making an 

angle <l> with the positive direction of the real axis, where 
<^<^', at a large distance p from the origin along these 
lines I ^* I will behave like exp {- rjp], where ^>0. 

Therefore it is evident that in the equality [A) we may 
take the contour of the integral to be an open contour as in 
tig. 0, coinciding with the two lines just drawn at a little 
distance from the origin and embracing this point. 



* Darboux, Liouville, Series 3, T. 4, p. 22. 
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Now since n is a large positive integer, | n — 5 1 will always 
be large on this contour if 4> be greater than a finite positive 
quantity e independent of n. And it is always possible to 
choose such a value of 4> if | ^ [ < 1 — €,, where e^ is a finite 
positive quantity, however small, independent of w. 

Since I n - 5 1 is large we have 

r(^-f n-.9) ^ l-h«/,(w-0 
r(l+w-s)"" (n-s)* ' 

where IJJn — s)] can be made as small as we please by 
taking ( n \ sufficiently large, and | arg(n - «) | < tt. 
Hence 

P tol-. — E- f— J-t:^— pv.+:^ 

^^^^^^ 27rt^ Jr(J-5)(n-a)*^'^'+ n* ' 

where | J,(n) \ tends uniformly to zero as | n | tends to infinity. 
Therefore, since | $ | < 1 — e„ we have, as in § 3d, 

where ( J(n) \ possesses a similar property. 
Finally therefore 

and we have the given result under the assigned conditions. 

The complete expansion given by Darboux {loc, cit.^ p. 39) 
may be at once obtained. 

An extension of the previous theorem may easily be found. 

Let I S I Je less than 1 — 6„ where e, is a positive quantity, 
however small, independent of n. Suppose that \m\ is finite, 
that \n\ is large, \I{n) \ finite, and that n is not equal to half an 
odd integer, if, further, \ arg ^ | < tt, | arg (1 — ^^ | < ir, we have 
the asymptotic equality 

«^^ r(i)r(i + w-w) 1 7^-^^ ■*"?i'"^*j' 

where \ J{n) \ tends uniformly to zero with 1 / 1 w | . This tbeorein 
is complementary to the results of § 45. 
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By § 29, if n be not equal to half an odd integer, 

Therefore, by the result of § 25, 

"r(i+«-7n) r(i) ^ ^^ ^ 

I 27rJ Jr(i + w-5)r(i + w + w-5)^ as...\,\). 

In the last integral the contour closely embraces the positive 
half of the real axis, and includes the sequence of poles 0, 1, 
2, ... of the subject of integration. Moreover it is indented 
so as to exclude the sequence of poles n + i, ^ + f, ..., and 
such indentation is always possible if n be not equal to half an 
odd integer. If, however, we include this last sequence, we 
evidently only add terms which, when { 72 { is large, are of 
lower exponential order than those which already exist. We 
can then, without invalidating our final result, suppose that 
such inclusion is made. 

Again, by § 40, under conditions wider than those of the 
present enunciation, we have the asymptotic formula 

^" ^ ' It \/(7rn)cos7r7i ^ ^^ [ n ) 

As will appear in the sequel, these terms are of lower 
exponential oraer than others which arise from the equality (1)« 
We may therefore neglect them. 

As in the simple case just considered, for which tw = 0, we 
may now open out the contour of the integral, if | ^ | < 1 — e,, 
so as to make a small, but finite, angle with the positive half 
of the real axis on either side of that axis. On the new 
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contour we may employ the asymptotic formula for the 
gamma-futiction, when | « -a | is large. We find therefore 



2in J: 



when I J, I tends uniformly to zero with 1/| w | . 

We may now close up the contour so as to embrace the 
positive half of the real axis and the singularity s = n, and 
by Cauchy's theorem we get 

t=otl r(i + w - t) {n^tf^ "^ n**" ' 

where v is an integer such that i'<.B(w) < y + 1, and we have 
neglected terms of lower exponential order, when | w | is large, 
than those retained. 

And, neglecting similar terms once more, we find 

We finally have the given result. 

Evidently any number of terms of the asymptotic series 
may be obtained in the same way by further algebra. 



Asymptotic expansions /or Pj^{x) and Q^[x)y 
when \m\is large. 

§49. We now proceed to consider the nature of the 
asymptotic formulae for F^{x) and Q^^ipo)^ when |wi| is 
large, n and x having general complex values. The problem 
will be solved by methods very analogous to those which have 
just been used in the consideration of asymptotic formulae 
when I ^ I is large. The results are of importance in that by 
their means we can determine the area of convergence of the 
expansion of [x + Vl^'— ^) cos^}**, in cosines of multiples of ^, 
when 77, .r, and ^ have general complex values ; and, as will be 
shown later, this expansion can be made fundamental in proving 
the addition formula for Laplace's functions 

^u[^«^f + VK^J' - 1) (aj,» - 1)! cos^}, 
Qni^^x 4 V{(i»" - 1) (a?i' - 1)1 cos^}, 
for general complex values of n, .r, and ^. 

VOL. XXXIX. M 
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The asymptotic expomsicn of P^{ix), when [arg(— m)t<7r— 3, 
R (cc) > 6,, and x not real and le»s than or equal to unity. 

By the asymptotic expansion of the gamma I'unctiou, we 
know that when \x\ is h\rge and |argx|<7r, 

where S^(n) is the r** Bernoullian function of t?, and [ iJn(^) | 
tends uniformly to zero as | cc | tends to infinity. 

If then we determine the functions L^(r<N) by the 
expansion 

we shall have, when \x\ is large and [argiB|<7r, 

r(a:+l) x»*^ IZ^ x^"^ x^^ J ' 

where [2«^v(a:)[ tends uniformly to zero as \x\ tends to 
infinity. 

We may now show that if \ sirg(^m) | <7r — e, where e is, 
hotoever small^ finif^^ positive^ and independent of m^ if ^ further y 
R (a;)> e, and x is not real and less than or equal to unity ^ we 
have, when \m\is large^ the asymptotic expansion 



'^^ ^ t=oi\t+\) U+1/ p=oplriq-p-^n-\-\y 

and \J(m)\ tends uniformly to zero as \7n\ tends to infinity. 
By § 7 we have, if x does not lie on the cross cut — oo to 1, 

^,-Wr(-«)rOn-«)(J^;)""(^)" 
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1-a; 



If |argwi|<7r— «, and 
may take the contour to embrace 



<1, 80 that jB(x)>0, we 

closely the positive half of 
the real axis, and then it will exclade the sequences w, w — 1, 
w — 2, ..., and w — tw, w — m— 1, .... Moreover |« + m| will 
be large at all points on the contour. We may therefore 

employ the asymptotic expansion for — r- , and the 

integral is equal to T (1 + « + m) 

_L f r(-a)r(a-«)iJy(CT+a) /l-ajN* . 

_v -^r g r(<-»i) /a;-lV. »^2^ 

— ^ — ::i=; ^ ^z. . . . /. . .>. ..n+r+i I .. . . i + ^ 



r=o»«'^' «=o r(t+ 1) (1 +</m)"*^» Va; + 1/ ^ »i**"" ' 

where {^Jn] tends uniformly to zero a> |m| tends to Infinity 
provided B (x) > e„ where e, has the same properties as e. 
The last expansion is equal to 

M)»«"^*'*=or(«+i) \x+\} 

( 1 \ f r(»+«+*-+i)r(-») [t\*j^ . »7y 

'^ r 2^J J r(n + r+l) U/ ^ "^ m**«*' ' 

the contour being, apart from a loop if necessaiy, parallel to 
the imaginary axis. Hence, as in the previous investigation 
of § 39, we have 



2 

r=0 



'(« + l) \x + l) 






M2 
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Change now m into —m, and we have the given result 
under the assigned conditions. 

§50. Suppose that (a;- !)/(«+ O^re** wka-e B^<\6\<^Tr. 
Then toe may show that the previous expansion /or P^"* (x) is 
also valid: — 

(1) /or all values o/ logr which do not tend to inanity with 
[w|, provided |arg(- w) | <i7r + «7, where 19 is a sufficiently 
small positive quantity^ independent 0/ \m\] or 

(2) ^ logr -f e, <| ^ I tan | argwi [, and ^tt > [ ai'gm | > e. 

When r<l, logr ii negative: the inequalities are satis/iedi 
and we have substantially the case 0/ §49. When r>l, the 
series /or x^(a;) is divergent^ and toe must replace it by the 
contour integral 

^^ ^ 27ri}^^^ "^^^ ^\l+:ry ^plr{q^p + n^l) ' 

When r> 1, we take the contour 0/ the integral^ as in §48, 
so that at a large distance /rom the origin it coincides with two 
straight lines drawn /rom the origin and making an angle^ in 
case (1), equal to i'n- — ^ — e„ andj in case (2), equal to 
I argwi I — 6,1 where 8^<e, with the positive direction 0/ the real 
axis, Alt the quantities e are finite positive quantities^ as 
small as we please^ independent 0/ \m\» 

We note in the first place that the inequalities imposed 

- — - ] ^ and, further, that they 

exclude all points on the real axis. 

In the second place we notice that, if we replace —m by m^ 
ive may write the contour integral (1) of §49 in the form 

1 r r {s - n) V^s-m — n) ir / I — a? \* ^ 

?^ J r(«+i) r(«-«i + i) sIuttJ u + ccj *" 

l-aj 



In this formula 



arg 



X+a? 



<^> 



1 -^x 
and therefore arg — -- = ^ ± 7r, 

1 H-a? 

the upper or lawer s!gn being taken as d is negative or 
pOsUiye. 
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Therefore, if 5 = Ae*^, and k be large, 



TT / I —a ?/ 

<27rexpi|-9r|8in^ | H-co8^1ogr+ |sin^ | (tt- | fl| )} 
<27rexp[- Allsin^l I ^1 -cos^logr}]. 

Hence, if the c's are suitably chosen, the integrals are 
always, under the assigned conditions, convergent. More- 
over, on the assigned contours, |s — ?w| is always large and 
|arg(-5/«i)|<7r. 

As before, the integral may be written 

-(-.;k)'liri=^/(^)''-(-)^(-> 



-^ i 



27r* ,.3K) (-^r 



/G^)V-»)^^-'')* 



g=o r(n + r + l) !>!»»' 

. MV ^ , V. r(iiL^yr(-,)r(.-«K* 

>^J^ r(n + r-H) ^(-»--^UJ '^* + P^J)^" 

the contour i being apart from a loop, if necessary, parallel 
to the imaginary axis, and cutting the real axis between the 
points and 1. 

As in § 29 the previous expression is equal- ta 

^jL rfiz^yF(^-«)r(-5)rf^ 

27r4j\l+a5y ^ J \ ^ 
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where, for any assigned finite value of N^ \2Jn\ tends uniformly 
to zero with l/|wi|. 

And this yields the given result, 

§ 51. We proceed now to obtain the dominant terms of the 
previous asymptotic equality. We will show that^ if x be not 
on the cross cut^ — oo to + I, and, further^ if either 

(1) I argwi I < 7r - £ and R (x) > s,, 

or (2) if 6,< I tf I < TT, I argTW | < ^w + 17 where rj is a sufficiently 
small positive quantity^ independent 0/ | w |, and, for all finite 
values of r^if logr do not tend to infinity with \ m |, 

or (3) «7*o<l»l<^)i'r>larg(-w)|>€, 

and logr + 6,<| tf |tan| arg(— m)|, 

r and 6 being defined by the equality (a- l)/(j?+ l) = re'^, and 
the e^s being suitably chosen positive quantities^ as small as we 
please^ independent of \m\] we have the asymptotic equality 

p^r^. 1 f^-lf 1 L n{n + l)x (>.) I 

-^« ^^^"r(m-n)U+l/ m"^U 2m + "^ "^^ -}• 

Since 8^ (a) =i (a*— a), we have Z^= 1, ij = J [n (n + 1)}. 
Hence, from the previous result under the assigned con- 
ditions, if B {x) > €„ 

P.-(^)r(-«)r(«.-«)(J^)""(^J 

» r(t-n) /x-l\' < 1 n(n+l) 1 

s r(<-n) /a;-lY r(n + 2) (-Q ^ 

■^fcor(< + i) U + i; «t"« r(n + !)■'■••• 

_ r(-t.) / re-lN-f «(« + !) ) 
-'W^ \ x+l) f"*" 2»i I 

n+1 / a!-l \ ~ r (<+!-») /a-iy 

♦»"*' U + 1; «=o r (t + 1) i^T"i j "''•*• 



r(-«) 
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When J?(.iO<6,, we must work with the equivalent 
contour integrals ; we evidently arrive at the same result. 
We thus have the given theorem. 
The result may be written in a allghtly different form. 
For 

r(m-n) = m"-V(2^)6-"|l + '?^^^ +...}. 
Hence, under the assigned conditions, 

§ 52. The case when m is a positive integer. 

We may now show that when m is a large positive integer^ 
when n has general complex valueSy and for alt values of x of 
finite modulus^ except for those on the a*oss cut^ -co to 1, or 
at a distance from the cross cut^ — oo to — 1, which vanishes 
with llm^tce have the asymptotic equality 

i>.-«-(-)-ya).i..»?(s^;r 



wherein 






For, when m is a positive integer and x does not lie on the 
cross cut, we have, by § 13, 

Hence, under the assigned conditions, 

which yields the given result. 

§53. The result of §51 gives the asymptotic expan* 
aion of Pj^(x), for all values of x except those on or very 
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Dear the cross cut, only when |arg(— m)| < J7r + ^, where 
ij 18 a sufficiently small positive quantity, independent of m. 
It is evidently important to try and obtain the analogous 
expansion, when | arg (m) | < ^jt + 1;. 

We proceed to show thaty i/ e^-^^ldl^^ir^ and if either 

(1) l&rgm I <^7r + f79 <ind r ha$ any value such that logr 
does not tend to infinity with m^ 

or (2) if i7r>|arg(-fn)|>6, 

and I logr | + €j< | tf | tan | arg (— m) |, 

the e^s being finite positive quantities^ as small as we please^ 
independent of m, and x not lying on the real axisj we have^ 
when \m\ is large, the asymptotic equality 

r(l +«. + «)"'"' ""l^ m Jl ^^— +...^ 

the upper or lower sign being taken as I(x) is positive or 
negative. 

We have, by the result obtained in § 12, 



■ P^~* (- ic) r (m - n) sin mw — e+^*»» sin wir T (w — n) P^"" (x). 

Combine this with the result of §51 and we have the 
given theorem. 

It is evident that the previous formula yields various 
expansions according to the position of x and the sign of 
the imaginary part of m. Sbould necessity arise the various 
cases could be discussed after the manner of § 45. 

One question is, however, of particular interest. In §51 
we have shown that, if either 

(3) 5(aj)>ej, and |arg(-m)|<9r-8, 

or (4) 8^<|5|<7r, |arg(- 7n) I <i7r + i7, and for all values 
of r^ such that logr is finite and does not tend to infinity 
with I m I, 
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or (5) e,<|d|<7r, iTr>|argm|>6, 

and logr + e^ < | tf | tan | argwi |, 

we have 

P."(-)r(---«)= {^^fi-mr-^{i - !!^- +...} ...(5). 

This result must tberefore be the same as that furnished 
by the equality (-4), under conditions common to (1), or (2), 
and (3), (4), or (5). 

We proceed to verify that this is the case. 

We will limit the discussion to the case when argm is 
positive. 

Then evidently the equality (B) may be written 

r(l + w + w) * Vic-l/ I 2m 3 

The equality (A) becomes v 

„,, X = t* «■*"" I ; ) ^» V ^""z; — ^— +••• f 

r(l + »i-f«) ^ Voj-l/ l 2m j 

Vaj-f 1/ I, 2m 3 ' 

the upper or lower sign being taken as I(x) is positive or 

negative. 

We have then to show that, in all cases in which the 

conditions (1) and (2) are included among the conditions (3), 

(4), or (5), the first term of the last asymptotic equality 18 

dominant compared with the second. 

Put m as fA + tv, where fi and v are real and v is positive. 
Then the relative magditudes of the moduli of the first and 

second terms in the last asymptotic equality are in the ratio 

the upper or lower sign being taken as is positive or negative. 
We must therefore have 

^logr<|tfl|Kl and /Alogr<j2ir-I ^|) | v|, 

whenever s<|arg7n|<i7r, and logr + e^ < |^| tan | argm |. 
And this is certainly true. A similar investigation holds when 
argm is negative. The verification is complete. 
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Samming up our results, we see that it is convenient to 
use the formula (^), when | argm| <i7r + i;: in tbis case a; 
must not be on the real axis or at a distance from the parts of 
it comprised by — oo to —1, or 1 to +qo, which vanishes 
with 1/m. Such restrictions are suflScient; we have not 
proved that they are all necessary. It is convenient to use 
the formula (B), when w>| argwt |>i7r — 17; in this case x 
must not lie on the cut —00 to 1, or at a distance from that 
part of it comprised by — oo to — 1 which vanishes with 1/wi. 
We notice also that, in either case, as regards points on the 
cross cut for which — 1 +£, <ar<l — e„ where s, >iO and 
independent of wi, we are at liberty to take aj = co3 6'±e* and 
make e tend to zero without invalidating the asymptotic 
nature of the formula* 

§54. The asymptotic expansion of P^^'Qc) when \m\ is 
large and x lies on the cross cut so that — 1 + e, < a; < 1 — Sj. 

{Suppose now that x = cosO, where e^ < < tt — £,. 

We will show that, when | w | is large, we have the 
asymptotic formula 

when |argw|<7r — e, if e,<^< Jtt — e„ 

and when |argw2| < Jir + iy, if £j<0<7r — e,. 

For, by § 13, in the limit when € = 0, 

P„-^ (cos + e*; = P,-~ (cos 0) e'^k^. 

Also (cosfl-i- eft-l/''=(l-cos0)*'"e^*K 

The given result therefore follows by the result of § 51. 

Similarly, by § 53, we may show that, if | argm | < ^tt + 17, 
if 8, < < 7r — £,, and | w | is large, we have the asymptotic 
formula 

wP^ (cos 6) _ sin wm _^^ , ^ f ^ n(w + l)cosg , \ 
^(l+w^ + 7^)"■ iw"^^ ''''' ^^r ^ J 

,!!£^tan-igll^ "^"V^^''^ +-4> 
m ^ "^ I 2m ) 
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This result is equivalent to the preceding when 
e,<5<i7r-e„ 
and 8<|arg7n I <i7r + «7. 

Suppose next that m is a large positive integer and 

-l+£,<a5<l-£^. 

By §13 

Pn («') = (-) Pn (^)r(l + „ + ^)- 

Hence, by the previous result, if m be a large positive 
integer, e,<0<7r — e,, we have, for general complex values 
of 71, the asymptotic formula 

T^m^ /*N sinwn^,^ .(tanJfl)"* 



xfi4.!^>cos0 + i:i>+...}. 



When w is a positive integer or zero this of course reduces 
to zero, since (p. 112) 

P^*"(cose) = when/w>w, 

m and n being positive integers. 

§55. ITie asymptotic expansion of QJ'ipc) when \m\ is 
large and x is not on the real axis. 

We will now show that, if | m | is large and 



rc-l 
arg 



'x+1 



<7r, 



we have 

/aj:-l\*"* 1 



.«.-(.)r(-™-„)'-^=^.g^)' J^ 
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wben |argr;i I'^j^TT + i;; and that the same expression is 
equal to 

when ]arg(-»n)| < Jir + »j, the upper or lower sign being 
taken as i(a;) is positive or negative. 
By § § 9 and 10, w« have 

2G,-"(a:)r(«-«)?il^=2e(.)r(-«-«)?in^ 

IT IT 

= r(w - n) P„""(a;) e4=«»'-r (m-n) P^"~(- x). 

rr— 1 
If, then, 1 arg w I < Jtt + 1;, and e^< 

not lying on the real axis, we have, 



^^&: 



, < TT, aj therefore 
aj+1 ' 

by the result of §51, 



-^n^.p-iy-' ^ [i n(n + l)a; | 
/a + lx*"* J_ f, n(w + l)a; . ) 

U-1/ w"^* i 2m "^-r 

These two equalities evidently yield the given formula. 

A detailed investigation of the various cases, in which one 
or other of the two series is dominant, can evidently be 
carried out as in §45. 

The work is tedious and the results, though easy to obtain, 
are not very elegant. 

One particular case may be noticed. If | argm | <|7r — 6, 
X real and > 1, we have the asymptotic formulas 

2 <?, («) r («i - n) — — = 2 <2," («) r (- m - n) — — 



_ /a!4l\*" 1 f n («+!)« . \ 
~~\x-l) m"*' f ^ ^'"\' 

Corresponding formulae evidently do not exist when x i 
real and <— 1, for we are then on the cross cut for Q^(x). 



Digitized by 



Google 



Dr. Barnes^ On genei^alized Legendre functions. 173 

§56. The asymptotxe ejrpansion of Q^{x)^ when \m\ is 
Targs and x is on the cross cut given hy — 1 + c^ <« < 1 — e, . 

We will now show that, when j^n | is large and cc^cosO, 
where 6,< d <7r - 6,, we have, if | arg w | < Jtt + 17, 

2«.-(*)r(— «)'-^ 

m ^ { 2m ) 

The corresponding formula, when [ arg (— »i) [ ~ Air + 17, 
can evidently be immediately obtained from this bj the 
relation 

On'"(^)r(-w-w) = $„""(«) r(77e-7i). 

The two formulae give the same result when m is on tho 
imaginary axis. 

When — l<a?<l, we have, by §14, in the limit when 

€=0, 

Therefore, by §55, we have, if - 1 4 €, <a3<l -e^, [m\ 
large, | argw | < ^tt + 17, the asymptotic formula 

^ «, , V y V sin WTT 

= e(i»»-»)'M— — ) -^, \^+-^ — — +--t 
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This immediately yields the given result. 
In particular, we notice that, if 

and m is not an odd integer, we have, when | w | is large, the 
asymptotic formula 

IT 

The conclusion that, when m is an odd integer, 

2Cr(^)r(-m-w) 

-/ yrm-n '^tan^'P f n{n + l)x \ 

could not be inferred without a separate investigation, for in 
this case the dominant series, which is all that our formulae 
pretend to yield, vanishes, as it were, accidentally. This and 
further particular cases we leave to the reader. 

Part III. 

Various propositions in the theory of generalised Legendre 
functions. 

§ 57. We now proceed to apply the fundamental contour 
integrals, introduced in Part I. of the present paper, to obtain 
some of the more important theorems relating to generalised 
Legendre functions. It is evident that the whole known 
theory can be built up in a very general and comparatively 
simple manner by the aid of such integrals. To develop such 
an investigation completely would, however, demand more 
space than can be legitimately conceded to a single paper. 
1 therefore propose to be frankly eclectic, and to consider, on 
the one hand, such parts of the theory as are of peculiar 
importance, and, on the other hand, results for which the new 
methods lead to hitherto unsuspected generalisations of known 
formulae. An example of the former category is the diflference 
equation for the generalised Legendre functions: the proof 
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by the present methods is, as might be expected, peculiarly 
simple. Another example is the theorem that 

/'.'P.''(^)^,;(«')=o. 

when /w, n, and w, are positive integers (71^^71), and 

when w = w,: the new methods enable us to dispense with the 
usual reduction formula derived from the differential equation, 
and to obtain the two parts of the theorem simultaneously. 
To the second category belongs the consideration of 

when m and n are complex quantities ; we find that the 
integral can be expressed as a higher hypergeometric series 
of argument unity, and we can determine all the cases in which 
this series reduces to the simple term just written down. la 
a similar manner we can evaluate integrals of the type 



f:p:'(.x)Q:'(x)dx, &c. 

The results invariably lead to hypergeometric series of 
higher order. And not only can every special case hitherto 
discovered, which admits of expression in simple form, be 
obtained, but we are in a position to find other special case» 
in which a like phenomenon arises. The theory thus outlined 
links integrals connected with generalised Legendre function* 
to special types of hypergeometric series of liigher order j 
it indicates the existence of a sequence of higher hyper- 
geometric functions, with special properties, and shows that 
various fundamental integrals, involving generalised Legendre 
functions in the subject of integration, furnish for general com- 
plex values of m and 7i simple types of such higher functions. 

The theory of some of the most important expansions 
connected with generalised Legendre functions will be con- 
sidered in Part IV. ; the investigations are of a somewhat 
different nature and lead up to Appcl^s hypergeometric series 
of two variables. 
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§ 58. The difference equation for the generalised Legendre 
functions. 

We will first show that P^{x) and Q^{x) satisfy the 
difference equation 

(2n + 1) aj/(w) - (n - «i + l)/(n + 1) - (n + m)f(n - 1) = 0. 

This equation for the case when w = 0, and for the function 
P^(x)i IS ascribed by Heine* to Gauss. The completely 
general form appears to be due to Hobsonf \(^V1S)^ p. 522]. 

We have seen in § 21 that, when | arg(- a;') | <ir, 

where K denotes the expression 



27rt sin^Tr 



(^■) 



The contour of the integral is parallel to the imaginary 
axis apart from suitable loops, if necessary, to ensure that the 
sequence 0, 1, 2, ... lies to the right, and the sequence 
-A (n + «i 4- 1), - ^ (w + m + 2), ... to the left of the contour. 
We may obviously, in general, so choose the loops that we 
pass over no poles of the subject of integration when we move 
the contour a distance unity parallel to the real axis keeping 
its shape unchanged. 

Therefore 

(n - m + 1) <r... (x) + (n + m) (T... (jc) 

r(2a+«+w)r(-a) / j_\' 
r(»+n+f) r 4W 

(2n+l)x fr(2a + w + OT + l)r(-s) /_ _l_Y, 

"^ (2a-)"*' J r(«+« + |) V 4W 

= (2« + 1) a: ^,"' (ar). 



* Heine, loe. cit., Bd> I., ]>p. 91, 92. The reader may also consalt pp. 96-97 and 
a note of p. 197 of this treatiu. 

t Cf., howeTcr, F. Kenmann, BtUrSge, Leipzig (187<), p. 74. 
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Thus Q^{x) satisfies the given difference relation when 
|arg(-a'')|<7r. ^ 

Since Q^ [x) is an analytic function on the dissected x-plane, 
the given relation is true in general. 

Again, since (§ 12) 

the same difference equation is valid for P/* (a). 

The difi*erence equation just found is, in many ways, 
complementary to the differential equation for the generalised 
Legendre functions with which we started in § 1. It may be 
made fundamental in the theory of the functions. For a general 
theory of the linear difference equation of the second order 
with linear coefficients reference may be made to a paper by 
the author,* where the general solution of such an equation is 
given, and references to the literature of the subject will be 
found. 

§ 59. A generalisation of Rodrigues^ formula. 
For general complex values of «, if m he a positive integer 
and X does not lie on the cross cut (— oo , 1), «i?e have 

And for similar values of m and n, when — 1 <a; < 1, 

By the author's investigation of the Binomial Thcoremf 
we see that, if | arg (a? ± 1) | < tt, 

-^Jr(«-w)r(-*)^i^'rf«=r(-n)ii(x+i)r; 

and therefore 

- 2^jr(«-«) r(-«) 2-'(.i!-i)'^Vs=2-"r(- n) (*'-!)-. 



* Barnes, Messenger of Mathematics (1904), Vol. xxxiv., pp. 52-71. The 
particular equation, when m = 0, is discussed in § 10 of the paper cited. 
t Loc. cit, § 15 (p. 117). 

VOL. XXXIX. N 
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In thii formula 

where | arg (a? ± 1) | < tt, 

and tlio contour of the integral is drawn parallel to the 
imaginary axis with loops, if necessary, to ensure that the 
positive sequence of poles of the subject of integration lies to 
the right, and the negative sequence to the left of the contour. 
On differentiation we see that, if m be a positive integer, 



-- f 

27r* J 



2T (s -I- /2 + 1 - TO) 
Tims, by § 6, 



= 2-"r(-n)^(a;'^ir 



fx+1 \ *('^"> 



•* ^ ^ rii+n-^m) U-1/ 

xF{-n, w + lj l + n-7»; i(l-a;)} 

_ (^'-iy(- ) d- 

" 2T(w + l) dx^^^ ^' 

the first of the given results. 

If in this result we put x + ei for aj, where — 1 <a3 < 1, we 
have^ in the limit when € vanishes, 

P;'^" (a? + €*) = «"^'">*'' P,""" (a:), by § 1 3, 
and {(jc + €*)'- 1}*^*''"^= 11 " (aj + €4)'}*('»-">e^"-"')*'^ j 
and therefore 

the second of the given results. 

If in either of the previous resirUs we make m^n\ we see 
that, when w is a positive integer, we have Rodrigues' formula* 

^.^-) = 2-V! £(-'-^)" 

* FoK the history of this formula the reader may consult Heine, loc. ek., p. 20. 
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The evaluation of j^Pj^{x)ofdx for general complex values of 

7W, w, and k, such that R{m)< 2, !fi (A;) > — 1 , and also 

when m is a non-negative integer and -B (^) > — 1. 

§60. Let (7 be a simple contour passing in a positive 
direction from the origin round the point 1 and back to the 
origin. Then, if £(A;)> — 1, we may show that for general 
complex values of w, w, and k 

where ,^, {a,, a,, a,; ^,, ^, ; a}, is a higher hypergeometric 
functioQ defined, when [.r |< 1, by the equality 

r(a,)r(a,)r(a,)^o r(/3, + n)r(/3,+,«)n! *• 

Some properties of such series have been considered in 
a recent memoir by the author, where references to the 
literature of the subject may be found.* It is easily seen 
that the series given in the above equality is convergent if 
Ii{k)>'2. 

Let i be a contour which closely embraces the positive 
half of the real axis, and has indentations to ensure, if necessary, 
that points belonging to negative sequences of poles of the 
subject of integration are not embraced by the contour. Then, 
if (a;*- 1)*= (x" 1 )• (x-{- 1)% where | arg(ir ± 1) |<7r, we have 
by the result of § 18 

FJ'{x)2'^r[-i(m^n))r\i(n^l^m)] 
when |aj'- 1 I < 1. 



♦ Proceedings of the London Mathematical Society^ Ser. 2, Vol. v., pp. 59-116. 

n2 
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Hence 

__J_ r T\s^Un + '^-rn)\r{s^\(m+n)]T(^s) j^ 
27r*Ji r(l-m + «) "^ 

The inyersioD of the order of integration is readily justified 
by splitting up the contour L into two parts respectively 
within and without a circle of large radius 5, say i, and L^. 
By the result of § 20 the original integral is convergent, if 
i?(^')>-K 

Also, omitting for brevity the subject of integration in the 
double integral 

Now JcJ/., = JlJc, provided 5(A:)>— 1, for both contours 
are finite, and the only possible singularity of the subject of 
integration is at a; = 0. 

Again, if [a;'— 1 1 <1, and, if R is greater than the real 
part of ^m, we have^ by the asymptotic formula for the 
gamma function, 

_| (a;'-l)B-4m||/J 

where |J| and \J^\ are finite positive quantities independent 

of X. 

Hence [M/.,| <^iJ Jc | (x'- l)^i«'| \x'\\dx\, 

and thla expression can be made as small as we please by 
sufficiently increasing J?, if jB(^)>— 1. 

Ffnally, Il^C tends to a definite finite limit as R increasesh 
indefinitely, and the inversion is therefore justified. 

Now, by Pochhammer's theory, for general complex value» 
of 5 and 7W, if JK(A;)>— 1, 



r (i»i - s) r [s + i (i + 3 — »){ 
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We therefore have, if B(k)>^ 1, 

We thus haye the given theorem. 

§ 61. We may now show that, when R (jn) < 2, jB (A) > — 1, 
tee have, for general complex values of m, n, and k, 

flDm/.A..tJ„_««m-l r{^(k+l)}>Jw 

and that if m be a positive integer >0, jB(ft)> — 1, we have, 
for general complex values of n and k, 

. r .n. sfirr{i(k + l)}r(l + m + n) 

^8^slK^+l+^)» K^-^)> l+i^5 l+w, J(A+3 + w); 1}. 

If 5(w)<2, the integral to be coniidered is finite near 
aj = l, for, by §18, P„'"(aj) (l-x")*'" is finite near aj = U 
Similarly, if ^(^)>— 1, it is finite near ors^O*. 

Also, by § 13, 

= 2« sin {lTrm)j;P^{x) J'dx. 

If then ii(w)<2, 5(A:)> — 1, we have by the preceding 
paragraph the first of the given results. 

Again, when m is a positive integer or zero, we see by (3), 
§ 13, that P^"*(.t»)(:i:"- 1)"**" is finite near j? = 1. And therefore 
the integral ["P^{x) .^•*= dx exists if iZ (A:) > - 1. 
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Now by the rtsult jast proved we have, on changing m 
into — »i, 

-'• " ^^''^'' r|-i(i + ^)}r{j(^-^3 + ^)} 

x,jp;{J(« + l + »i).i(^-w), l+Jw; H-2W, ^(A+S + w); 1}. 

Also, by § 13, when — 1 <x < 1, and m Is a positive integer 
or zerO| 

• ^ ^ ^ ^ " ^ ^r(l + »e+w) 

Combining these two identities we have the second of the 
given results. 

§ 62. We can at once show as a corolloi-t/ that for general 
values ofn and k, if B(k)>'-lj 

For, if we make nt = in either of the preceding fonuulse, 
we get 

/.•P,(a;);r*rfx=^|^|±llnK« + l).-i«; M^+a); 1}; 
And this by Gauss' theorem is eq^ual to 



which, in turn, by the multiplication theorem for the gamma 
function, is equal to the given result. 

The result is, of course, well known for the special case 
when n and k are positive integers. References to the work 
of Legendre, Cayley, and Dirichlet will be found in Heine's 
treatise.* 

When A = 0, we have for general complex values of it 

Jo^nW"*^ 2ri(i-iw)r|i(w + 3)}' 

Other cases when the general integral j^P^{x)J'dx reduces 
to a product of gamma functions are readily given by examining 
the relations between k^ m, and w, which must hold good in 
order that the function ,F, of § 61 may reduce to an ordinary 
Oaussian hypergeometric series. 

* Heine, loc, cit.^ pp. 71-74. 
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§ 63. We can now show that, if R{k)>- 1, JBC^+iw)< 1, 
we have, for general complex values of l^ m, n, and ky 

'^i^.lK^H !-»«)» i(-»*-w), 1-7- Jw; 1-m, i(A+3-m)-7; 1); 
and that, if m is ^ positive integer or zero, £(X')>-1, 
-B(/— ^m) < 1, we have, for general complex values of n, /, and A:, 

/-P,»x* ^(Um4^7^)^(l-?4^m)^^^(Hl)} 

J,(l-«7 ^^ ^ 2'**^r(l-w+n)r(l+m)rU(H3+m)-/} 
^•^.UC'i+Hw), i(w-w), 1-7+iw; 1+wt, J(*+3+mH; Ij. 

The theorem la an obvious extension of the result of §61 
and is proved by the same method and argument. 

We first show that, if 5(/:)>-l, for geueral values of 
2, m^ t), and A:, 

fl-Jc(a;'-i)' r(i-m)rii»n-ijri^(A+3-j»)-/| 

y-tF,\l{n^^-m), l{-m-n\ \-l-\m; l-m, ^{k+S-m)-l] 1}. 

From- tliis we obtaia at once the first relation. The second 
relation is deduced by means of the identity, valid when m is 
a. positive integer or aero and — 1 <a;< 1, 

Special cases in which the series ,F, can be reduced to an 
ordinary hypergeometrio series which may be expressed in 
terms of gamma functions by Gauss' formula may be easily 
obtained. 

Two such cases are perhaps worthy of mention. 

In the first of the given formulae make i= Jwi. Then we 
see that, if ii(wi)<l, -R(^)>— 1, we have, for general 
complex values of m, w, and k^ 

■' P,^)P^ ^^ _ r li ( ^ + l)}2"- ' 

X F{l(n + l - m), ^(-m-n)', ^(i + 3)-»»; 1\ 

r|i^+i-i(n + »i)ir|i(A + 3-»» + M)r 

Again, in the second of the given forniulte, make l = — ht>. 
Then we see that, if hi be a positive integer or zero, and if- 
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R{lc)>—\, we have, for general complex values of n and h, 

J,'(l-a:7'"x*P,"(a!)rfa! 

^ (zT T\\{h-^-l)\V{hk + l) r(l+OT+«) 

a*"*' T{l + l{k+m-n)\T{iC6+k+m-\-n)] r(l-»J+w)* 

2%e evaluation of integrals of the type 

l',AP-{x)\\x-xydx. 

§64. The most important proposition in the elementary 
theory of Legendre functions is probably that expressed by 
the equalities 

and = =-7- ^^ \ r^ .^ (w = w,), 

the quantities fw, w, n^ being positive integers (zero included). 
The theorem can be substantially carried back to Laplace and 
Legendre; the usual proof depends upon the conjunction of 
Kodrigues' formula with the method of integration by parts.* 

We proceed to obtain the result by applying Cauchy's 
theory of residues to the contour integrals introduced in the 
present theory. 

When m and n are positive integers {m'^n) and — l<aj<l, 
we have, by § 13 (p. 113), 

xF{m-n, W + W+ 1 ; w+ 1 ; i(i— a?)} 
__( xn^-x O-a^T _1_ f r(m+n-H4-.)r(-5) M/j^.^xw, 

the contour being a finite oval including the points 0, 1, 2, ..., 
n — m, which are the sole poles of the subject of integration. 
Hence 

i\,P-^(x)F-(x)dx 

Uw Jjr(iH-«-?;i-5)rii+w+«jr(iH-Wi-w-5jr^i+r/i-h5j 

X r.i {2 (1 - «^) i*"^**"^"* I i (1 + a^) r^^ ^« ^^1- 

* For references the reader may consult Heine, loc. eit., Bd. i., pp. 67-70 and 
ip. 251-265. 
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The contour for 8 and 8^ are finite, and can be so chosen 
that upon them -B(5 + s,) + w>— 1. Also w>0. Hence 
the inversion in the order of integration is justifiable, and 
we have 



G4.)' // 



r(*)r(*,) r(2 + «-5)r(2+«,-«,) 
"" r (.+«,) '*'*" 

where the contours include among the poles of the subject of 
integration the points 

a = m+l, m+2, ..., « + l, s,=m + l, »t + 2, •.., n^+l, 

and no others. 

Suppose now that we write the integral, as is evidently 
allowable, in the form 

ji_ r ro>^,+7E.)r(m-fi-0 , 
27r*J r(or(2 + w,-*j 

^ 27n j r(«)r(2 + n-s)r(s + 5,) 

For any assigned value of s^ of finite modulus the second 
integral vanishes when taken round an infinitely large 
contour, for the modulus of the subject of integration behaves 
when 1 5 1 is large like 1 /| « |^ 

The last expression is therefore equal to 



1 »» r r(g,-f n,)^(yy^ + l~5,) 



r(g,+r)r(?»-f n-f i-r-5,)(-y 



ds. 



r (wt + 1 - r - ff J r (5j + r + 1 + w - m) r (we + 1 — r) r I 

1_ ♦» (-)*• r r(s + m + l+n^)r(s + m + l-\-r) 

2Tr» 3) r\{m^r)l J r(« + m + 1) r(5 + r + 2-f w) 
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the contour being a finite oval including the positive^sequences 
of poles of the subject of integration. 

Now the subject of integration is a quotient of two 
algebraic polynomials in s. The only possible poles within 
the contour are at 5 = 0, 1, •.., n^— ?w, and at these points 
l+r + « — nis negative or zero if w, < n. 

Thus no pole exists within the contour of n^K^n^ and under 
the same proviso 

f..P."(x)P".^(a5)^« = 0. 

In a similar manner we may show that the integral is zero, 
ifn>«. 

When ti, = ri, there is one pole within the final contour 
when r = wi, 5 = Wj — «i. We therefore have, when n and m 
are positive integers or zero, 



irc^)^-'''-"^"^''''* 



r(2w + i)r(w + m + i) 



r(-2» + 2) r(n-»t+i)»»i' 

or LAP, i^h '^«'-(2„ + i)r(M-m + l)- 

We therefore have the two required results. 

§ 65. It is natural to enquire whether the result just 
obtained can be extended to complex values of m and n. 

We proceed to show that for all values real or complex of 
m and w, except n = — /? — i, where p is zero or a positive 
integer^ we have the relation 



\. 



r^ Wl '^«- (2« + 1) r (1 - »j + «) 



tsinTTW " r(— m+«+l+0r(»2+w+l40 

24 



r(-w-n)r(i-7?i+w) t=Q r(«+i)r(27i+2H-0(Hw+j) ' 

where C is the contour o/* § 60 which passes in a positive 
direction from the origin round the point 1 and hack again to 
the origin. The infinite series which intervenes in this 
formula, and which disappears when m and n are positive 
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integers, is a particular type of the higher hypergeometric 
series ^F {ol^^ ol^, a,; p„ p/, x\, for which 05 = 1 and a^^p^— 1. 
We snail make use of a theorem which may be expressed 
by the formula 

[F{a,(ii 7; ^}]'=.^,[2a,2/3,7-i; 27-1,7; x], 

when a + /3 + i = 7» 

This theorem arises from the consideration of the dif- 
ferential equation satisfied by the square of the solution of 
Legendre's equation, and has its origin in the investigations of 
Clausen*, F.Neumannt,Appell J, and Goursat§. We shall refer 
to it as Gouraat's theorem, and in Part IV. of the present 
paper it will be established as a particular case of a new and 
more general formula in the theory of Appell's hypergeometric 
functions of two variables. 

By §18, if^(a3)>0, |l-aj'|<l, we have 

Hence 

^ (^'-0"" (_ ±\ 

')/{w)r{n+l-m)r{-m-n) \ 2Trt/ 

f r(-s)r(n+l-m-^s)r(- m-n+s)r(^-m+s) , . 

When 1 1 — «* I < 1, we may take the contour L to embrace 
'Closely the positive half of the real axis, there being indenta- 
tions, if necessary, to exclude points belonging to negative 
•sequences of poles of the subject of integration. 

♦ Clauwn, Crelle, Bd. 8 (1828), pp. 89-95. 

t F. Neumann, Beiiragc^ Leipzig (1878), pp. 1-156, especially p. 81, et seq. 

X Appell, Annahs de VEcole Normals Supdi-usure (1881), S€ries 2, T. 10, 
.pp, 391-423 ; and LiouvilUj S6rie8 3, T. 10, pp. 407-428, especially pp. 420-421. 

§ Goursat, Annates de VEcole Noi-male Superieure, Beries 2, T. 12 (1883), 
ipp. 261— 28G and pp. 395—430. The formnla is given on p. 284 of Goui-sat's paper : 
though due to Clausen, it.may well be associatad with Goursat's name on acconnt 
of his elaborate discussion of the questions which its existence raises. Some 
amount of the previous investigations is given in two supplementary notes in Heine's 
second .volume, pp. 367-360 and pp. 361-373. 
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188 Dr. Barnes, On generalized Legendre Junctions. 
We therefore have, as in § 60, 

\c{P'{.^)?dx = - 2^»vWr(n+l-»i)r(-OT-n) 
C r{-8)r{n^\-m+8)T{-^-n+8)r{\-m+s) , ^_. 

**J r(i-2»»+«)r(i-»i+*) Jd»-i; rf* 
-'2'"r( ^)r(i-2>w) 

~ 2irr{n + l-m)t{-m-n)r{^-m)r{l-m) 

t ^(-8)^(«+l-m^-a)^(— »t-w+g)r(^— OT+g)ain'7r(w-a) , 

^ ii r(i-2m+«)r(s-OT+|) 

It 18 evident that the last series is always convergent, 
except for special values of m which give rise to intinile 
terms in the denominators of the series. 

The result just obtained may be evidently written in the 
form 

r f nm/ M«J7 • r(l + f»4 «) 

J^i » ^ -'V r(l- wi + «) 

/ j_\ r ♦ r (-5)r(yi-f 1-w-f^) 

^ V 27rJ Jr(i-2w+«)r(i + w + w-«)(i-w + 5) 

The contour includes the positive sequences of poles of the 
subject of integration, but excludes the negative sequence and 
the point wi — ^. 

When |s| is very large, the modolus of the subject of 
integration is of order 1/|«|*. We may therefore employ 
the usual process of bending the contour of the integral 
backwards (cf. § 6), and we get, if n is not equal to — p — i, 

r(l+m4w) 
the isolated terra arising from the pole s = m — \. 
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This result evidently yielda the tbeorera stated at the 
beginning of the present paragraphs 

§ 66. We proceed to consider certain deductions from the 
preceding theorem. 

In the first place we see that, if iw + n is a positive integer 
or zero, we have, for all real or complex values of m and », 
except n = - p - ^, 

•'^^ ^ ^ ^^ 2/1 + 1 r(i-7w + w) 

Again, if iZ ^'w)<l, we have 

Ic I Pn*" (aj)}Var = 2« sin TTwi fJP^*" (a;)} VoT. 

Hence, for all real or complex values of m and n (except 
n = —p - \) such that jB {m) < 1, we have 



^'{P'^ix^Vdx- r(l+r/i + n) 
JoK„ Wt^^-(2n+l)r(l-m + 



n) 



1 " r(>j + 1~?wlOr(l-fyw+w40 

2r(-w-w)r(i-m-hw) fc=o «ir(2+2w+0(«+w+^) • 

When ^T^-y — J, JB(w)<l, and ?« + n re a positive 
integer or zero, we have, for all values of m and n, 

{'\P^(x')Ydx- ^'(^+^ + ^) 

We may readily prove that this result is also valid when m 
and n are positive integers {n>m> 0). In this case, by § l^, 
the integral exists, and when <x< 1, by § 13, 

Clianging the sign of m in the result just established, and, 
using this relation, we have the required result. We have 
thus re-established the later half of the theorem of § 64. 
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A reduction formula for fciPj" («)]* ^^» 

We can now show that, for general complex valaes of tw and w, 
(2n+l)r(w + l-7w)r(-m-w)/c{P,'"(iB)}Va; 
+ the same expression with {n - 1) written for w, 
4n£sin7rm 

"■" it it •• 

wi — n 

For, by § 65, if the contour closely embrace the positive 
half of the real axis and exclude all poles of the subject of 
integration except the sequence 0, 1, 2, ..., we have 

r (n + 1 - wi) r (- m - w) fc\P,r («^)r^« 



sin TTW rr (— s) r (w 4- 1 — w 4 «) r(— m — « + «) e''^^ 



/ 



ds. 



f r (- j?) r (n - m + g) r ( - w - w 4 g) e^*^ ^ ^ 

J r(l-2m + 5) ^'^'' 



27r J r(l-27w4-5)(i-yn+5) 

Hence the expression to be considered 

sin irm [T (— s) F (w — m 4- «) T (— w — w 4 s) e*** 

■^ 2w^ 

where 

^ (2n4- 1) (5- m + w)4 (2n — 1) (.9 — ?w- w) ^ 

9 = — J — — — - = 4«. 

5-7n4-i 

Thus the expression under consideration 

r(n — ?w)r(— n— 7w) ^, ^ c^ n^ 

2s4wtsin7rm — 7^ — ^--t F\n — m.^n-m\ 1 — 2m: 1 

4^isin7rm 



We thus have the given fesult. 

When R[m) < 1 , we see that, for general complex values of w, 

(2n4-l)r(n + l-m)r(-n-m)j;{Pr(aj)lV^ 

4- the same expression with (w^ 1) written for w, 

_ 2n 
m —n 

In particular, when 7W = 0, we have, for general complex 
values of /i, 

(2« + l)j;{P„(a;)}'^-(2«-l)L'{P„..(a;)r^ = ^^. 

Thus, when w is a positive integer, we have Legendre's result 
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§ 67. The exceptional case when n = —p — ^. 

We now proceed to consideF the particular case when 
7Z =— p — A, which was excluded from the investigations o-f 
§ 65 and the first part of § 66. 

When n = — J, we have, as in § 65, 

x/^-J-^ f r(~5)r(j-^+5) 

V 2W J^(l-2??^ + 5) r(i+7n-5)(i-??i + 5) ' 

where the contour of the integral includes the negative 
sequence of poles m — ^ — ty t=Of 1, 2, ..,, together with the 
point (w- i). 

Now the residue at e = of 

r(e)r(i-^-e)/{r(J-;;y+€)r(l-.e)e| 

is -27-2^ Q -;;>), 

where 7 is Euler's constant and \p [x) = -j- logr(a7). 
We therefore have, for general complex values of m, 

IclPiTi^)]' dx=-t sin irm ^{|^] [27 + ^(h- »«) 

^r(^-m)r(i+m)t=i t[r(t+i)}' J' 

If 5 (m) < 1, we have 



Similarly, if m be zero or a positive integer, 

1 « r(i + m + or(i-^ + o 



These results can equally be deduced as limiting cases of 
those obtained in §§65 and 6&. 
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When n = -p — i and jo is an integer >0, the reader'naay 
easily show in a similar manner that, for general complex 
values of ?>i, 

»8in7r7/i ^ r(^ — 7W — w) r(« + we — 7^) 



r(-w-w)r(i-w + w) «=or(«-2w}r(f+ 1) (t-n-^) ' 

This, again, may be deduced as a limiting case of the 
result of § 65. 

§ 68. An obvious extension of the procedure of § 65 shows 
us that, for general complex values of m^ n, and k^ 

x^Fgf^z + l-m, — w-w, J-w, l+k-m] 1—277?, 1— wi, |+A-m; 1}. 

The hypergeometric series is convergent, except for special 
values of m and ^ — w for which factors of various terms in the 
denominator become zero. 

When A; = — 1, 0, - ?», w-^, -w-|, etc., the hyper- 
geometric series reduces to one of lower order. 

Let us take as a special example the casie when A: = — 1. 

We find 

f |Pn"C^) }V^^ 2--7rtr(l) 

Jc x'-i {^(l-7?^)f r(H-7/e)r(i-»e) 

x^F^ln+l — m^—m-nj—m; 1— w, l-2z«; 1] 

= - ismTT^i— -7- ( 

r(l-we + w) 

^l W Jr(l + m+w-^)f(l-2;«+^)(5-m)'^^' '^'^^^- 

The contour includes the positive sequence of poles of the 
subject of integration, but excludes the negative sequence and 
the point s = m. 
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When |«| is large the subject of integration behaves 
like -. — r-^ . We may therefore bend the contour backwards 
and obtain 

Jc a;'— 1 , m r(l — w + w) 

tsinrnTr - r(n+l-m + t)r(n+'i+m-ht) 

r{i-m + n)r(-m-n)t^ «!r(i+2w + 2)(«+ /i+ 1) ' 

This result is valid for general complex values of m and n. 
The exceptional cases can be easily enumerated and considered. 
The most important occurs when m = 0. In this case we have 

When B (m) < 0, we have 

U . i dx-2t&imrm \^ ^ i^ dx. 
Jc l-i» J. l-i» 

Thus, if B (w) <0, for general complex values^of m and n^ 
we have 



/. 



' l5rWrfa:=-— r(l+^+^) 



1— a;" 2wr(l-w+w) 2r(l— w^+n)^(-w^-w) 

^ t^ tlr(2 + 2n + t)(t + n-['l) 



In particular, if J?(m)<0, and if n + m be a positive 
integer or zero, we have, for all values of m and n^ 

(An apparent exception occurs when n + 1 — w is a negative 
integer, but this is excluded by the given conditions.) 

From this last result we may readily deduce that, if n and 
m are positive integers (n > tw > 0), we have 



/: 



I, I-*" 2mr(l-ff» + «) ^ ^^ 

VOL. XXXIX. 
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\\ 



By what bas just been proved, we have, under the given 
conditions! 

1^ !-«• 2»i r(l + w + w)' 

But in this case, by § 13, 

We therefore have the given result. 

Other special cases can be investigated in the same way. 
We have discussed the special case in question as the result 
(1) is given by Heine*. 

Hie evaluation of integrals of the type 

§ 69. We now proceed to show that^ for general real or 
complex values of m and «, 

^ r ( /I m/^M. ^^ _ »^"'(y» 4 y») TT COSWTT F (n 4-1 -f IT?) 

" r (m 4 n 4 1 + r (w + 1 - 7?2 + <) 
^ ^=0 ^!r(2n + 2 4 0(^^^+2/14 1) » 

where G is the contour o^ § 60 which passes in a positive 
direction from the origin round the point 1 and back again 
to the origin » 

By §21, we have, when 1 1— a?*|>l, 

^^ ^^) " ^i^^i^ 2"^>r(-m-w)r(n4i) ^'^'"" ^^ 

xi^{i(n4m4l),i(n4l-7w); w4f; l/(l-a;OI. 
Hence, by Goursat's theorem quoted in § 65, 

x,i?;{n + «i + l, n-OT+1, « + l; 2n + 2,n+|; 1/(1 -a;')} 
_i( I .fim*(m + n)jr r(l +w + m) 
-*^^'^'' S^V;;^ r(l + n-»») 

» Heu?e, foe. ce^, Bd. i., 47 (a), p. 253. 



r*(«+») 
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The final expression is valid, provided |arg(a;'— 1)| <ir, 
if the contour of the integral be taken parallel to the 
imaginary axis, with suitable indentations, if necessary, to 
ensure tliat the positive sequence of poles of the subject of 
integration lies to the right of the contour and negative 
sequences to the left. 

If I R (m) |< 1 we can so draw the contour of the integral 
that 5 (»)<!. And then 

Jc(-c--l)-V. = 2*sin7r5j;(l-«r*-fW^' 
Thus, under this limitation, 

' t \nm/ Mij 1 sin'(wi + n)ir r(l + n + »w) 

— J c 0, {x)Ydx = \ir Vi ^— — )-j— ( 

^^j^i^n \ /J a smnir r(l+n — m) 

^\ 2irJ Jr(n + l+a)r(i + 5)r(J-«j "**• 

Now the final integral is convergent for all values of 
m siAce, when 1 5 1 is large, the subject of integration behaves 
like 1/1 5 1'. Further, by §22, the integral on the left-hand 
side of the equality is convergent for all values of m. HencCi 
since the functions concerned are analytic functions of fit, 
we may dispense with the condition \R{m) I < 1. 

Using Cauchy'a theory of residues we ootain at once the 
given result. 

§ 70. We may next show that^ if \R (fn)\<l, R (n) > - i, 

r(l-m + m) •'* ^ * ^ '* * siu'nir 

/ J_\ c r{s^m)r{s + m)r{n^l^s) . 
""K 2iri/J sinir«r(»H-l+«)(«-i) ''^» 

where the contour of the final integral separates the poles 1 , 2, 3, ... ; 
n+1, n4 2, ... from \\ 0, — 1, -2, ...; ±m, ±m — 1, .... 
We have 

ifi<fi(*)<i. 



02 
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Take the formula {A) of § 69. The contour of the integral 
in this formula can be drawn to satisfy the condition 

\<R[8)<\, if R[n)>^\, \R{rn)\<\. 

Now, at a; = 1, I Q^{x)\' behaves like (1 - a?)-"*, by § 9. 

and at a; = ao, „ „ „ a;'*""', by §21. 

We thus have the given theorem. 

If we apply Cauchy's theorem to the given contour 
integral we obtain the value of l"^ [QJ!^ [^Y dx when 
I R {m) I < I, ^ (w) > — i. The result which involves the 
sum of two particular hypergeometric functions of the type 
F^ is somewhat complicated. A reduction formula can, 
however, be obtained which is comparatively simple. 

§ 71. We proceed to show that, {f\R[m)\<\^R{n)>-^^ 
we havCy for general complex values of m and n, the reduction 
formula, 

minus the same expression wiih (w— 1) written for n 
^\v?(m-\-n)ir T (I - m) T (I -^ m ) 

By the result of § 70 the expression on the left-hand side 
in this equality 

, ^vf{m-^n)T T f \\ r r (a - m) V (g 4- yt) T (n - s) 
**^ sin'wTT \ 2irJ J sin tt* T (w + 1 + «) 

^ an-s)(2n + l)^(n + 8){2n-l) l ^^ 
sin' (m + n)'7r J. 

sin WTT ' 

where 

1_ C T (s-m) r{s-\'m)r (n-s) , 

"" 27rt J sin TTg r (w + 1 + «) * 

and the contour of the integral can be taken to embrace solely 
the sequences of poles n, ti + 1, 7? + 2, ... and 1; 2, 3, .... 
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By Cauchy's tlieorem 

j^ " ^(< + y^-m)^(< + n4•m) 
"t=0 sin7rwr(2»+ ! + <)«! 

1 T[l^-m)r{\-m) 



siu Trn (w*— 77^*) sin wn T (2 + w) F (2 — w) 

^fJ'^fl^-^) l + »*; 24-w,2-w; Ij, 
where 

The latter series is convergent when |a5|<l, or when 
|aj| = l and fl(7 + 8 — a — iS)> I. Now, by a theory due 
to M. J. M. Hill* and the author conjointly, 

^,{l-m, 1+w; 2-w,2 + 7^; 1} 

= (l + ^),dFJl-w + »t, 1-w-n; 2-w,2; 1| 

I-n* 

Hence 

^,{l-»», 1+wf; 2-n, 2+w; 1} 

_ n'-l l-y^' r(l +yi) r(l -;^) 
"■w'-w'"*" w'-wi' r(l+ni)r(l-m)'' 

And therefore /^ r(l-r») r(l + «0 , 
TTH (n ^m ) 

We thus have the given theorem.- 

§ 72. As particular cases of the preceding theorem we* 
may obtain results due to Hargreaves.f 

♦ Hill, Proceedings of the lAmdon Mathematical Societyy Series 2, Vol. v., 
pp. 335—341. The extension of Hiirs theorem was communicated by the author 
to the same Society in September 1907, and was followed by a different proof of 
this extension da« to Hill. Ibid., p. xxi. 

* Uargraaves, Proceedings of the London Mathematical Society, Series 1, 
Vol. xxnc., p. 118. 
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When w = 0, we have for general complex values of n such 
that i2(n)>-i 

(2n + l)iri«n(«^)}Va:-(2n-l)j:{(?,.,(a.)}Va: = -l/n«, 

a result obtained by Hargreaves when n is real. 
Again, by § 70, we have 

where the contour includes solely the poles « ==i 1, 2, 3, ... . 
Thus, by Cauchy's theory of residues. 

Combining this with the previous result, we see that, 
when n is a positive integer, 

"° 2n + 1 ' 
where '/'''^(«) = xi^^gr'Ca). 

§ 73. A contour integral for P^(x) Qj'(x). 
We may now show that, if | afg(«" — 1) | <7r, 

■P."(«) «."(«) = r(i) 



2 8in7r«r(» + 1 — jre) r(— »t — «) 
/J_\ rr(s-m)r(a)r(i-s)r(l+n-s) 

""WJJ r(i-»-»or(5+n+i) ^* ^'' ''*' 

the contour of the integral being parallel to the imaginary 
axis with the usual indentations, if necessary. 

By (A), § 69, we have, if the contour of the integral apart 
from indentations be parallel to the imaginary axis, and if 
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l«"-g(»'-l)l<T, 

iV» V n 28in"rHrr(l + n-»t)r (-«-»») 

/ 1 \ f r (5- »t) r (« + w) r (a) r (» + 1 - «) , .-. , 
"^ l2^J J ra + »)r(«+i + .) ^'^ '^ '^^ 

Therefore 
{Q."(a')l*-i<?"-»-,(a')r=-2sin.„^r(l + M-»re)r(-n-»t) 

"^ WJJ r(iTi) ®^* *^^ '^' 

where 

= sin (wi + n) TT sin (n + 5) tt + sin (m - 11) tt sin (n - s) tt 

= Bin (w + 5) TT sin 2«7r, 
Hence 

r^j?" m) r{s) n^-s) r(w+l-^) cos vs ._iN-. t 

Also, by § 65| we readilj see that, under similar limitationSi 
t i.s fr»«i/ >>s wicos'nir 

TT* cot' WIT [PJ^ ix)Y — -T-i =— -—, r 

UttJJ r(i-»t-«)r(i+7i+*) sin^(»+*)^^""^^ ''*• 

Now, by § 12, 

= 27r cot mrPj" {x) Q^^ (aj). 

Combining the last three resulta, we have the given 
theorem. It is evident that this theorem enables us at once^ 
to express Pj'(x)Q^(x) as the sum of two series of the type 
,F, when I »*— 1 1 is either greater than or less than unity.. 
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In the Utter case we have the additional restriction 
|arg(a5'— 1 |<ir. 

It may be remarked that the same result may be obtained 
directljr by taking the expressions for Pj*{x) and Q^[x) 
given in §§19 and 21 respectively. These are 

" ^ ^~r|i(/i + i-m)irii+i(n-m)r'^ '^ 

x-F'{i(m-n),ih»e-w); i-w; l/(l-a;';} 
xF{^in-^l^m),i{n+i + m)] |4-w; l/(l-aj')}, 



and 

V« W- 2***sinw7rr(-w-w)r(w + |)^ ^ 

xFii(n + w+l),i(w+l-w); f + n; l/(l-a;*)}. 

We multiply these two expressions together and use the 
formulae 

i^{ot,^; 7;«)ir{i-a,i-0; 2-7; «1 

= i^{a-/3 + i,^-a + i,i; 2-7,7; «}, 

where 7 = a + p + i, 2a = w+l— w, 2/3 = ^4-1+^. 

The 6rst of these formulae has been already quoted in § 65 
as Goursat's formula. The second can be obtained in a similar 
manner, and is also due to Clausen and Goursat.* 

§ 74. The connection of this theory with that of linear 
differential equations will be evident to the reader. 
The general solution of the equation 

is JP.- («)+*<?.-(.), 

where A and B are arbitrary constants. 

* Gounat, he, cH., p. 284. 
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Hence the general solution of the equation 

vhere A, By and are arbitrary constants. 

And we have just proved that three linearly independent 
solutions of the latter equation are 



r(«-m)r ( i-a)r(» + i-a)r(-n-») 
r"(i-m-»)r(i^ (*-*) ^^ 

„d fr(^-«)r(i-.)rwr(n.n-,) ^^ 
J r(i-w-«)r(/n-i+5) ^ ^ 

A large number of other integrals can be deriyed from this 
fundamental set. The e(][uation [B) is substantially (when 
the necessary transformations are made) a particular kind 
of higher hypergeometric equation, whose solutions admit a 
general theory of transformation analogous to the transforma- 
tions of generalised Legendre functions. We are at the 
beginning of a theory of particular types of higher hyper- 
geometric functions of apparently indefinite range. The 
development of such a theory would evidently carry us far 
from the main object of the present paper. 

§ 75. The contour Integral just obtained for Pj^{x) QJ^{x) 
can evidently be used to evaluate integrals of the type 
jPj^{x) Q^'^ {x) x^ [x* " ly dx between the limits and 1 or 1 
and oo , when such integrals exist. The existence of such 
integrals is determined by the consideration that 

P^^ix) QJ'ix) behaves at aj=ao like »"* or a'*""*, 

)i 9) a = „ unity, 

„ „ x= 1 „ (cc— 1)"* or unity. 
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In order to compress the algebra to which such integrals 
necessarily lead we will merely consider the integral 

which exists, if 5(^)<1. We will show that, under this 
limitations/or general complex values of m and w, 

o^« v^ W 4sln»J7r^(;^ + l-w)^(-7^-w) 

1 [V [s^rrC] V (s) T (1 - 5) r (l ^n-^s) .. . , 

vohere the contour of the integral may he taken to embrace the 
positive half of the real axis^ and to include solely the positive 
sequences of poles of the subject of integration and the point « = ^. 
When — 1 <;»< 1, we have, by §§ 13 and 14, in the limit 
when € = 0, 

Now, by § 73, we see that, if 0<a'<1, in the limit when € = 0, 

the upper orlower signs being taken throughout. 

The integral is convergent if its contour, apart from any 
indentations which may be necessary, is taken parallel to the 
imaginary axis. For, when 5 = m + tt? and | v | is large, the 

subject of integration is at most of order 1/| 5 p. 
We therefore have, when 0<ar<l, 

^n\ J^n\ J 2sin7rnr(?e+l-?w)r(-w-m) 

X TT- T^r^ \T^/ . ■ tx cos(^m-^)7r(l-^*) 'ds. 

Hence, by the usual type of argument, we have the given 
result. 

By evaluating the contour integral we may express 
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when 5(w2)<l, in terms of particular types of higher 
bypergeometric functions of argument unity. The result is 
complicated. 

§76. It IS, however, possible to obtain a comparatively 
simple reduction formula for stich integrals. We proceed to 
show that^ if R{m) < 1, 

r(w+l-m)r(-w-^)sin7rw(2n+l)/;P."'(^) Q^{x)dx 

minus the same expression with (w- 1) written in place of n^ 

irm cos^ (m-Tr) irn cos [n \ \rrC) ir 
" m^ — ri' (m' — «*) 

By § 75, the left-hand side in this equality 

_ , 1 CV{s — m)T{n-s)cQ %{\m-s)ir , 
"^ 27r* J r(l -5 — w)r(^w + l+5)sin57r ' 

where the contour includes soUly the sequences of poles 

« = w, 71+ 1, w + 2, •.. and «=1, 2, 3, .... 

By Cauchy's theory of residues we therefore have 

^ 7rwcos(iw— w)7rsin7r(w + ?w) " T{n—m-\-t) r{n + m-\-t) 
siJowTi '- ^0 t\r{2n^-l-\-t) 

irn cos^ (mir) sin irm • T(t-m) T (t-\-m) 

siuTrw ^=1 r(l + w + <5 r (1-71 + 

cos(im-w)'7r sinTrfw + m) 
n — m sm irn 

cos^(m7r) siuTrm f r(l— m)r(l+m) 



— Trn 



w — n smTTw 



f^ r(l-m)r(l+m) . ) u )CTi 
|1 — ^ ^ ^smTrnJ, by §71, 



U/i^-n") 



smirn 



{cos {\m—n) IT sin 7r(n+m) - cos \ (mir) sin mm] 



irm , - ^ 

+ — i 5COsi(m7r). 

m -~n * ^ '^ 



We thus have the given result. 

§ 77. Various particular cases of the preceding formula 
are of interest. 
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When w = we seo that we have^ for general complex 
values of w, 

<2« + l)/,>P,<;r)t3.(*)<f*-(2M-l)/.'P^,(;.)(?,..(ar)^ 

= (cos7rw)/w, 
a somewhat elegant result. 

When n is an integer this reduces to a formula of 
Hargreaves.* 

In the particular case, when w = « = 0, we have, by § 75, 

the contour including solely the positive sequence of poles of 
the subject of integration. 

By Cauchy's theorem the integral is equal to 

^ « 1 _ « f 1 L_l_l_l 1_^ 

^^^(e+l)(2<+l)""t=0 r^«+l 2^ + 2j"i 2"*"3 i"*""* 

We therefore have, if n be a positive integer, 

d 
where !/> («) = j- log F («). 

This is, apart from an obvious error, Hargreaves' result 
(foe. cit.^ p, 120;. 

§ 78. It is evident that the theory discussed in the 
preceding paragraphs might be almost indefinitely extended. 
The methods used perhaps indicate sufficiently the procedure 
by which further results may be developed. The generalisa- 
tions which have been given include, as particular cases, 
practically all of the results which have been previously 
obtained in the restricted part of the theory to which we 
have limited our consideration in the present Part of this 
paper. 

* Hwrgreaves, loc. cit. (11), p. 119. 
(To be continued.) 
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A CLASS OF GHOUPS IN AN ARBITRARY REALM 

CONNECTED WITH THE CONFIGURATION OF 

THE 27 LINES ON A CUBIC SURFACE. 

[Second Paper.] 
By Professor L. E. Dickson. 

1. TN the former paper with the same title, Quarterly 
■*■ Journal, Vol. XXXIII. (1901), pp. 145-173, the 

writer considered the linear homogeneous group G (F)j 
in a general field F, leaving invariant a cubic form in 
27 variables with 45 terms : 

1,...,6 

(1) 0- 2 ^^/^+S^..«./^ (^(; = -«>i), 

hJ (15) 

the second sum comprising the 15 terms of the PfaflSan 
[123456]. The form C defines the configuration of the 
45 triangles formed by the 27 straight lines on a general 
cubic surface. When F is the field of all real and complex 
numbers, 0(F) is the continuous group of 78 parameters 
forming one of Killing's five simple groups not occurring in 
Lie's four infinite systems of simple groups. 

The present addition gives a decided simplification in 
certain of the proofs and in the formulae for the inverse of 
the general transformation of the group. The correction of 
a minor error leads to a revised formula for the order of the 

roup. At the outset is discussed the solution of a system of 

Tafiian equations. 

2. We employ the ( ] variables 

The Pfaffian of lowest order is 

The equation [tjkr] = is unaltered by any permutation 
of i, J, A, L 



Theorem. 1/ f^j^^ 0, ^^^ ( . ) distinct equat 
(2) [yl7] = (/,y,/r, ?=!,...,?«) 



tons 
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can he derived from the ( J equations involving f^: 

(3) [aljk] = (j\ i = 1, ..., m ; j^ k distinct from a, J). 

Let r, 5, t be any distinct subscripts no one of which is a 
or h. From the expansion of \aahrst\^0^ we get 

C [airs'] - ^^ [ahri] + f^ [aJ*^] = f^ [ar^]. 

Hence, from (2), [arstl = 0, Similarly, [brst] = 0. 
Let r, 5, ^, u be any distinct subscripts no one of which is a 
or h. Expanding the equal Pfaffians 

[ahrstul^ [tuabrslj 

we find that {"^[r^^w] is a linear function of Pfaffians [5«^m]i 
[aJr^], etc., each involving a or i, and hence is zero. Hence 
[r^^u] ^ 0, and the theorem follows. 

A similar proof leads to the more general theorem : 

For f^jT^O and fA even^ the equations 

(4) [v,...«m] = (i„ ..., iV = 1, ..., m) 
can be derived from [a^,-«-^'^_,] = 0. 

3. Theorem. In the Oalois field of order p", the number 
of sets of solutions not all zero of the Pfaffian equations (2) is 

(5) iV'^ = (;?""*-l)(jt>'»<'"-'>-l)^ (/"-rl). 

If TT^ denotes the number of sets of solutions with f^j, ..., 
(L« 1 not all zero, we have the recursion formula 

(6) K = N^, + ^^ On>4:). 

For any given value ^fc of f^^.^, equations (3) with a = tw, 
^ssm—l uniquely determine the ^jtO = ^n — 2, A;Sw — 2) in 
terms of ^ and ?«_,<(! = 1, ...,»i — 2). Hence there are 
(;?*- 1);?"<''*"'^ sets of solutions with ^^^..^^O. 

^or Cm-i = 0) and any given value ^fcO of ?„^_„ we may 
take 5'^^(e<m — 2) and S„_a,.(e<w, 2^w — 2) arbitrary, and 
uniquely determine the remaining 5''s by (3). Hence there are 

(^._l)^.,.«-., get3 ^ith j;_^^ ^^0^ ?_.,#0. 

The argument may be continued. Finally, there are 
(i^"-l)i^"^""'^ sets with ?«, = 0(e = .n-l, ...,2), f^.^^O, 
since the fij(l <e <w) may then be taken arbitrarily. 
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Hence, for »i > 4, we have 

In view of (6), formula (5) now follows by simple induction 
from w — 1 to m, it being true for m = 4. 

4. The discussion on pp. 160—165 may be replaced by the 
following simpler treatment based on the normalization of the 
linear functions. 

The functions (17) satisfying (18) are of three types: 
First, let f„ ..., ?« be not all zero. A suitable product of 

6 

the transformations A^ (i > 1 , ^ > 1) will replace 2 ^^^ by a:,, 

i=2 

and hence replace function (17) by 

'^lyi + fi^i + ^. + SS^^v (*>y=2, ..., 6; t</). 
Conditions (18) thus reduce to 

^. = [3456]c, 5;,= (1 = 3,4,5,6), 

Now f, and 5^.(«,y=3, ..., 6) remain arbitrary. Since 
f«i •••) ?e ^^^^^ ^^y values not all zero in the OFlp*']^ the 
number of sets is 

Next, let f^=...=3f^ = 0, and let the f*s be not all zero. 
Then conditions (18) reduce to [ijkl] =0 (i,j, ky Z=2, ..., 6). 
By § 3 above, the number of sets of solutions ^ not all zero, is 

Since 17, and g^ are arbitrary, the number of sets is ji/'^N^. 

Finally, let f .= f„=:0 (2,j = 2, ..., 6). Then conditions (18) 
are satistied, and (17) becomes ^ = '/jy, 4 S,^^. Under S, 
a:/ = a;,, a;/ = ^. Hence 17, #0. The number of sets is 

Hence the total number of functions (17) satisfying (18) is 

p^n (y« . 1) +y«jv; +/>• (p- - 1) =;>" (p^^ - 1) (i^*- + 1). 

5. The complicated proof of the theorem on page 162 may 
be replaced by the following simple one. There are three 
cases: 

First, let g„ ..., 5, be not all zero. Then there exists 
a product of the ^I's which replaces 2^.a:. by x^, each y by 
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a function of the ^'s, each » by a function of the «'s. But 
there are y* functions (16) with S, = 1, ^^ = (i > 1), by top 
of p. 152. Hence, for the present case, there are /?""(jt?*"— 1) 
sets. 

Next, let ^. = (2 = 1, . . . , 6), and let the ly's be not all zero. 
Then the product M8 replaces a^j by 

As in the first case, the number of sets is (jt?** + 1) N^ 
where N is the number of functions a?, + 2f^j»^.. For the latter, 

f, = l, ^,=-=^ = 0, i;,= = 1, ...,6). 

Hence conditions (12) and (13) reduce to 

?ii= ^) [^?wiw]t = (i, 7, m, w = 2, ..., 6). 

Thus (§ 3) iV=iV;+ 1, the case ?=0 being included. 
Finally, let ^.=i7^. = (t = 1, ..., 6). The number of sets 

isjv;(§3). 

The total number of sets is therefore (jo**— 1) (^•"+ jt?*'*+ 1). 

6. It is stated on p. 154 that Lemmas IV. and V. may be 
proved by a method similar to that employed for Lemma III. 
However, this is not the case with Lemma V. In fact, suppose 
that fse^O, so that ^^ = ^^ = 0. Applying a product of the 
generators 0, we may take ^^ = (z = l, ..., 4), and obtain 
a transformation 8^^ leaving fixed a;,, a;,, x^^ ar^, and replacing 
x^ by S'gg^gg. By the argument in the text, 8^ replaces x^ by 

t=i 

Now A^^ leaves fixed a?„ ..., ar^, z^ and replaces x^ by 
a?g + x^. ELence 8^A^^ replaces x^ by 

The corresponding conditions 

combined with the earlier ones, give ^^'=^^'=0. Then 1 5, | = 0, 
Hence must 5'55=0. Lemma V. should therefore read: 
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If a transformation of G (F) leaves fixed a?j, a?,, jr,, and x^y 

6 

it replaces x^ l>y 2 f,.y^. Inversely ^ there exists in 0(F) such 

a trans formation for f,, ..., f^ arbitrary^ f^ awrf f^ wo< Jo^A «er(?. 
When -F is the OF\_p''\ the number of functions 2f^^ is 
/?**(/>*"— 1). This factor must therefore replace the factor 
y (j^* - 1) {p^ + 2), bottom of p. 1 58. The correct formula* 
for the order of the group O in the GF[_p'*'] is 
p^n ^pi^ _ 1) (^9« _ 1 J (y» _ g (^6. « 1) (^•^ - 1) (y» « 1). 

The minimum order, given by /?"si=*2, is 
2*.3*.5*.7M3.17.31.73. 

7. The inverse of the general linear transformation 8 
leaving the cubic form (1) invariant may be found by the 
followmg direct method. Let C denote the form (1) written 
in the transformed variables x\ y\ z. Let 8 be given the 
notation on p. 167. Since G= G' under 8^ we have 

(7) \=Z£_=Z^ 

In the final term (7) the coeflScIent of ar/ is 

summed forj = 1, ..., 6 ; Ji^i. The coeflScient of y/ is 

Hence the coefficients (say Z,/ and M^^) of x! and y/ in ^i 
are given by the final sums (8) and (9), respectively. Either 
sum must have the same value for A;= 1, ..., 6 ; h^l. 

The results on p, 169 may therefore be simplified. The 
partial sums for each value of t are all equal. 



* In all the known systems of simple groups, the order is a product of literal 
factors p'', p'' ± I. The suspicious factor /»" + 2 led to the present revision. 
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TRANSITIVE GROUPS OF DEGREE p = 2q^\, 
f AND £ BEING PRIME NUMBERS. 



By G. A. Miller. 



THE groups of tbia degree were considered by various 
authors, especially by Mathieu and by de Seguier.* 
Since they furnish the simplest examples of constructing 
all the possible transitive groups of a fairly large degree, 
it seems especially desirable to exhibit the simplest possible 
general method of finding all such groups when the degree 
is given. While the method which we shall give is partly 
tentative, yet it involves less than half the number of trials 
used in the latter of the articles mentioned above. Moreover, 
we shall complete the enumeration of such groups to degree 
107 by determining all the possible transitive groups of degree 
83. We shall also be able to give some important new facts 
about the known groups of these degrees. Among these are 
the following: — The four-fold transitive group of degree 23 is 
perfect as well as simple, and by means of this result it is easy 
to prove that the five-fold transitive group of degree 24 is also 
perfect, while the five-fold transitive group of degree 12 has 
a group of twice its own order for its group of isomorphisms. 
It has been proved by means of the most elementary con- 
siderations that the subgroups of order y in any transitive 
group of degree /> generate a simple group, and that each 
of these subgroups is transformed into itself by at least 2p 
aubstitutions of the group unless the group is cyclic. More- 
over, the metacyclic group of degree 'p contains just as many 
transitive subgroups as there are different divisors of p— 1. 
'In the groups under consideration the metacyclic groups 
involve four transitive groups of degree /?>5 (one of each 
of the orders j)^ 2p^ qp^ and ^gp) and this is the smallest 
possible number of such groups of any prime degree greater 



• Mathieu, Liouville, Vol. xviil. (1873), p. 25: de Segnier, ibid, Vol. TlU. 
(19021, p. 280. V /»r , 6 I > 
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than 5. If we add the alternating and the symmetric group 
we have the theorem that there ai*e at least 6 transitive groups 
of every prime degree greater than 5, and if there are only 
6 transitive groups of such a degree it must be of the form 
2j+l, It was first proved by Jordan that there are only 
6 transitive groups of each of the degrees 47 and 59. If 
a transitive group of any prime degree contains only one 
regular subgroup it is contained in the metacyclic group, 
and heuce we need to consider only those groups of degree p 
which involve more than one subgroup of order p but do not 
involve the alternating group of degree p. In what follows 
such a group will be represented by <?• Its order evidently 
exceeds p(p + 1). 

If G involved negative substitutions its positive substitu- 
tions would constitute a subgroup of half its order. Hence 
we shall assume that O is positive unless the contrary is stated. 
It will be found that O is necessarily positive for all possible 
values of j>< 107 which are of the given form. As the sub- 
stitutions of order 2 in the metacyclic group of degree p are 
negative, it follows that a subgroup of order p is transformed 
into itself by exactly qp substitutions of (?. Moreover, the 
subgroup ((/,) of degree 2j which is composed of all the 
substitutions of Gy omitting a given letter, cannot involve any 
cycle of order j*, and hence all its subgroups of order j are 
conjugate as the order of G^ cannot be divisible of q*. 

We shall now prove that each subgroup of order q in G^ 
is transformed into itself by more than its own substitutions. 
If this were not the case G^ would transform its subgroups of 
order q according to a -transitive group whose degree (n) 
would De equal to the number of these subgroups and whose 
class would be n — 1, Hence all its substitutions, except 
those of order q, would constitute a regular invariant sub- 
group of order ft. This is a special case of the theorem : 1/ 
any group involves a subgroup of prime order q which is trans-- 
formed into itself only by its own substitutions all its substitutions 
whose orders are not divisible by q constitute an invariant sub^ 
group of index j.f From this theorem it follows directly that 
a non^cyclio group of degree 2q which involves a cyclic subgroup 
of order q which is transformed into itself only by its own sub^ 
stitutions is transitive and involves an invariant abelian subgroup 
of order 2" and of type (1, 1, 1, ...). 



♦ BuU«tin of the American Mathemaiieal Sociei^^ Vol. iv, (1S98), p. 141. 
t Cf. Fi-obvuios, Berlinei* iSUtunsfeberickief lUOl, p. 1220. 

P2 
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It should be observed that tli« last thewem at«ited above 
isi not essential for our present purpose but is given for its own 
sake. If a subgroup of order q and degree 2^ would be • 
Transformed into itself by only its own substitttlions under 
O^ it woiild also be transformed i»t« itself by ^\\\y q Rub- 
Btitutions of Q, This is impossible as Q cannot involve an 
invariant subgroup of index q, since in such a subgroup the 
cyclic subgroups of order p would be transformed itko them- 
selves by only p substitutions. As each subgroup of order q 
is transformed into itself by more than q substitutions of Q^y 
and as <?, involves only positive substitutions, it follows that 
these substitutions do not interchange the systems of intransi- 
tivity of the subgroup of order q, and that they may be found 
by establishing a simple isomorphism between a transitive 
subgroup of the metacyclic group and itself, written in 
a. distinct set of letters. Since the group of isomorphisms 
of each of th^se non-cyclic subgroups is of order q(q—l) this 
isomorphism can he established in exactly q different ways when 
both the subgroup of order q and the number of substitutions 
are given. 

' We are now In position to state the general n)ethod of 
finding all the possible transitive grou^ps of degree ^ = 2^ + 1. 
If any group exists in addition to the six which are well 
known it may be found as follows: — Select a cyclic substitu- 
tion (*,) of degree p arbitrarily, write its fourth power under 
it, and thus find a substitution (Ij of order q which satisfies the 
equation V^'i^^V* Then fied by inspection the negative 
stibstitution which transforms t^ into t^^ and involves all the 
letters which are in #,. Find the printe divisors of ^ — 1 and 
represent them by d^^ J,, ..., dj^. Determine the substitution 
fj' which transforms each of the two cycles of «, into a power 
belonging to exponent da[aL==^\^ 2, ,.., \) and omits a trans- 
position of t^. Since t^ is commutative with I, it is also 
commutative with t^, Fmally, find the i (j - 1) conjugates of 
t^ under the first i(^ — 1) powers of one of the cycles of t^. 
These conjugates and t^ are the i ($4- 1) substitutions which 
are to be used for t^ in connection with the factor da* The 
group generated by t^ and ^ is simple and of composite order. 
If it is not the alternating group of degree p it is one of the 
(?'s in question. 

If *p t^ generate the alternating group the fact will generally .. 
become evident from the form of the product */,, since the 
class of O must exceed nj^^A^ as it is multiply transitive.*' 

*\ -^^ 

♦ Bochert, Mathmatisehe AnnuUnf Vol. XL, (1892), p. 179. 
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For small' Taliws of p other theorems relating to primitive 
groups may beiased to prove that *,, t^ generate the alternating 
group in eafie they have thi» property, and in ail cases it will 
appear from a few trial prodttcts whenever ^^ t^ generate the 
alternating group of degree p. The group generated by f„ ^j, 
includes ^,, and' when it m not the alternating group it cannot 
be invariant under a larger group of degree p except when t, 
is commutative with t^ since such a group cannot involve 
a cycle of order q. When f, and t^ are commutative O is 
invariant under one and only one larger group of degree ^. 
The order of this group is twice that of &, When & w 
contained non-invariantly in a larger group the order of this 
group must be at least p^-l times that of G^ since it could not 
contain less than ;^ 4 1 eonjugates of 0-. 

To illustrate the simplicity of this method we shall re- 
determine the possible transitive groups of degrees 6, 7, aud 
11, giving all the details. When ^ = 5, ; = 2, and since ;- 1 
has no prime divisor, there is no O of degree 5. That is, 
there is no transitive group of degree 5 which involves more 
than one subgroup of order 5 but does not involve ail the 
positive substitutions of this degree. When 2> = 7, 2 = 3 and 
j^ — 1 has one prime divisor, viz. 2. If we let 

t^^ahcdefg^ t^^htc.dfg^ t^-bg.cf.de^ tl^ce.dj 

it is evident that we may select 

et.df and ce.dg 

as the i:(?+ l} = 2 substitutions which may be used iox \. 

It is easy to see that t^ and oe.df generate the alternating 
group of degree 7. In fact, the group generated by these two 
substitutions is transformed into itself by <„, and f„ ^^ ce:df 
generate the symmetric group since their continued product is 
ab.cge. Hence we have proved that every transitive group of 
degree 7, which contains more than one subgroup of order 7, 
includes the group generated by f,, ce.dg. As this grotip 
contains at least 8 subgroups of order 7, and involves f„ its 
order cannot be less than 168. Since the abelian group of 
order 8 and of type (I, 1, 1) has a transitive group of order 
168 and of degree 7 for its group of isomorphisms, we have 
proved that there is one and only one G of order 168 and of 
degree 7. 

If there were another O it would involve this simple group 
of order 168 non-invariantly, sintre ee.dg is BOt commutative 
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with t^. Hence its order would be at least 8 . 168 and tlie order 
of its O^ would be at least 192. As (?, would be positive it 
would be the alternating group. That is, there is only one 
O of degree 7. It may be observed that this determination of 
the transitive groups of degree 7 does not involve any property 
of the substitution groups of degree 6 except that the order of 
the alternating group is 360, and hence cannot contain a sub- 
group whose order is as large as 192. By employing the 
substitutions groups of degree 6 it is easy to find all the 
transitive groups of degree 7 without the use of any trial. 
In the above method there is only one trial involved, viz. 
finding the product of tjt^t^. To appreciate the simplicity 
of this method it may be compared with the one employed by 
Burnside on p. 206 of his Theory of Groups, The method 
has much in common with the one employed by de Seguier on 
p. 282 of the article cited above. 

Transitive groups of degrees 1 1 and 23. 

liCt 

t^^dbcdefghijk^ t^^^lefjd.cikhg^ f^=^bk.cj,di.eh,fgj 

t^^de.fj.cg.hi. 

The three substitutions which may be used for t^ are 
evidently 

d€»fj,cg.hi^ de,fj,ci,gk^ de.fj.ch.ik. 

From the product t^tJt^=ok.hfj.che.dig it follows that 
e„ t^ generate the alternating group of degree 11 and hence 
there is no O of degree 11 tohich is invariant under a larger 
group of this degree. This statement follows from the general 
theory. It may also be seen directly, since such a group 
would involve two substitutions of the forms defj.ci.gk^ 
de.fj.ck.gh^ as it would be invariant under t^. Hence it 
would involve a cycle of order q. From the product 

t^ . de .fj. ch . ik = abhk . cejifg 

it follows that every G of degi'ee 11 contains f,, f,, ^„ where 
€^^de,fj,ci.gk^ as the class of such a group exceeds 4. 

Since the group generated by ^,, «,, t^ involves at least 12 
subgroups of order 1 1 its order cannot be less than 660. It is 



Digitized by 



Google 



degree^ ^lq-^1, p and q being prime numbers. ^ 2l5 

known that the simple group of order 660 involves subgroups 
of order 60, and hence it can be represented as a transitive 
group of degree 1 U Hence w« have proved that «„ <f„ t^ 
generatei the simple group of order 660, and every other 
group of degree 11, which involves more than one subgroup 
of order 11, involves this simple grotfp non-invariantlyV 
and has for its order a number which eannot be less than 
12.660 = 7^20. Moreover, it is known that the five-fold 
transitive group of degree 12 contains a subgroup of order 
7920 and of degree 11, It is therefore only necessary to 
prove that there cannot be more than one such group. Thiar 
follows directly from the fact that its ma^timal subgroup of 
degree 10 is of order 7*20, and hence it is a subgroup of the 
group of isomorphisms of the alternating ga*onp of degree 6*. 
As this group of isomorphisms contains 40 substitutions which 
transform one of its subgroups of order 5 into itself the give» 
group of order 720 involves 20 such substitutions. Thisr 
includes all the possible positiv'e sufbstit«ftions in tea letters 
which do not generate substitutions whose class is less than 6. 
Henee the group of order 79^20 is completely determined by 
its subgroup of order 660 and the 20" substitutions which 
transform one of its subgroups of order 5 into itself, and there 
is one and only one transitive groitp of dec^ree 11 ofnd of order 
7^20, 

If there were another Q o( degree 11 it would involve 
more than 12 subgroups of order 660, and hence it would 
contain at least 24 such subgroupsf . Its maximal subgroup 
of degree 10 would therefore be at least of order 1440, and 
hence its class could not exceed 4, since it would be positive. 
This completes the proof of the known theorem : there are two 
and only two transitive groups of degree 1 1 which contain more' 
than one subgroup of order 11 but da not contain all the positive 
substitutions of this degree. It has recently been proved that? 
this simple group of order 79^20 is also perfect, but the simple* 
group of order 660 has a group of twice its order for its groups 
of isomorphisms.J This determination of all transitive groups 
of degree 11, which do not come directly under well known* 
theorems, is given mainly with a view to illustrate t=lie general 
method, but it is so much briefer than the others which have* 
been published that it would appear to be of interest iir 
itself. 

* Quarterly Journal of Mathematics^ Vol. XXXI. (1899), p. 228 ; Ibid., Vol" 
XXVII. (1894), p. 44. 

t Bullettin of the Americfin Mathematical Society^ Vol. iv. (1898), p. Ui. 
X MeMtngei' 6J' AJathtmatics, Vol. XXXVII. (1907), p. 5^. 
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The writer has used the same method to verify the state- 
ment of Jordan and de Seguier that there is only one O of 
degree 23, and that no G exists when p is either 47 or 59. 
The work of determining all the transitive groups of such 
a prime degree ^<83 lias therefore been done by at least 
two writers. Although the number of transitive groups of 
degree n generally increases very rapidly with «, yet, when 
n is a prime of the given form, these investigations exhibit 
a decrease rather than an increase. The O of degree 23 is 
the four-fold transitive group of degree 11 which is a maximal 
mibgroup of the five-fold transitive group of degree 12. Its 
order must therefore be 48.20.21.22.23. If it were not 
a perfect group it would contain an intransitive subgroup 
of degree 23 and of order 48.20.2] .22. This is impossible, 
since the alternating group is the only positive group of degree 
II whose order is divisible by 7, and hence the four-fold 
transitive group of degree 23 is perfect as well as the one of 
degree 11. That the five-fold transitive group of degree 24 is 
also perfect follows from the facts that it cannot be invariant 
under a larger group of this degree, and it cannot involve 
a subgroup of degree 24 and of order 48 . '20 . 2 1 . 22 . 23. 



Transitive groups of degree 83. 

When /? = 83, ^ = 41 and the prime factors of y- 1 are 
2 and 5. There are therefore j + l=42 substitutions which 
may be used for <,. These substitutions may readily be* 
written down after t^ and t^ have been selected. They are 
80 long and the theory is so simple that it does not appear 
desirable to reproduce them. It seems only necessary to 
state that in all cases e, and t^ were found to generate the 
alternating group, and hence there are only six transitive 
groups of degree 83. In addition to the alternating and the 
symmetric group they are composed of the metacyclic group 
and its transitive subgroups. The orders of these four groups 
are 83, 166, 3403, and 6806 respectively. 



University of Illinois, 
September^ 1907. 
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ON THE CONSTRUCTION OP A POINTWISE 
DISCONTINUOUS FUNCTION ALL OF WHOSE 
CONTINUITIES AEE INFINITIES AND WHICH 

HAS A FINITE GENEEALISED INTEGRAL. 



§1. J 



By W. H. YoTTHO, Sc.D., F.Il.8. 

HE functioa 

/(a!) = S^,(a;-aJJ (1) 



and functions of the same type with different indices, where 
the a's are a countable set dense everywhere in the interval 
considered and the coefficients A^ are conveniently chosen, have 
from time to time been used to illustrate various points.* 
Pompeju has recently shown that it has a positive differential 
coefficient everywhere given by the series 

/'(^)=:si^ W. 

obtained by term-by-term differentiation of (1). The points 
at which this differential coefficient is infinite (+00 ) includes, 
therefore, the points a^ and are dense everywhere; for the 
rest they form an inner limiting set of content zero. 

It is of interest to note, what has, I believe, not been 
pointed out, that this latter function y (oj) is a lower semi- 
continuous function whose lower integral is the original 
function f{x). It is, in fact, the limit of the monotone 
increasing sequence of functions, continuous in the extended 
sense, and each integrable, constituted by the partial 
summations.! 

As the function f^(x) is lower semi-continuous, all its 
infinities are continuities, and since these are dense everywhere, 
there are, of course, no others. Thus this is an example 
of a positive function which is both infinite and continuous 



* G. Cantor, Mai\, Ann., Vol. xix. (1 882), p. 691. Scbeefer, Adta Math, Vol. t. 
(1884). Borel, Ucons tur la theorie des fonctions (1898), p. 67. W. H. Young, 
Mes^. of Math., Vol. zzzvii., pp. 6S, 64. Pompeja, Math, Ann. Vol. LZiii. 
(1907). p. 32e. 

t W. H. Younft Proceedinfft of the Cambi^idge Philosophical Society, 1908. 
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at each point of an everywhere dense set, and yet has a finite 
integral in the generalised, or Lebesgue, sense. 

Before I was acquainted with the paper of Pompeju quoted, 
I had already built up a function with these properties, and 
I give this function here. Though certainly not so elegant 
as the one above given, it has the practical advantage that its 
value at any assigned point can be assigned with any required 
degree of accuracy, whereas in the former function we cannot 
even say whether a point assigned at random is one at which 
the series converges or not, much less compute the value of 
the sum of the series. It should he noticed that the function 
given below is the differential coefficient of its lower integral 
at all the points of the inner limiting set dense everywhere at 
which it is infinite, so that the integral function, like that used 
by Pompeju, has the property of being monotone and having 
a vertical inflexional tangent in every interval. 

§ 2. We have, first of all, to construct an inner limitmg 
set dense everywhere and of content sero. Such a set arises, 
theoretically, for example, when, as Borel did, we enclose 
each rational point pjq in an interval of length 26/w^*, where 
n is an integer, and so get a set of intervals D^^ which, for all 
values of n, have as common internal points such a set as is 
here contemplated*. 

Practically it is more convenient to construct the comple- 
mentary set, which is, of course, a set of the first category of 
content equal to that of the whole continuum considered. This 
we proceed to do. 

Let (y be a set of the first category in the segment (0, 1) 
of content unity. This may be constructed as follows: — 

Let O^ be the perfect set nowhere dense whose black 
intervals are got by dividing the interval (0, 1) into three 
parts, blackening the middle part, dividing each white segment 
into 3* parts and blackening the middle part, dividing each 
remaining white segment into 3' parts, and so on. The 
content I^ of O^ then lies between 

(l-i) and(l-J).t 

O^ consists of (?, and the set got by performing a similar 
division and blackening of intervals in each of the black 

* Borel, Leqona aur la theorie def functions (1898), p 44. Young, Theory of 
Sets of Points, Cambridge University Press (1906), Ex. 9, p. 68. 

t Young, Theory of Sets of Points, Ex. I, pp. 78, 79, where the teniarjr 
numbers corresponding to the points of the perfect set (?, are given. Similarly the 
Dumbeis corresponding t^ the points of Gn may be characterised with the base 2ii+\.. 
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intervals of (?,, taking 5 instead of 3 as basis of division. 
The content of the set inserted in a black interval of length /, 
18 then ///, where // lies between (1 — :J) and (I -J). 

At the next stage we take 7, then 9, and so on, as basis of 
d'vision, and construct the succeeding perfect sets on the same 
principle as before. It is then clear that the content I^ of the 
perfect set O^ is equal to 

^here (i _ ^J < /;< (i - _L-) . 

These perfect sets being each dense nowhere, the outer 
limiting set (? is a set of the tii*st category, and is of content 

Lt/,= 1. 

n=:<x> 

§3. Taking this set G, let y,, fy ••' be a monotone 
descending sequence of upper semi-continuous functions 
defined as follows: — 

/„ and all subsequentjT 's, is to be 1 at all the points of (7, ; 

/,, and all subsequent/^'s, is to be J at all the points of G^—O^ ; 

/„ and all subsequentyjs, is to be J at all the points of (?,—(?,; 

and so on : in the black intervals of O^^/^ Is to be 1 /n + 1 for 
each value of n. 

The limiting function, which is of course upper semi- 
continuous, is then 1/n at each point of O^^G^_^^ and zero 
at all the points of the set complementary to the set O of the 
first category. 

This complementary set is, of course, of the second category, 
and, therefore, also everywhere dense in the segment (0, 1 ).' 

Denoting by F the function which has at every point of 
the segment (0, 1) the value inverse to that of the limiting 
function, we see that F has the following properties. It is 
infinite and continuous in the extended sense at an everywhere 
dense set of points, whose content is zero, and is discontinuous 
and finite at every other point of the segment. It is, moreover, 
a lower semi-continuous function, and is the limiting function 
of the finite lower semi-continuous functions F^^\jJ\. 
Both the lower and tbe upper integral of this function are 
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infinite, but it is not difficult so to modify our construction as 
to get a function of the same type whose lower integral is 
finite. 

§ 4. Instead of taking the integers 3, 5, 7, ... 2n 4 1, ... as 
bases of the successive divisions in forming the sets O^^ O^ ...| 
let us take 

9,25,49,.,. (2m + 1)*,,,,, 

We then have 
where 

Here 

''^^^l{2n+iy "*" (2M+1)* ■*"-J>^~(2«+ ly-i^^'i^i^ » 

In the construction of the successive functions f^ we use 
now instead of n the value n^. 

In calculating the lower integral of F^ 1 /y, so con- 
structed, we use the theorem that the lower integral of the 
limit ot monotone ascending sequence of bounded lower 
semi-continuous functions is the limit of their lower integrals. 
Now it is easily seen that all these lower integrals, which are, 
of course, positive and finite, form a converging sequence of 
the same type as the successive sums ^^ «,, ... of the series 
whose general term is n-l. 

In fact, in the case of bounded lower semi-continuous 
function, the lower integral coincides with the generalised 
integral.* Hence 

£i?:(a,)^« = 7..H-(J.-/.)2»+(7.-i.)3»+... 



♦ ''General Theory of Integration," rhil. Ti-ans.f A. 204, 1906, p. 241. 
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Proceeding to the limit we find that the lower integral 
l^F{x)dx is less than the sum of a convergent series, which 
proves that the lower integral is finite. It is obvious that tlie 
upper integral is infinite; in fact, the associated upper limiting 
function oi F is infinite everywhere. 

§5. To appreciate the bearing of this example on the 
theory, it should be borne in mind that the function con- 
structed is lower semi-continuous, and that, therefore, its 
lower integral coincides with its generalised integral. Thus 
we have proved the existence of a class of pointwise dis- 
continuous functions infinite in every interval and possessing 
none the less a finite generalised integral. It may be added 
that the example constructed is typical of all such pointwise 
discontinuous functions. In fact, the generalised integral 
of a positive function has necessarily the value + oo if the 
points at which it is infinite form a set of positive content ; it 
IS therefore a priori necessary for a function to belong to the 
class in question that the points at which it is infinite form 
a set of content zero. This condition, though necessary, is, of 
course, not sufficient, as we have seen. 

It is scarcely necessary to point out that there is no 
difficulty in forming totally discontinuous functions unbounded 
in every interval with a finite lower integral, e,g. take the 
function which is oo at all the irrational points and at all 
the rational points ; its associated lower limiting function is 
everywhere, and its lower integral is also zero: its gener- 
alised integral is, however, infinite. 

It is remarkable that a pointwise discontinuous function, 
infinite in every interval, and therefore continuous only at 
points where it is infinite, should have a finite generalised 
integral. The infinities which are continuities, reproduce 
themselves as infinities of the associated lower limiting 
function ; this is therefore just such a lower semi-continuous 
function as we have constructed. 



Gottingen. 
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THE DEFINITION OF AN INFINITE INTEGEAL AS 
THE LIMIT OF A FINITE OE INFINITE SEEIES. 

By T. J. Fa Bromwich and G. H. Hardy, 

1. A FINITE integral is an integral of a limited fanc- 
-^ tion over a finite range, and is defined in the 

ordinary manner as the limit of a finite sum 

r=l 

All other integrals are included in the class of infinite 
integrals. Among the infinite integrals which occur in the 
ordinary applications of the integral calculns we may dis- 
tinguish two fundamental types. 

In an infinite integral of the first type the range of integra- 
tion 18 finite: we may suppose it to be (0, 1). And the 
subject of integration is continuous except at one end (say 0) 
of this interval, while as x tends to 0, the subject of integration 
tends to GO or —oo , or oscillates infinitely : as in 

-7-, [oQixdx. -sinf-W^. 
JoV^ Jo Jo«^ V^/ 

In an infinite integral of the second type the range is infinite, 
and the subject of integration is continuous throughout any 
-? finite interval included in the range. Thus we may take as 

' examples 

e ax. ' 5, ^\\\x dx. 

Jo ' JoH-oj" Jo 

2. An integral of either of these types is defined as 
a repeated tun it. Thus the typical integrals 



are defined as 



J/(aj)rfaj, J^/(i»)di» 



lim I f(x)dx^ lim | f(x)dx^ 
that isj as th& limits of a simple limit. 
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It is common, of course, to meet with integrals which do 
not strictly belong to either of these types. But as a rule 
such integrals may be reduced to the sum of a finite number 
of integrals of one or other type. Thus 



i: 



(0<a<l) 



may be expressed in the form 

p x^'-^dx r x^'-'dx 

Jo l-fic Jo l+aJ ' 

that is, as the sum of an integral of the first and an integral 
of the second type. 

Occasionally we meet with an integral of a genuinely 
more complicated type, such as 



I 



log cos" a? , 

-— ^ax, 

i+a?* 



This is defined as a triple (repeated) limit. For it is 

,. f"^loercos*aj ^ 
hm -f ,-c&, 

and the integral from to -X is itself the sum of a finite 
number (increasing indefinitely with X) of infinite integrals 
of the first type. 

But integrals even of this degree of complexity are of 
comparatively rare occurrence in ordinary work, and in what 
follows we shall confine ourselves exclusively to integrals af 
the two standard types. 

ITie first type. 

3, We shall now consider the standard integrals of the 
first type, 

(1) (f(x)cl^, 

and the first question which we shall consider is whether it is 
possible^ under reasonably general conditions^ to replace the 
ordinary definition by means of a double [repeated) limit bjf 
a definition by means of a single limit. 
Let us consider first the special integral 



(2) \ogxdx. 
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l(/{x) were limited, the simplest definition of (1) would 
be as 

(3) lim(l/n)S/(»,), 

where x^ is any point in the interval [(r— 1)/«, r/w]. It is 
evident that this definition would fail in the case of the 
integral (2), since, for any given value of ti, a;, could be 
chosen so that [}/n)f(x^ was greater than any assigned 
number. 

It is, however, natural to suppose that the definition may 
apply if we adopt some restrictive hypothesis as to where, in 
tne interval [(r — l)/n, r/n\^ x^ is to be chosen : and the raosi 
obvious choice is x^^ r/n. Our definition would then be as 

(4) lim(l/«)S/(r/n). 

It is easy to verify that, in the case of /(ic) = log:c, this 
expression does converge to a limit equal to the value of the 
integral as ordinarily defined. For 

u 

lim (1/w) S log(r/«) = lim (l/«) (log w ! — n logn) = — 1, 

1 

and it is easy to see, by integration by part», that 
logxi»s=-l. 



1 



4. The most ordinary case is that in which /(a;) is positive 
and tends steadily to cc as x tends to zero. It is easy to prove 
that if this condition is satisfied, 

lim (1 /n) ^f(r/n) = f/(x) dx 

whenever the latter integral is convergent* j while in the 
contrary case 

(l/n)^/ir/n)->cc. 
1 

For it is evident that 



(5) f' /C^) 



')dx 

Xjn- 



* This result is included in a theoiem given by de la Yall^-PousBiny Coun 
^Analyu, t. II. (1906), p. 7i». 
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lies between the two sums 

((!/") [/(l/«) +/(2/«) +...+/|(n - 1)/«1], 

whose difference is 

(l/n){/(l/«)-/0)}. 

But it 18 a well known result (due to Pringsheim) that if 
/(x) steadily increases as x decreases, and Jq/(x) dx is con- 
vergent, then limx/(a5) = 0. Hence 

a->0 

lim(l/«){/(l/«)-/(l)} = 0. 

Hence the two sums (6) tend to the same limit as does the 
integral (5) : and from this our conclusion follows. 
On the other hand, 

(i/«){/(i/«)+/(2/».)+...+/(i)}>r/(x)cfx. 

and 80, if J,*/(x) dx is divergent, 

(l/n)S/(rAO->oo.- 

I 

We may notice that, since 

'] /{x)dx^\\m{l/„)^/[{llm) + {r/n){l^{l/m)]l 
the original definition of the integral yields 



J: 



/.■/(x)<fo= Hm lim (l/«)S/[(l/m) + (r/n)ll-(l/m)}]. 
If we invert the order of these two limits, we obtain 
lira (lAOS/(r/n), 

n->ao 1 

which is the limit considered above. Thus the result which 
we have proved is really one concerning the inversion of two 
limiting processes. 

6. Examples, (i) If «> - 1, we have 

1 



r 

^ 



x'dx ' 



1." *+i 
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Hence, if «> -1, 

Iim(l/w)S(r/w)'=l /(«+!) 

or Km (r+ 2'^+,.^+ »•)/«''*=: 1 / (s+ 1). 

This proaf is of course that ordinarily given when «>0: 
but the result of § 4 is required to justify it when 0<5<1. ^|CS<^^ 

(ii) The values of a number of integrals of the first type 
are readily calculated by mean» of the result of § 4. Thus 

= Um (1/^) ^g W" (?r/2n) sin (2w/2«)...»n (»w/2«| 

= -log2. 

This method of evalnatiBg the integral is given in some 
text-books, butt without auy reference to the theoretical 
difficulty involved. 

(fiii) Oi', again, asymptotic formulae may be deduced 
(as in Ex. i.) from knowu values of iategi-als. Thus the 
assumptions 

y (ic) - ce- log ar, (log oi^ 
kad to the formulae 

1*2*. . .n" = e4«^^^*»-i'*^(i + '»> 

S(logr)'== n (logn)'- 2n log« -fr 2w (1 -f <rj j 

whpere e^ denotes a function of «, which tends to zero when 
» tends to infinity j it is, of course, not the same function in. 
ihe two cases. 

(iv) It is perhaps worth while, before passing on, to give 
a simple example to show the limitations of the method here 
considered. 

Suppose that for ^=;2^' (^ = 0, 1, 2, ..^^00), /(a;) = 2\ 
Then the sum 

(l/2")S/(»-/2") 

1 
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includes the term (l/2")/(l/2*) = 1, and othersj and bo is 
greater than unity. Hence 

{ilm)l/{r/m) 

1 

tfertainly cannot'tend, as rw-^oo , to a limit, leds than 1. 

But it is easy to define a function / [x) (graphically or 
otherwise), which is positive and continuous for aJ>0, has the 
special values assigned above, and yet is such that l^f{?c)dx<,e^ 
where e is any assigned positive numben 

6. It might be thotight that, tf we I'eplace the ot*dinary 
definition of the integral (1) as a repeated limit by the 
definition of a simple limit which § 4 shows to be equivalent, 
we could simplify the treatment of certain cases of the 
Ordinary double limit problems of the integral calculus, such 
as inversion of tWo integrations or integration of an infinite 
series. A typical case is provided when we try to justify 
the equation 

(^ dx ■1.3...2W-1 C\^ ,„ , 
-r = S-— - — ; — il-x) dx 
};^x 2.4...2n j/ ' 

_ 1 1.3. ..2^-1 
~ n' 2.4...2n ' 

t'roln the absti*act theoretical point of view such a problem 
fcertainly is simplified. For we have now only to deal with 
the permutation of two limit processes instead of three — the 
expression 

' ^ 1.3..2n-l ^,^^ 
^~ir~A — 7^ — ^"^ 

2i4..*2w 

being, when the ordinary definitions are adopted, a triple limit. 

But the criteria already established for dealing with such 

cases* are extremely simple, and to use the simpler definition 

of the integral does not seem to be of any material advantage. 

7. Definition of the integral of the first type as the limit of 
an infinite series. It is also possible to use the definition 



/: 



{ 



6 



* See, e.g. Hardy, Messenger of Mathematics, Vol. xxxv., p. 126 j Bromwich 
ibid., Vol. xxxTi., p. 1, and Injinite Sei-ies, pp. 448 tt sag. 
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228 Messrs. Bromwich and Hardy, The definition of 

where a?^(= 1), ar^, ar^, ... is a descending sequence whose limit 
is zero, the terms of the sequence depending on a parameter 
g in such a way that 

lira (ir,.j-a:,) = 

for all values of v. The only case of interest is that in which 
a?ir=.<7% where 0<(f7<l, and it is easy to prove, by means of 
considerations siniilar to those of §4, that when /(a:) is 
positive and tends steadily to co as a;->0 

(7) lim (1 -g) \f{\)+gf{g) +gY{f) +...J = ( f{:x)dx 

whenever the integral is convergent. 

It is instructive to evaluate a few simple integrals, such as. 

J x''dx^ I Xo^Qcdx^ 
by means of this formula. 



Tfie second type. 

8. We consider next the standard integral of the second 
type, viz. 

(8) i:f[^)dx. 

Let us suppose that f[oc) is positive and tends steadily to 
zero as x tends to infinity. Then it is easy to frame 
definitions of the integral as a simple limit. For example, 
we may define it as 

lira h !/(0) +f{h) +/{2A) +...+/ («A)}, 

where n is such a function of A that wA->qo as A->0. But 
such definitions do not, it this case^ appear to possess any 
special points of interest. 

9. The more interesting question, in this case, is that of 
the definition of the integral (J) as the limit of an wjinite 
series. This question has been discussed by Dini* and by 



* Grundlag^jij pp. 453 et seq. 
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Hobson*, but from too general a point of view to be of much 
practical interest. 

The principal results there proved are the following; in 
them 8„ denotes an interval depending upon a parameter a, 
and, for any value of v, tending to zero with a, and Z7^, L^ 
denote the upper and lower limits y*(x) in 8„: — 

(1) If a system {SJ) can be found suck that S U^S^, SZy„5„ are 
convergent for a>0, and tend^ as a->0, to the same limit -4, 
then l^/{x) dx is convergent and has the value A. 

(2) If l'^f{x)dx is convergent and has the value A it is 
possible to find a system (8 J having the properties described 
in (1) above. 

10. The most interesting set of intervals (8J is obviously 
that divided by the points 

,0, A, 2A, 3A, ..., 

where A is a parameter which tends to zero. It is, however, 
easy to see that the fact that f(x) is positive and continuous, 
and jo/{x)dx convergent, is not enough to ensure the con- 
vergence of 

for all positive values of h. 

For let /(aj) = l whenever x^2\ Then if A = 2", the 
series includes the terms 

/(l)r/(2),y(4), .... 

and is therefore divergent. But It is easy to define a con- 
tinuous function which has the values prescribed above, and 
yet is such that j^/{x)dx is convergent and less than any 
assigned positive number 6. 

Let us, however, assume that y (a;) steadily decreases as x 
increases. Going back for a moment to the general case, let 
a;^,(— 0), a;,, a:,, ... be the points of division of the intervals. 
Then it is obvious that 



♦ Theory of Funttions of a rtal Variable^ pp. 399 $t teq. 
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and tberefore 

in so far as these inequalities have a meaning: that is to say^ 
the convergence of the integral ensures that of the second 
series and the second part of the inequality, and the con-? 
vergence of the first series ensures both inequalities, 

It is easy to see, by an example, that the convergence 
of the integral does not ensure that of the first series. Take^ 
e.g. f{3o) = l/[\-\-xy and x ■=2'^*h. When h is fi^^ed, w^ 
have, for snfl^ciently large values of n, 

{^»..-^J/W >^^22» (22-- X)/{h2^Y>K/h, 

where ^ is a constant as nearly equal to unity as w^ please. 

However, in the case in which ir,= wA, the monotonio 
character f{x) and the convergence of the integral, or of 
either series^ is suflScient to ensure that all three conyerge 
and that the limit of either series a^ A->.0 is equal to th^ 
value of the integral. 

For if h \f[h) +/(2A) +... j is convergent, so also is 

A 1/(0) +/(A)+/(2A) +...}. 

and the di£Ference of their sums, vi%. hf{0)^ tends to 9.era 
as A^O. Thus 

(9) VimhX:f[nh)=^i:f{x)d:^. 

11. If the lower limit of the integral is a positive number c^ 
and ^> 1, it is easy to prove in the same sort of way that 

limc(5-l)|/(c)+5/'(cg)+.^y((^')+...} = jr/(^)rfap- 
■whenever /(a?) is monotonic and the integral convergent, 

12. Examples, (i) The formulae 

are easily verified by using the results of § ^0 and §U 
respectively. 

(ii) The application of § 10 to 

dx 
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leads to the formula 

1. rfl 1 1 . ) 1 

(iii) Its application to the integral j^s^'^e^dx leads to 
the formula 

iiiaA*(e-*+2*-V**+ 3*V*+.,.) = r(i), 

ar lim (I- «r)*te + 2*-V+3*V+..0 = r(A). 

(iv) It is easy to verify that the equatioa (9) sometimes 
holds when f{x) is not monotonic or even essentially positive. 
Consider, for es^ample, the integrals 



j:^'"*'. i'x^)'^' 



esxih of which is equal to ^ir. The formula (9) leads to the 
results 



Uu 



, a /, sin A sin2A \ , 

ot • lim (sin A + J sin 2A +^ ,,) == ^Tr, 

,. I / . u, sin*2* \ , 
and liwiT Ism A + —-^— +..,] = ^-n-, 

which are easily verified^ 

13. Such cases as those of the last example fall quite out« 
«Ide the scope of the results proved by Dini and Hobson or in 
the previous paragraphs of this paper, and require theorems of 
a much more special character. We shall prove the following 
theorem : — 

If i^{x) is a continuous functian of x which tends steadily ta 
Hero as x^^ CO ^ then 

lim A 2^^ {nh) sinnA=5 J*^. [x) sinxdx. 

This theorem is a special case of the fallowing more gener^ii 
theorem: «/ CO ^ (x) is a contintMtM function ofx which tends 
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steadily to zero as a:->(X), (2) F(x) is a continuous function 
of a?, and 

h\'iFinh)\<K 

for all positive integral values of n^ and w, (w,>Wj) and for all 
sufficiently small positive values ofh^ sayforO<h^a^ then 

lim hi:i^(nh)F(nh)^i:^i,(x)F(x)dx. 

For, under the conditions stated, the series on the left is 
certainly convergent. Moreover, if ^ is any fixed number 



F{x^dx = \imhI,F(nh), 

Jo h~>0 



where v is the greatest integer such that yh<^. It follows 
that 

I dx 



and so 



f Fix) 



dx 



^if, 



^2K 



for all values of ^ and £' such that < £ < 5'. . Hence the 
integral j^ (f> (x) F (x) dx is convergent. 
Moreover* 



h\2(l>(nh)F(nh)\^K<f>(K), 



if nfi ^f . nd 



\j%(x)F(x) 



dx 



±2K4>{^). 



la tbese ineqnalitics we may replace m, and 5 by oo , and 
if we choose ^ so that ^ (X) < c, we have, writing /(«) for 
0(a;)i?'(a;), 



(10) h\l/{nh)\<Ke, |j"/(x) 
provided WjA= f. 



dx 



<2Ke, 



Bromwich, Injiniie Sei'teSj pp. 60 and i26. 
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Suppose that (w^ - 1) A < | = w jA. Then 



(11) 



J Q 

JO J {n^-'l)a 

where a> is the greatest oscillation o(/(x) in any one of the 
nj— 1 intervals 

(0,h); (A,2A); ...; {(«.-2) A, (m.-1) A). 

Bat, ^ having been fixed, we can cboose S so that 

(12) a><e/f, ^(?-A)<<^(0 + €<2€ 

for < A 5 8. And then, from (10), (11), and (12), vre obtain 

I ^ 2r/(«A) - i:/(cr) c?* |< (7i:+ 1 ) « 

for < A ^ S, which proves the theorem. 

The simplest case of this theorem is obtained by supposing 



F(x) = Binx, 



Then 



A2i^(wA) = (i^/siniA){cos(Wj-i)A-'COs(w,+ ^)^} 

and ^h cosec^A < g if < A < 2*, so that we may take K= ^2. 
Similarly, of course, the theorem holds if i^ (a?) = cos a?. 



14. When we try to apply the result of the last section to 
such an integral as 

f'^^dx, 
Jo X 

we are met by the difficulty that ^ (oj) = 1 /x -» oo as « -> 0. 



* For (sinaj)/a;>(8iQl)/l>mO<iC<l. 
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This diflScalty, however, is slight s^nd not essential. 

Let us suppose that the conditiqns of § 13. are satisfied 
ei^cept that ^ (aj) -> oo as cc -> 0, in such a way that f{x) ia 
fnonotonic near a? = and/^y(a3] convef^gent. 

Let a be any positive number such thaty(») is monotonic 
in (0, a), and let X be the greatest integer such that (X— l)A<a. 
Also let (X ^ 1) A = a^. By § 4, we can choosy § sa that 



<€ 



\h:if(nK)^.[y(x)dx\ 

forQ<A^8, Also 

\\^f{^)dx <(5|-a,)0(«-A)<ZA, 

From these two inequalities it foUows that 
x-i 



X-l r» 

lira h ^/(nh) ^ /(p>) dx. 

Ar»0 1 JO 



We can now show, by an argument in all essentrala tho^ 
same as that of § 13, that 



Vim h:^/(nh)=\ /(x)do(y. 
Hence lim h^'^/(nhy = J ' /(x) dx. 



15. The most interesting examples of § § 13, 14 are obtained 
from the integrals 

j^'(a\nxlx')dx= r(l — s) cos^stt, 

J7 (cosaj/a?') dx == p (1 - s) sin ^sir^ 

where <« < 1. These lead to the results 

limA'-'{(8inA/l') + (sin2A/2') + ,,.} = r(l-5)cosi57F, 

limA*"'{(cosA/l') + (cos2A/2*)+.,.|=r(l-s)sini57r. 

The first of these equations holds also when ^ = 1, if w^ 
replace 

r(l-5)cOSisW 

by lim r (1 — s) cos ^sir = ^ir. 
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These results are, of course, closely conqected with tbo 
Hnown theorems as to the behaviour of the fuuction 

(0 + (a>V2') + (c»V3')+-M 

when 05 ->1 along a path lying inside the circle of con-* 
vergence: in fact, they defiae its bebayiour when cc->l 
along the circle. 

16. The integral Jf(sin«/a>)'<fo, considered in Ex. 4» 
{ 12, falls outside the scope of § 13, the subject of integration,^ 
though not mouotonic, being positive, and the convergence of 
the integral being, of course, absolute. 

Such cases as this may he dealt with by the following 
theorem: — if ^(x) is positive and continuous^ and tendsi 
steadily to zero as ^-^eoo, in such a way that 

jr^ («)<?» 

is convergent^ and F(x) is a continuous function whose modulus^ 
never exceeds a constant K^ then 

lira sr* {nh) F{nh)^j:;<l> (x) F{x) dx. 
Iiet/(aj) = ^ (x) F(x)y as before. The series and integral 

WC obviously both absolutely convergent. Moreover 






Choose { so that 



Digitized by 



Google 



23d Messrs. Bromwich and Hardy^ The definition of 
Then, if A < 1 and nji % f , we have clearly 

|Ai/(nA)l<2Z"6, 



Wy^x^dx 



<Ke. 



These inequalities are precisely similar to the Inequalitiet 
(10) of § 13, and the proof of the theorem may now be 
completed in the same way. 

Moreover the theorem may be extended (as that of § IS 
was extended in § 14) so as to cover the case in which 
^(ic)-»co as a;->0, in such away that /(a:) is monotonic 
near aj = and Jq/(x) dx convergent. 

§17. The results of the preceding section enable us ta 
deal with the case in which 

/(cc) = 0(a;)e(sin'aj), 

where is any continuous function. When 9 is a polynomiaty 
such as sin'j-, the result may also be deduced from §§ 13, 14 
by expressing 8 as a sum of cosines of multiples of x — for 
example, sin'a> as ^ (1 — cos 20;). 

The results of §§ 13, 14 may be similarly extended to th© 
case in which 

f{x) = ^ (x) (sin X or coscc) 9 (sin''a>), 

where 9 is a polynomial. When 9 is not a polynomial the 
matter is not so simple (see § 19). 

\ 18. It is also interesting to observe that if we assume 
that ^'(^) ^* well as {x) is monotonic and continuous, we 
can deduce the result of § 13 

A2* (nh) sin w A -> J7 {x) sin x dx 

from an obvious extension of the result of § 1 6. For, let 

A^ (nh) = ^ (nh) - ^ {(n + 1) h\ = ^^' (nh + e\ 
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iivhereO<e<A. Then 

Asr Binw/i^ («A) « h 2;° (sin A + sin2A + ...+ Bin nh) ^^ (nh) 

= y* col i/i [<p (0) - 2* A cos «A ^' («A + 5) | 

4 ih 2* A sin «A ^' (nh + e). 

Now j^<^'(x)dx is convergent, and the limit of the last 
expression is easily seen to be 

^ (0) — J* ^' (x) cos a; c/jc = J7 ^ (^) sin x dx, 

§ 19. As was remarked at the end of § 17, we find ourselves 
faced by more serious difficulties if we try to prove that 

lira A2"^ (wA) sinwA 9 (sin'iiA) = J7^ (x) sin a; 9 (sin'jc) rfx, 

^[x) being subject only to the conditions of §§ 13, 14 and not 
to the more stringent conditions of § 16, while 9 is any con- 
tinuous function and not merely a polynomial. 

In fact it is open to question whether the series on tlie 
left is convergent for all positive values of A (though the 
inte.G;ral is certainly convergent). 

We can, however, show that it is possible to choose 
a particular sequence of values of A, tending to zero, sucli 
that the series converges and has a limit which is equal 
to the integral. 

Let ^(^) = sin x 9 (sin* a;). 

We shall prove that if i^(a?) is continuous (a more general 
condition than that of the continuity of 9), then 

lim ipir/q) S^ [npir/q) F[npir/q) = J,"^ [x] F[x) rfx, 

where p is a fixed odd integer and j tends to oo through 
integral values. 
For 

[pir/q) S ^ [nptr/q) F[npTr/q) 

= [pTr/q)i ^ F[{pir/q) [vq-^ l^)] * {(WiZ) ('•? + /*)} 

^=0 f-O 
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the convergence of the original series following from that ot 
each of the q infinite series in the last expression^ 
Let 

)^(4;)=S(.ir^{p7r(r + :r)}. 

Since ^ is monotonic this series is uniformly conVergent| 
and -^[x) continuous, throughout the interval 02^=1«* 
Also 

lim (ptt/j) ^ F(p'rrii/q)yfj{ii/q) 

Jo 

t=pw fF{pir^d% S (-)>b7r(r+ §j{. 
Jo r=0 

As the series is tiniformljr convergent we may integratCf 
term by term, and we obtam 

j?7rS f i^b7r(g + r)l^{p7r(g + r)]rfg 

r=OJo 

• <jo r*^* 

=777r S Fipirt) ^ [pirt) dt 

r=0 J r 

=pTrj'^F{pTrt)i,{pirt)dt 

= S7F{x)ip{x)dx. 

The same argument would, of conrse, apply to the case in 
which F{x) = cosicB (sin'a;)- 

§ 20. The argument of § l^ may be appUed in many case* 
even when F{x) is not continuous. Suppose for example 

e(sin'a;)= . . ,\ , 

* i^ee Hardy, Froc» L M.S., Ser. 2, Vol. iv., p. 250; Bromwich, Infinite Series, 
p. 114. 
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lere [?y] denotes the algebraically greatest integer contained 
y. Then we can prove, as in § 19, that, if p is a fixed odd 
ger, 



where 

in 

integer, 



9->oo 



or, writing \p{xlir) for ^ (cc), and substituting y for x/w in 
the integral, 

lim ipig) 2(-l)t"^"^^ («j,/j) = jr(- 1)1*1^ (y) df,, 

p being odd. 

If, in particular, 

the value of tbe integral is 

«w|^ii- ^"^^ i±_? <»^3 ) 

It is easy to verify that this is the limit of the series 
For if n = rj- + /i (0 ;5 /i < y), p being odd, we have 

Thus, writing X(- l)7(« + »') = /3(a:), we find 

Now if q is of the form pk+], tbe sign of (- i)^^/^! i^ 
positive when fi ranges from to it, negative from i -f 1 to 2ifc, 
and generally is tbe same as that of (—1)*' from vk+l ta 
(v i 1) i; thus we have 

s^^Hj:n:(-^)^p fa^c^pm 

But, by the ordinary definition of a definite integral 
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Thus 
lira S=^ ^=^' f/B f^LLliL') dt={'^(a + 1) dt, 



this transformation following from the fact that p is odd*. 
On evaluating the last integral, we obtain 

ifc->oo ^ [rii(a+i)i]* ' 

and this agrees with the value of ^^ di/ found above. 

If q IS of the form pk+l (1<?<^), it is not easy to 
specify briefly the values of fi at which the sign of (— 1) W?] 
changes; but the slight irregularities so introduced into the 
formula for 8 can have no effect on the final limit, since each 
group of terms is either k or k+l in number, and the dis- 
placement of the beginning and end of the groups can never 
be more than I places. 

It is not difficult to find other sequences of values of h 
yielding the same limit. But the series 

2 (- if "V (« + «'?) 

is not convergent, if rj^klir^splq^ and p is even and q odd, 
so that there can be no question of its having a limit as k -> 0. 
The proof of the last statement follows at once from the 
fact that, if w = r^ + ft, we have now 

so that the signs in the series are repeated in groups each con- 
taining q terms; suppose that there are k positive and \ 
negative terms in each group. Then in the whole series the 
limit of the ratio of the number of positive to the number of 
negative terms is kjX] and this ratio cannot be unity, since 
/c-\-\ = q is odd. Hence, by a theorem due to Ces^rof, the 
series cannot converge. J 



* Nielsen, Gamma- Funcktion, pp. 16, 19. t Bromwieh, InJiniU Series, p. 6a. 

X It must be noticed, however, that this result does not imply the divergence of 
the series of § 19, where 9 is continuous. It appears that for these special values 
of h^pir/q {p even and q odd), the condition (2) of §13 is satisfied by the sine- 
seriei, which therefore converges, and tends (as 5' -» oo ) to the integral as a limit j 
but the cosine-series can be made to diverge, for any value of j, by suitable 
adjustment of 6. 
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ADDITION TO PAPERS ON THE EQUATIONS 
OF MEOHANIOS. 



By Philip E. B. Jourdain. 

T^HIS paper contains, firstly, a correction (§§ I., IL) of some 
-^ formulas in a paper of mine on the equations of mechanics 
which appeared in the Quarterly Journaf^ Vol. XXXVI., 1905, 
pp. 284-296, and, secondly (§§UI., IV.), some further 
remarks, supplementary to those in my paper in the same 
Journal^ Vol. XXXVI., 1904, pp. 61-79, on those principles 
of mechanics which consist in the equating of the variations 
of certain integrals tojsero. 



Some of the i*esul(s in my paper on " Alternative Forms of 
the Equations of Mechanics* " are rendered incorrect by the 
slip in calculation involved in putting 

dq "" dq ' 
In fact| we have for holonomous systemS| 

""-^^J'^Wi ^^>' 

and hence 

More generally, if the system is not holonomous, that is to 
say, if there is an equation for x which is not integrable, so that 



♦ Qwirterfy Jow^nal of ^fathematics, Vol. XXXVI., 1905, pp. 284-296. In 
equation (4) on p. 285, and on line 1 of p. 286, /or - — , read t-^, . 



VOL. XXXIX. 
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we cannot use ^ ^^ ^ ^^^' coefficients in the given equation 

V 

or aj=Sg— ,2;+5, 

which now corresponds to (1), we can only write (unless we 
introduce B ^ which we do not want), instead of (2), 



„ >, 9d:' „ ^ 9u3' , 9u5' 



Hence 






9^' rf ^* a) 

dq. dt dqs ^ ^' 

This result (4) includes (3), for if, in (4), the system is 
holononious, 

5— / = 5- , so that ;7. TT-/ = ^ t- 
9?. 99. ' rf* dq, dq. 

When J ir=a;V, TF. = a;", 

we have, if the system be holonomoua, 

dq dq dq 

9a?" 9-c' 



* From this, also, we gefc 
BO that (see Math. Gaz.y Vol. 11., 1903, p. 339) 

t This should take the place of line 8 on p. 28G of my paper in the QuarUrlff 
Journal of Mathematictj Vol. XXXYI. 
X Cf ., ibid., pp. 286-287. 
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Thus, for such a system, if 

an alternative form of Lagrange's equations is 
a form at once verified^ since 

9r _ _rf /ar \ ar 
dq "dt U? / ^ a?* 

The errors in the table on p, 288 can easily be found, and 
we shall now restrict our attention to the most important 
case*, where 

Fr=is«,(a;,<'+...)=ir"-7; 

r 

where Y^ iSm^ (a;/ +...), 

r 

and the system is holonomous. Here our equations of motion 
may be writtenf 

the left-hand side of which may be written 

* \dt) dqj' » \dt) dqj ^ \dt) 3?;"^ * hiy a^/ . 

and this reduces, because 

3r"_ar 
02 dt "a? \dt) aa ' 

to the Lagrangian form. 

* Jhii., pp. 289, seq. 

t Omit the 2 in equation (9), and the piecedinj one, on p. 289. 

B2 
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II. 

Where S denoteB a variation which affects t also, and 

accordingly 

^ , dBx ,dht 

ox = —: a; -7- , 

dt di ' 

-. „ d^ix ^ ,,dot ,d*it 
*e have 25 W= Sm, j (V'Sx, + a-^Sj-,") +. , . ) 






Substituting for x" and x' in the last two terms in { ) from 
the equalities 



we get 



V 3?, V 3!?, 3^ 






4 

and hence 



and wot* 2 ^— > as coeflicient of 8y/, since 

♦ The opposite of this was gtated on p. 291 of my aboTe-cited paper (cf. also 
Math. Ann., Bd. LXll., I'.'OS, p. 416, note). 
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When, however, the function W is formed for a position 
on a neighbouring ^ path ' of the system, this position being 
obtained by giving every rectangular coordinate of the system 
the* virtual displacement, 

W becomes altered by a quantity which may be called 
a ' variation ' of W only provided that we do not use the 
word literally ; that is to say provided that we do not require 
of a ' variation ' of IF (S W)^ that we have 

It is better to uset a new word, say * alteration ' (8,) ; and 
we then have the following definition. If S stands for any 
variation which affects the geometrical coordinates and t, wd 
define an * alteration ' (5,) of any function (F) of the ar's, y's, 
and z^a and their derivatives to be that quantity that arises 
from SF when the Sx's, 8y's, and S^'s are all replaced by 
expressions fo4* the above virtual displacements. In our oase, 



3/ V dqy 



IS to be replaced by 






Thus we have 



♦ Another kind (Routh'fl) of virtual displacement is also possible (see below), 
t After the example of Holder, who said " Abandeiuiig " (see QMaiPtvly Journal 
of McUhtmaticSy Vol. XXXVI., p. 76, note). 
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Hence the vanishing of the integral 

id necessary and sufficient that Lagrange's equations subsist 
for the mechanical system^ provided that the Sj's and the 

-—'s vanish at the limits of integration.! 

III. 

Now, it appears at first sight that this discovery of integral- 
principles other than the one 

.dht 



j''^(s,T+2T^+S'UJdt = (5), 



ivhich is a generalisation of the principles of Hamilton and of 
Least Action, invalidates my previous assertion:^ that (5) is 
the most general iutegral-variational-principle. But (5) is the 
most general principle obtained from the differentation of the 
single function ^(when we abstract from the term 8'?/ repre- 
senting the external forces) ; when we admit other functions 
(such as Y and TF), we get other principles, and the consider- 
ations in my paper of 1905 show how all such principles can 
be found. 

But there is another question relating to the variational 
principles. We have formulated after Holder the principles 

♦ This may also be written 

t The requirement that the -n^ *s Tanish at the limits is not equiyalent to the 

requirement that the ddg'a vanish at the limits (cf. my above-cited paper, pp. 292— 
29B), unless St always = 0, which makes the * varied path ' a ' Hamilton's path/ and 
reduces the above integral principle to the simple form 

i Quart§rly Jownal cf Mathematics , Yol. xxxvi., p. 78. 
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with a conception of ' alteration/ allied, but not identical, with 
the strict conception of ' variation.' And so the problem of 
discovering an expression (if there be one] whose variation 
equated to zero is equivalent to the system of Lagrange's 
equations is a different one. This question was naturally 
connected with the principle of Least Action, since h' U\» only 
a variation if a force-function exists, and only ST occurs under 
the integral in the principle of Least Action. We will next 
suppose, for simplicity, that such a U exists. 
Our first problem is : is there a function 

*(?!,?„ -J ?•>?.', -1?.', 

such that, where S is a variation affecting the q\ j"s, and t^ 
the equation 



t 



*.<f< = (6) 

is equivaknt to tbe system 

d dL 9^_rt/_t«> V 

where L = T+ U, and U is explicity independeut of tte /'s ? 
Our (6) becomes* 

or, integrating by parts, to get rid of the dSt^s^ 
^^,{Sqy''q;.St) + ^.St\ 

This form of the equation, when we put 4> = Z, was given 

* Here we get certain terms (which we suppose to vanish) ontside the integral- 
•ign. VoBS \^Munch. Bti\, 1901, pp. 171-177) has used Holder's generalised 
Variations' to formulate very general integral-principles, wUh<nU this integration 
by partft. 
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by Bouth*. He seems to have remarked that the equation 
h\ ^.dt^O is equivalent to the system of Lagrange's 

equations in two (at least) cases: 

(1) If 4>= 3r+ J7, ht is always zero, and the S^'s vanish at 
the limits of integration (Uainilton's principle).! 

(2) If <!>= r+ Z7+A, where A is a constant, and one such 
that SA = 0, the S^'s vanish at the limits, and, it not vanishing, 
the system is conservative and such that 

Then we have 

sj;;22'.<f.[orit.equivalentj;;s(|-||,)(S2^;.80]=0. 

where S represents a variation affecting t also, and in which 
the energy, on variation of the mechanical system from its 
position P (at time t) to its corresponding position (P+ 8P, at 
time t + Zt) in the neighbouring motion, is constant, or 

S(r-C7) = 04 

IV. 

There is one point in Bouth's discussion which must be 
referred to here in some detail, because of a misunderstanding 
to which it has given rise.§ 

* *' A Treatise on the Dynamics of a System of Rigid Bodies," Part II (5th ed.), 
1892, §442 seq. These investigations first appeared (in Routh's book) in 1877. 

t Ronth {op. cU , p. 281) claimed the theorem that d\^L.dt = 0, when the iq*B 

Tanish at the limits and the time of transit is given (St^ = dt^)j as first given in his 
treatise in 1 877. On this claim two remarks are to be made. ( I) This (' H amilton's') 
principle has been long previously given (see note on p. 90 of the Encykl. der Math. 
Ww. IV., 1) : (2) Routh's condition dt^ - dt^ is not sufficient for the purpose; we 
require 6t = in general if T or L contain t explicitlt/f for only then does 

nnles?) indeed, 

(see Quarterly Journal of MathematieSy Vol. xixvi., p. 77, note). 

Jacobi noticed that Hamilton's principle holds, even when 27 contains t explicitly. 

X Notice that, in Ronth's formulation, the principle of least action only holds 
for conservative systems. 

§ Of. Quarterly Journal oj MathematicSy Vol. xxxvi., p. 75, note j Math. Ann., 
Bd. LXii , 1905, pp. 417-418 ; ai^ \bid.^ Bd. LXIV., pp. 158-159. 
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Where 8= C'Z.dt, 

Routh, evaluating S8 expressed in rectangular coordinates, 
obtained,* since T is a homogeneous quadratic function of 
the x^B, 

S8= (U'T)St-^^m^x;Sx^ 



/j(8-|-'"-^'")<^'-<^')^'' 



'where the Soj's arc connected by the equations of condition. 

He then stated that, since Sx—xSt is the projection on the aj-axis 

of a displacement of m from its position in the actual motion 

at the time t to its position in the neighbouring motion at the 

same time, the part under the integral vanishes by the principle 

of virtual velocities, t 

This can only mean that Sx — x'St is a virtual displacement ; 

we shall now show that this is, in spite of the apparent contra- 

f)x 
diction with the fact (see above) that Bx — -^St is virtual, the 

case. ^^ 

If the mechanical system is holonomous — and we need not 
consider the case of non-holonomy when we are developing 
the variation of our integral^ — we can express the 3n rect- 
angular coordinates (x^) of the system as functions of k 
independent (and accordingly of not more or not less than k) 
parameters (q^) and of ^§ Thus, if 

^ = <t>(9^^9., -. ?*. 0, 
we have 

„ dqu dt 



♦ Here we only write the x'b of the Bn quantities Xr, yr, Zr (»' = !, 2, ..., n). 

t Also, to interpret Sg — q'dt, Routh remarked : q being the value of a coordinate 
in the actual motion at the time t^ q + 6q is its ralue in the neighbouring motion 
of the time t + St. But ^'dt is the change of q in the time St ; hence q + Sq — q'St 
is the value of the coordinate in the neighbouring motion at the time t. 

In Routh's extension to forces Qv^ which have no force function, he remarked 
that the neighbouring motion must be such that 

(cf. the text later on). " 

1 See Quarterly Journal of Mathematics^ Vol. xxxvi., pp. 7i-75. 
§ Of the geometrical quantities q^, alonCy in some cases. 
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But a virtual displacement (Sx) of x at the time t — 
a displacement consistent with the equations of condition at 
that instant (which brings about that t is to be regarded as 
constant in calculating the value of this virtual displace- 
ment*) — is given by both 

and hence S^x = So? — ^ Stj 

and &c - x'St = S ^ (Sq^ - q^'St). 

In each case of the latter we merely use different displace- 
ments {Sq- qht) of the ^'s from those used (hq) in the corre- 
sponding case of the former. 

On the difference in concept between the Sj-process of 
Hblder (used by myself), and the virtual variations of Routh, 
Voss (1900), and R6thy, I have dwelt very fully in a paper 
shortly to appear in the Mathematische AnnaUn. 

The Manor House, 

Broadwindflor, 

Dorset. 



BIRATIONAL TRANFORMATION OF SURFACES. 

By A. B. Basset, M.A., F.R S. 

1. TN a recent paper I employed the theory of birational 
J- transformation to investigate the constituents of the 
point, line, and mixed singularities of plane curves ; and in 
a subsequent one I investigated by a different method the point 
constituents of various kinds of multiple points on surfaces. 
The transformation which I employed was the quadric one ; 
and in the present paper I shall show that the same trans- 
formation may be used to analyse the point constituents of 
various kinds of multiple points on surfaces. One result of 
the investigation is to show that there is an important analogy 
between the theory of curves and surfaces, and that a fairly 
complete theory exists with respect to the changes produced 
in the constituents of a multiple point on a surface, when the 
tangent cone possesses singular generators. 

♦ This was noticed by Lagrange, who completely anticipated Vieille in showing 
that the equations of condition may contain t explicitly, without his calculation 
being affected (see my note in BibL Math., B. Folge, Bd. VJ., 1906, pp. 350>35a). 
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The letters S.C, S.S., and M.P. will be employed as 

abbreviations of my papers on Compound Singularities of 

Curves^ Singularities of Surfaces^'\ and Multiple Points on 
Surf aces, X 

2. Let P be any point whose coordinates are (g, 17, f, cd) ; 
let Q = (/3, 7, 8)'; and let AP cut the polar plane of P with 
respect to the quadric a' = Q in P'. Then the equation of the 
polar plane of P is 

2o^-fidQ,Jdfi-ydQ,Jd^-BdQ,Jdw=^0 (1), 

where Q,^ = (17, f, ai)* ; and those of AP are 

/3/i7 = 7/f=8/« = * (say) (2); 

whence, if (f ', 17', f ', a') be the coordinates of P', we obtain 
from (1) and (2) 

255' = h {vdQiJdfi + idnjd^+ a)rfl2,/dfa>) =2Ar2j...(3), 

accordingly, by (2) and (3), 

M' = ?.' = ^' = ^'. 
Q, 17 f ft) * 

From this it follows that if (a, /3, 7, S) and (a', /3', 7, S') 
be the coordinates of a pair of corresponding points P and P\ 
these quantities are connected by the equations 

%^K^:L^^ k (say) (4). 

12 a/3 a7 aS ^ -^^ ^ ^ 

Substituting the values of [i\ y\ S' from the last three 
of (4), we obtain 

i2' = yfcVl2 = aV7Q, 

whence — , = -^, = -?-/ = -r^ (5). 

1^ ap a7 ao 

The value of 12 will usually be written in the form 

Q = /3'+/3l2, + 12, (6), 

where G„=(7, S)". 

3. -4 conic node^ whose position is arbitrary, gives rise to 
a conic node on the transformed surface. 

♦ Vol. XXXVII., p. 313. t VoL xxxviii., pp. 63 and 169. J Vol. xxxix., p. 1. 
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To prove this it will be sufficieat to consider the quartic 
surface 

a^ 03' + /3y, + V,) + a (2\/S» + ^'w, + /jw, + w?.) 

which has a conic node at A and also at \\\^ point B\ where 
AB is cut by the plane a + \/3 = 0. The transformed equation 
may be put into the form 

(Q. + XoL^Yiy + (£2' - W/S'O /3y, + (ft + Xa/3) afi'w^ 

lliis is the equation of a sextic surface which has a 
<]uadruple point at Ay and a conic liode at the point B\ 
where AB is cut by the plane Xa + /3 = 0. The quadric 
12 -I- Xaj3 = 0, in which the plane a + X/i = is transformed, 
also passes through B\ 

It the conic node on the original surface is situated at J5, 
A, = ; whence the conic node on the transformed surface is 
situated at A. Hence: Every conic node situated at a point B in 
the plane a becomes a conic node at A on the transformed surface^ 
which moves up to coincidence with A along the line AB. 

4. We are now in a position to apply the theory of 
birational transformation to multiple points on surfaces. 

(i) A multiple point of order p on a surface corresponds to 
a curve of degree p on the transformed surface^ which is identical 
with the section of the tangent cone by the plane a. 

The equation of the original surface is of the form 

and that of the transformed surface is 

(B). 

The latter surface is therefore of degree 2n ^p, and has 
a multiple point of order n at A] also the section of (8) by 
the plane a is a multiple conic of order n —p and a curve of 
degree p. 

(ii) Every nodal generator of the tangent cone at A, which 
is not a line of closest contact^ corresponds to a node on the 
section of the transformed surface by the plane a. 
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Let 

V,= /3''X+ 0X +•••«',., ■ (9), 

then -4J? is a nodal generator of the cone u^. Also the 
highest power of (i in (8) is the {2n—p — 1)*\ and its coeflS- 
cient is au?^, which shows that the plane a touches the 
transformed surface at B; hence J? is a node on the section. 

It follows from M.P., § 3, that every nodal generator of the 
tangent cone at A converts one of the constituent conic nodes 
into a binode; and the preceding result shows that, if the 
plane a touches a surface at S points, the transformed surface 
has a multiple point, the tangent cone at which has S nodal 
generators. 

(iii) Every cuspidal generator of the tangent cone at A^ 
which is not a line of closest contact^ corresponds to a cusp on the 
section of the transformed surface by the plane a. 

This may be proved in a similar manner by putting v, = v,*. 
In the same way it can be shown that if the tangent cone at A 
has a singular generator of any species whatever, the section 
of the transformed surface by the plane a possesses a singular 
point of the same character. 

We shall now suppose that the singular generator of the 
tangent cone B.X A is a line of closest contact, in which case 
w, = 0. 

(iv) Every nodal generator of the tangent cone at A^ which 
is a line of closest contact^ corresponds to a conic node on the 
section of the transformed surface by the plane a; and such 
a generator adds an additional conic node to the constituents of 
the multiple point. 

When t£j = 0, the highest power of ^ is the (2;2— p — 2)'\ 
and its coefficient is 

a'TP + at«?, + v, (10), 

which shows that J5 is a conic node on the transformed surface. 
Also we have shown in §3 that this coni.; node becomes a 
conic node on the original surface, which moves up to coin- 
cidence with A along the line AB, This furnishes another 
proof of the theorem S.S., § 13. 

(v) Every cuspidal generator of the tangent cone at A^ which 
is a line of closest contact^ corresponds to a conic node on the 
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254 Mr. Basset^ Birational transformation of Surfaces. 

section of the transformed surface such that the tangent cone 
thereat touches the plane a; and such a generator adds an 
additional binode to the constituents of the multiple point. 

In thi3 case v, = Vi'i and the expression (10) equated to 
zero gives the tangent cone at the point B on the transformed 
surface. It follows from § 3, or from o.S., § 13, that an additional 
double point is added to the multiple point at A on the original 
surface, and M.P., §6^ (i), shows that this double point is a 
binode. 

The results (iii) and (v) fail when /> = 2 ; for in this case 
the cone u^ become a pair of coincident planes and the 
singularity at A on the original curve is a unode. 

(vi) Every hinode on the section of the transformed surface 
hy the plane a adds a binode to the constituents of the multiple 
point on the original surface. 

Let w?,= W^(v, + Tj), r, = i?jT„ then the expression (10) 
becomes 

(aTr+v,)(aTr+T,), 

which shows that the singularity at B on the transformed 
surface is a binode whose axis is arbitrary. The original 
surface may now be written in the form 

oTP^fip-* {av, + TF/3') (ar, + W^') + oT-^ [^^'v, +... v^ 

4-a*-^-\,,+...M„ = (11). 

By means of the methods explained in S.C., §§7 to 12, it 
can be shown that the section of (11) by the plane v, = Tj is 
a curve having a rhamphoid cusp at A and jd — 2 ordinary 
branches through it. To find the reduction of class, it will 
be sufficient to consider a quartic surface, since the method 
employed is applicable to any surfete. Putting w = 4, jt? = 2, 
^1 = S, Tj=^7 + j8, the surface fH) becomes 

(aS + W^') [OL [pri + ql) + W^'\ + a {^w, + t^J 

+ /8'TF; + /3'TF, + y8»r,+ TF; = 0..,(12), 

and the first polar of D, which may be any arbitrary point, is 

a |a (/?7 + gl) + TT/S'} + ga (a8 + W) + a {fiw^' + <') 

+ /S'tf;"+ jr;' = o...(i3). 
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The sections of (12) and (13) by the plane B=py + qS may 
be written in the form 

(a8+Tr;3y + a8M, + 8^3 = (14), 

and a(a8+ W0')+aSB^ + B^^O (15), 

where A^ = B^= (/3, 8)'. 

Eliminating a between (14) and (15), it will be found that 
the eliminant is a binary septiraic of (/3, 8), which shows that 
(14) and (15) have quinquetactic contact with one another at A, 
Accordingly the surface (12) and its first polar with respect to 
any arbitrary point intersect one another in five coincident 
points at A ; hence the reduction of class is 5, which shows 
that the singularity at A is formed by the union of a conic 
and a binode. 

The case of a cubic surface is peculiar, the explanation of 
which is given at the end of M.P., § 17. Let us consider the 
equation 

aM, + w, = (16), 

which represents a cubic surface having a conic node at A. 
The transformed surface, when written at full length, becomes 

a (/3»w?^ + fi\ 4- I3w^ + M?,) + n (/3\ + /Svj + v,) = 0... (17). 

In order that (17) should have a conic node at 5, it is 
necessary that w?^=r^ = v^ = 0, in which case the equation of 
the nodal cone is 

aWj^ + V, = 0, 

and, if ^ is a binode, v,='WJ^ and (16) becomes 

awj, + fi'w, + l3w^+w^=:0 (18), 

and the singularity at A is Salmon's binode B^, which, as 
pointed out in M.P., § 17, is a singularity of a different 
character to the singular point 0=1, £=1 on a surface of 
higher degree than the third. 

5. The preceding results enable us to develop an important 
analogy between the theory of the birational transformation of 
curves and surfaces. 

Let ABG be the triangle of reference of the curve, aod 
ABCD the tetrahedron of reference of the surface ; then the 
following correspondence exists between the different elements 
of a curve and a surface, which is shown in the accompanying 
table. 
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6. The first theorem has already been proved, and the 
others may be established by means of the results of S.C. and 
M.P. For brevity we shall write \^\p {p- 1), /i=i;? iP"^)*' 

(ii) The first two portions are proved in S.C, §2, where it 
is shown that when 2r tangents coincide in pairs, each pair 
being distinct, the constituents of the multiple points are 

S = \ — r, ic = r. 

In M.P., § 3, it is shown that when the tangent cone has 8 
distinct nodal generators, the constituents of the multiple point 
on the surface are 

C=/i-8, J5=S. 

(iii) From S.C, § 2, and M.P., § 3, it follows that if a 
multiple point on a curve has r tangents, each of which 
consists of three coincident tangents, the constituents of the 
multiple point are 

S = \ - 2r, K = 2r, 

whilst, if the tangent cone at the multiple point on the surface 
has /c cuspidal generators, its constituents are 

G^Ii-2k, Br=2K. 

(iv) The first two portions follow from S.C, § 2 ; and the 
constituents of the multiple point on the curve are 

S = \-2r4-l, /c = 2r-l, 

whilst the latter part follows from M.R, § 4, which shows that 
the constituents of the multiple point on the surface are 

(7 = /i-2S+l, 5=28-1. 

(v) By S.C, §3, (i), it follows that if a multiple point on 
a curve has s pairs of tacnodal branches and p — 2s ordinary 
branches, all of which are distinct, its constituents are 

8 = X + «, /r=»0, 

and it follows from the theorem S.S., § 13, that if the 
tangent cone at a multiple point on a surface has 8 nodal 
generators, all of which are lines of closest contact, the 
constituents are 

VOL. XXXIX. 8 
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(vi) Putting 2r for r in S.C^ §4, it follows that the 
eon&tituents o-f the multiple point on the curve are 

S = \-2r + l, A; = 2r. 

Let the tangent cone at the multiple point on the surface 
have S+ 1 distinct nodal generators, and let one of thera AB 
he a line of closest contact. Then it is shown in M.P., § 5, 
that if the cone possesses 8+1 nodal generators, which move 
up to coincidence along a continuous curve, the total reduction 
€^f class is 2/i + 2S+l; whence 5 = 28+1. Also it follows 
from M.P., §6, (i), that if one of the generators before 
coincidence is a line of closest contact the constituents of the 
singularity are 

C = /i-2S+l, 5=28, 

since we have shown that s = 28 + 1. 

(vii) Tlie first two* portions follow from S.C, § 5, which 
shows that the constituents of the multiple point on the curve 
are 

8 = \ + «-2r + 2, A; = 2r — 2. 

To prove the third part, it follows from M.P., § 6, (ii), that 
if the tangent cone at the multiple point has r coincident nodal 
generators, all of which before coincidence are lines of closest 
contact, 

2(7+35=2/A + 4jr-2, 

e'+J5==:/x + r. 

But if the tfingent cone possesses 8— r additional distinct 
Bodal generators, all of which are lines of closest contact, their 
effect ift to produce an additional reduction of class equal to 
28- 2r, and to add i-r double points to the constituents of 
the multiple point ; whence 

2(7+ aJ?=2/i + 28 + 2r- 2,. 

C + 5=/A+S, 

accordingly 

e'=/A + 8-2r+2, J?=2r-2.. 

(viii) If in S.C, §4, we put r= 1, we obtain the singularity 
m question, and its point constituents are 

8 = \, ^=L^ 
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and it follows from M.P., § 6, (i), that if the tangent cone at 
a multiple point possesses a cuspidal generator, which is a line 
of closest contact, the constituents are 

(7=/i, 5=1. 

(ix) Tlie first two portions are proved in S.C, § 9 ; and 
the last two portions in §4, (vi), of the present paper. The 
point constituents of the singularities are S = X, k=1 for 
a curve; and (7=/i, jB= 1 for a surface* 

7. It may, at first sight, appear strange that two such 
different singularities as the ones discussed in (v) and (vi) of 
§ 4 should have the same point constituents ; but the theory of 
curves supplies the explanation. The singularity corresponding 
to (v) in plane geometry is a multiple point consisting of one pair 
of tacnodal branches, one coincident ordinary branch, and />— 3 
distinct ordinary branches; and its constituents are given by 
the equations 

whilst the one corresponding to (vi) is a multiple point con- 
sisting of a rhamphoid cusp and p — 2 distinct ordinary 
branches passing through it, and its constituents are given 
by the equation 

8 = X, « = 1, T=l, »=K 

Both singularities are therefore mixed ones, whose point 
constituents are the same, but whose line constituents are 
different. The theory of the plane singularities of surfaces 
awaits investigation, and I am unable at the present time to 
offer any contribution to the subject ; but it is beyond doubt 
that the singularities (v) and (vi) of § 4 in solid geometry are 
mixed ones, whose constituents consist partly of point and 
partly of plane singularities; and as soon as the theory of the 
tatter class of singularities is discovered, it is practicall}' certain 
that the plane constituents of (v) and (vi) will be found to be 
different. 

8. The process of constructing singularities by the addition 
of conic nodes and binodes may be carried on to any extent. 
Thus, if the transformed surface has a binode at B, whose 
axis has quadritactic contact with it, the effect is to add to the 
multiple point on the original surface two conic nodes, whicU 

S2 
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move up to coincidence with the multiple point along a con- 
tinuous curve. And when the multiple point is a conic node 
we obtain a singularity consisting of three conic nodes, which 
move up to coincidence along a continuous curve and is 
analogous to an oscnode in plane geometry. The equation of 
the surface may be obtained as follows. In (8) put 

^ = 2, v, = yS, w,^0, w^=W{y + S), 

w^^Ly^ + MyS+mn . 

then (8) becon>c» 

Arranging in powers of /9, (20) becomes 
(aTr+7) (aTF+S)/3'"-*+{(n-2) (aPr+7) (aW^+S)a, 
.-aT^(2aTF+7 + 8)^i + aM^, + a*TF,}/S'"-»+ = 0...(21). 

The equations of the axis of the binode are 

— a W= 7 = S, 

and if these values, together with those of w, and TF, from (19), 
are substituted in (20), the conditions that the axis of the 
binode should have quadritactic contact with the surface are 
that the coefficients of /3'*"* and 13"''*' should vanish, which 
requires that 

L + AI + N=\-^ fi (22). 

The equation of the original surface now becomes 

a*-* (a7+ W^') (a8+ WiS') +a"-' {Siv^+w^j-^-ar'' {ff W,+J3' TTj +. .. 

+ a"-X+ w„ = (23), 

where the values of w, and W^ are given by (1&), subject to 
the condition (22). 

Substituting the value of M from (22), we obtain 

au;,+ |3'TF;=a(Z7-iV^S)(7-S) + \7(a8+TFi8')+/i8(a7+TF/S"), 
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and (23) reduces to the farm 
a"-* (a7 + \l3y + W/3') (aS + ^^y + TT/S'J 

+ a**-' {13 {Ly - M) (7 - 8) + yf,] 

+ a"-*(/3T. + /9F.+ FJ+a"-\+ u, = a.....(24), 

where r„=(7, S)". 

The section of the surface by the planQ 7 = 8 is a curve 
having an oscnode at A ; and, when the surface is a quartic, 
the equation of the section can^ be reduced to the standapd 
form 

(a7-l-w/+7'"i = 0r 
whore m^=: (^8, 7)". 

9. The quadric transformation does not explain why a' 
multiple generator of order q on the tangent cone produces 
a further reduction of class equal to {q— 1)'; but as soon as 
this has been established by other methods, it will be found' 
that a theory of multiple generators on the tangent cone exists 
analogous to the theory of multiple points developed in S.G. 
One example will be sufficient. 

Let the equation of the tangent cone at a multiple point of 
order q + 2 he 

/3V% + /3«.«^,.. + «',.. = (25), 

where v, — 7 + 8, and w^=^{y^ By. Proceed as in M.P., §4, 
by writing down the first polars of C7and Z>, and eliminating /3, 
and it will be found that the eliminant is 

where 4, jB, and G are binary quantics of (7, 8) of the degrees 
indicated by the suffixes. This shows that the first polars 
intersect in 4^ + 6 ordinary points, and that B absorbs 

(2 + 3)'-4y-6=(j+t)« + 2 (26) 

points; hence the right-hand side of (26) gives the reduction 
of class produced by the multiple generator on the cone. 

In the same way it can be shown that, if u>^ = ^J^^-r^ ^^ 
that r ordinary sheets of the cone coincide with the pair of 
tacnodal sheets, where r>l, the reduction of class produced 
by the generator is 

{q+\y + r + 2. 
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Putting g— 2 for J, we thus obtain the following theorem : — 
If the tangent cone at a multiple point of order p possesses 
<i singular generator^ which consists of a multiple line oj order q 
having one pair of tacnodal sheets^ r ordinary sheets which 
coincide with the pair of tacnodal sheets^ and q^r — 2 distinct 
ordinary sheets j the reduction of class is 

When the generator ii not a line of closest contact, the 
value of C-^B is ip(p - 1)*; hence C and B are known. 

The foregoing result may be easily extended to the cases 
in which the cone has any multiple generator of the kind 
considered in S.C 

* 

10. The theory of the quadric transformation also fails 
when the tangent cone at the multiple point is of the form t/^'. 
In (7) and (8) let /? = 2, u^ = S\ so that the singularity at A 
in (7) is a unode, whose constituents, as we already know, are 
three conic nodes. The last three terms of (8) now become 

and if B be one of the points when the line BC intersects tl^e 
cone w,, it follows that the highest power of J3 is /J"""*, and that 
its coefficient is 

Hence £ is a conic node on the section of tbe transformed 
surface by the plane BCD, whose nodal cone touches this 
plane ; and, since there are three of such points, it ought to 
follow from § 4, (v), that the constituents of a unode are 0=1^ 
J5 = 3, which shows that the theory fails. 

In a paper which h shortly to be published in the 
Bendiconti del Circolo Matematico di Palermo^ I have 
obtained a proof of the theorem that the point constituents 
of a multiple point of order p^ the tangent cone at which is 
4inautotomic^ are ip (/?-!)' conic nodes. This completes 
the proofs of the theorems given in M.P. and the present 
paper. 

Pledborongli Hall, 

Holyport, 

Berks. 
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NOTE ON LEFT AND EIGHT-HANDED 
SEMI-CONTINUOUS FUNCTIONS. 

By W. H. Young, Sc.D^ F.R.S. 

§ 1. TN a previous paper in the Quarterly Journal^ I showed 
-*- that the upper (lower) right-handed associated 
limiting function of a function of a single real variable differed 
from the upper (lower) left-handed associated limiting function 
at only a countable set of points, or with the notation of that 
paper 

except at a countable set of points.f 

I showed further that ^ is upper semi-continuous, and that 
at each of its points of continuity both <^r and ^x ^^'^ continuous, 
as was there pointed out. Hence jt^, |^x, and similarly ;//ij, yjjj^y 
are point- wise discontinuous functions. 

In the following note I give a general theorem, of which 
this is a special case, viz, I show that any right or left-handed 
semi-continuous function belongs to Baire's first class, that is, 
it is point-wise discontinuous with respect to every perfect set. 

§ 2. Lemma, If/is lower semi-continuous on the right, and 
finite^ <Pji -J" has the lower bound zero. 

For, if Pbe any point, it is knownj that any limit approached 
hy ^iz, or byy, as x approaches Pas limit on the left is <^ij(P). 

But, by the definition of ^b{P)^ we can so choose the 
sequence described by x thaty (a;) has the limit ^^ (P), hence 
i>B (^)> which, when / is lower semi-continuous on the right, is 
never less than /(x)^ has the same limit. Since this limit is, 
by hypothesis, finite, it follows that <I>b {x) -f{x) as x describes 
this sequence, sinks below any positive quantity, which proves 
the lemma. 



♦ In the present Volume, pp. 67-83. 

t I may say that I have succeeded in extending this result still further, having 
proved that the two multi-valued functions defined at each point by all the limits on 
th* left and all the limits on the right respectively differ only at a countable set of 
points. The statement that at a point of discontinuity there is no distinction of 
right and left except at a countable set of points is now therefore to be interpreted iu 
this extended sense. 

J f^c. ciif p. 71. 
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Similarly : — 

Iffia upper semi'Continuous on the right andfinite^f^^^jR has 
the lower bound zero. 

Two similar results hold interchanging "left" and "right." 

It is to be remarked that, although the associated functions 
are usually defined with respect to the continuum, they may 
equally well be taken with reference to any perfect set, as 
Baire points out in his original memoir; thus the above 
lemma may be taken to refer to a segment or to any perfect 
set, and in the theorems which follow the terms " continuous " 
and " set of the first category " may be taken to mean in 
reference to the continuum, or to any perfect set. 

§ 3. We now state and prove the theorem in question. 

TheoKEM. Ify is a function which is lower (upper) semi' 
continuous on the right (feft)^ it is continuous except at a set of 
the first category, 

Sincey is lower semi«<;ontinuous on the right, 

everywhere, therefore 

and determinate in any interval throughout which ^j^ ^s finite. 
In such an interval, moreover, ^^ —f is upper semi^continuous 
on the right, so that the points 

4>R-f>h 

form a set which is closed on the left.* If this set were dense 
everywhere in any part of the interval considered, it would 
therefore fill up the partial interval, which is impossible, by 
the preceding lemma^ 
Thus the points 

<t>B-f>h 

are for each value of Ic dense nowhere, so that the points at 
which 

form a set of the first category. At the remaining points, 
flince <f)R cannot be less than i/^i;, 

■ - ■ ■ ■ » 

• Lo$. cii^ p. 72, 
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90 that f 18 continuous on the right. Since there is no 
distinction of right and left except at a countable set of points 
it follows that / is continuous except at a set of the first 
category. Thus the theorem holds in any interval throughout 
which ^R is finite, and therefore in any interval in which the 
points 0ij = ±QO are dense nowhere. 

Now at any point where ^j2 = - oo ,y=: — oo , and is there- 
fore continuous on the right. But the points at which the 
lower semi-continuous function /= — oo form a set which is 
closed on the left, and therefore fills up any interval in which 
it is dense everywhere. Throughout such an interval ^2j=— oo , 
so that J is continuous. Thus the theorem is true in any 
interval in which the points 0^; = — oo are not dense nowhere. 

Similarly it is true in any interval in which the points 
^j2a>4 00 are not dense nowhere. For the points 0j2 = + oo 
form a set which is closed on the left, and therefore fills up an 
interval in which it is dense nowhere. In such an interval 
the points /</tf, which,^ being lower semi-continuous on the 
right, form a set closed on the left, must be dense nowhere. 
For otherwise at every point of some partial interval we 
should havey<7i;, and therefore <f>^<h Thus in such an 
interval the ^o'mif^f^ f oo form a set of the first category, in 
accordance with the theorem. 

Since, by what has been shown, the whole continuum may 
be divided up into a set of intervals in which ^jj = + oo , a set 
in which ^22 = — 00, and a set in which the points <^ij = ±QO 
are dense nowhere, and the theorem holds in each interval 
separately, it holds in the whole continuum.* 

Cor, A function which is upper (lower') semi-continuous on 
one sidcy and whose lower (upper) bound in every interval is 
zero^ is a null function. 

Gottingen. 



* It should be noted that the theorem jast prored is not a consequence of the 
main result of the paper quoted. A function may be totally discontinuous and ^et 
upper (lower) semi-continuous except at a countable set of points : — e.g. the familiar 
Sanction, which is unity at the irrational and zero at the rational points. 
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ON ELLIPTIC-FUXCTION EXPANSIONS IN WHICH 

THE COEFFICIENTS ABE POWERS OF THE 

COMPLEX NUMBERS HAVING n AS NORM. 

By J. W. L. Glaishbr. 

Introduction^ § 1. 

§ 1. AN p. 33 of the last volume (Vol. XXXYIII.) I have 
^ assumed the truth of the formula 

rAV=i6srx,(«)2", 

where Xi(")~i^**' ^ being any complex number having 
fi as norm, and stated that the proof would be given in 
a separate paper which would be devoted to the consideration 
of the class of elliptic-function expansions in which the 
coefficients are powers of the complex numbers having 
n as norm. 

In the same volume (p. 300) I have also assumed the 
formula 

where Xa(^)~i^^*) l^^ving the proof to the same subsequent 
paper. 

§2. The oresent paper is the one referred to. Its prin- 
cipal object IS to investigate the ^-expansions in elliptic 
functions which have as coefficients ;^^(«) where ;^^ (w) = ^S^*". 

The proofs of the two formulas which have been assumed 
in the previous papers are given in §§ 13—14. 

The second portion of the paper (§§28-34) relates to the 
functions Xfwi), i^(w«), (2(»0, Q (wi), of which considerable 
use has been made in previous papers of this series. The 
definitions of the functions as coefficients are derived directly 
from their definitions in terms of representations by any four 
«quares. 

Tiie third portion (§§35-49) relates to the function 9 (w), 
which was introduced for the purpose of expressing the 
numbers of representations by sixteen squares. From the 
coefficient-definition of 6 (w) arithmetical definitions are 
obtained by which it is expressed in terms of representations 
by any four squares, and, when n is uneven, also by four 
uneven squares. 

In the concluding portion (§§50—69) the functions X(wO» 
P(wi), Q{m)^ 12 (wi) are expressed as sums of the first, second, 
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third, and fourth powers of certain complex quantities derived 
from representations by four squares. 

Expansions in which the coefficients are powers 

OF the complex NUMBEltS HAVING THE 
EXPONENT AS NORM, §§3-26. 

Notation^ dcc.^ §§3-4. 

§ 3. The notation used is as follows, K and E being a» 
defined in Jacobi's Fundamenta Nova. 

/> = — , (? = £-rir, I=E^K, 

ARE 4.KG AKI . 

■;;t-=^> -Z^=Sfi "IT''*? 

TT TT TT 

BO that 6 = 5^ + ^' V) i=ff — fc'p*- 

§ 4. The expansion formuldB upon which the results obtained 
in the paper depend will be deduced from the following general 

thearem in which t denotes q -r- : 

aq 

t(k''k'YiYe^) = iA^A'v I (/3 + 7 + w) r^y^^ 

4- (7 + a - n - m + r) t V''«'' + (a + ^ + wi) t Ve^'* 
- oLi'^-y^'e'^'' - ^i'^'Y'"^'^' - 7* "'y V-*} * 

Fa7we5 o/ S"„nV*, Sln^, (fee, §§5-9. 
§ 5, I start with the four fundamental formulae 

(i) si2~' =pS 

<ii) Sl(-l)V=^V, 

(iii) Sis*-' =Ay, 

(iv) Slm'ji"** =Jfc*A'V^ 

wTiere (as also throughout the rest of the paper) n denotes any 
©umber, m any uneven number and wi' = (—!)*<"*"* ^/w, so that 
m=m when m is of the form 4A; + 1 and = — m when m is of 
the form 4A; + 3. 

In all the g'-series the sign S refers to n or wi, 

♦ Thii formula is ciyen in this form on p. 249 of my book on the Zeta Furrction 
(still unpublished). It may be easily deduced from the formula on p. 358 C§ ^4) of 
W^ol. II. of the Quarterly Journal, 
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§ 6. Operating with ^ upon ( 1 ) we obtain Sr„ w*^***, operating 
again, S^^n*^"*, and so on. Treating similarly (ii), (iii), (iv) 
we may obtain by repeated use of the theorem in §4 the 
values of 

for r=l, 2, 3, .,,. 

§ 7. Operating with f on (i), ..., (it), we find 

(tod, operating again, 

r (&V) = T^A V (»••- 2.7* + 2e» + 2ig) , 
?• (*y) = i^^y («• + 2<7« + 2«- - 2t», 
r (iWV») = 1^^'A'V* {»"+/+ e'+ ige + 4«t + 4t<7), 
and, again^ 

f'y) =^^p*(i,'+2t>e + 6/e + 6/t + 8eV+8i'5r-8ie'-8»'e), 
$»(*>♦) = ^*'V' (»■'+ 2»>« + 6e'« + 6e V+ 8e'«+8/»-8(7e'-8^'«), 
(;» (Ay) = ^-A»^» (e'+ 2t>e + Qge^+ 6 je'+ 8/e +8t'e-8^e'-8/t), 

+ 48i^«), 
and so on. 

§8. It is, however, rather more convenient to express 
each result by means of one only of the three quantities t,^, t. 
Thus we have 

ry) =ap'(3<7'+2a'a'V), 

?'(*'y) =iW(3t'-2Ay), 
?'(*y) =A*y(3e'-2Pp*), 

&c. &c. 
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§9. By operating upon (i), . ., (iv) with ^, T, ... and 
expressing the results in terms of only one of the letters t, g, e, 
we obtain the following results : — 

2* S"!,*! V= /)» { 1 5^' + SOgk'k"p* + Sk'k" (k'* - jfc') p'}, 
2*S!'„nV*=/»MlOV+ 420/Jfc''A'V+ 224^A'A"(A;"- A') p* 

+ (32W-132/:T*)p'l, 
&c. &c. 

2''S~^(-l)»nV=AV», 

2*S!1,(- l)"nV=A:V(3»"- 2AV), 

2'sr„(- l)"n*2»'=iV(15i*- aOtiV*- 8F(1 + A')p*}. 

2» s~^ (_ l)»„y»= jt; Y { 105t*- 420i'A:V*- 224tA' (1 + F) p* 

-(32A'r+132r)/|* 
&c. &c. 

Sis*-"* =Ay, 

Slm*2i<»* = iy (3e'- 2ii!"/>*), 

SlmV"* ='ty ll5«'-30<?iV+8*"(l + *")/!. 
Sr^m'?*"*' = AV* { 105«' - 420e'A:'y + 224eA" (1 + A") /, 

-(32pr+132r)/>», 
&c, &c. 

2r«»«"2i'»*= i*^'V* 13<7 + (*"- -!:') />*K 

+ (r-i*)(i-io«")/,'}, 

&c. &c. 



• The second 8et of formute may be derived from the first by changing the sign 
of q. By the cliauge of q into - j, « is unaltered, but i aad g are interchanged, and 
f, h'p, ii> become A>, p, 5(-))*p respectively. 



Digitized by 



Google 



270 Dr, OlaisheTy On elUptic^unction expansions 
Complex numbers^ § 10. 

§ 10. If n = a^+ 6", where a and b are different and neither 
zero, there are, corresponding to this partition of w, eight cora*- 
plex numbers which have n as norm, viz. the four associated 
numbers 

a + tb, ia-h^ — a — ti, - ia + by 

and their four conjugates. If a = J (in which case n is the 
double of a square), or if one is zero (in which case n is 
a square) there are, corresponding to this partition, only four 
complex numbers having n as norm. 

The sum of the eight (or four, if a = J or if one is zero) 
complex numbers is zero, as also is the sum of their squares. 
The same is true also whenever the exponent is even, or when 
it is even and of the form 4i+2, but not if it is of the form 4A» 

Expreisions for XiW and Xa W> §§ 1 1— 12. 

§11. If a and b are different and non-zero, then the sum 
of the fourth powers of the eight complex numbers, corres- 
ponding to the partition w^a'^-f 5", is 

8(a*-Ga*6'+i*), 

and the sum of the eighth powers of these numbers i» 

8 (a*- 28a«i*+ 70aV- 28a''6«+ V). 

If a = J, or if one is zero, these quantities are to be halved. 

§ 12. If then we define y^^^in) as ^2^**", where i is any 
complex number having n as norm, we have 

ancl :v» (w) = 2S (a*- 28a*i' + 70a V - 28a V + h\ 

where S applies to all the partitions of w, it being understood 
that a term corresponding to a partition in which the two 
parts are equal or one is zero is to be halved. 

Proofs oftheformuloB quoted in § 1, §§ 13—14. 

§13. The value of Xa(p) which has just been obtained 
shows that 4;f^(w) is equal to the coefficient of j" in the 
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expression in ascending powers of 5- of 

2SlnV X Sl2«'- 6 (SlnV')', 
that is, substituting for the series, their values given in § 9, 

that is, A'^'y = 1 6 2" a:* 00 2^ 

ivhich is the first of the formulas quoted in § 1. 

§14. Similarly ^Xii^) ^^ equal to the coefficient of g* i»^ 
the expansion of 

whence, substituting from §9 and reducing, we find 

that is, (a'A"+ ^^A'O /= 642";^, (w) 3*, 

which is the second of the formulae quoted in § 1. 

The function p^^OOi § l^* 

§ 16. The fanction X)W ~i^** *"^ *^ therefore equal to* 
one fourth of the number, of complex numbers which have 
n as norm. Thus 

i+42rx.(n)5"=(Sl?~7=/>. 

The function Xo W ^^ therefore equal to E^(n) where E^{ny 
denotes the excess of the number of real divisors of w of the form 
4:k + 1 over the number of real divisors of the form 4^ + 3, 

Primary complex numbers^ § 16. 

5 16. If m is an uneven number and a' + J' is a partition- 
of wi, a being uneven and h even, then among the eight 
complex numbers connected with this partition the two 

(_l)4(«-^»)(a+j6) and (- 1)*(«^* '>(a-i5) 

were termed primary by Gauss. If b is zero (in which case 
w is a square), there is but one primary number having m a» 
norm, viz. (- !)*<"''> a- 
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Definition of x, (w) ,§17. 

§ 17. I define Xr('") *• ^^c sum of the r**" powers of the 
primary complex numbers having m as norm. This definition 
IS in accord with that of x^j,{n) in § 12, for (including the case 
of A * 0) the sum of the (4^)*^ powers of all the complex 
numbers having m as norm is equal to four times the sura of 
the primary complex numbers having the same norm. Thus, 
if a' + i' is a partition of m in which a is uneven and b even^ 
we have 

X.(m) = 2S(-l)»(-'-"a, 

X.(«.) = 2S(«'-6'), 

■X, (m) = 2S (- !)♦(•*»-" (a* - 3a6'), 

X.(»n) = 2S(a*-6aV+J*), 
X. (m) = 2S (- l)****^'' (a' - lOa'J* + 5aJ*), 
X, On) = 2S (a* - 15a*i' + ISa'J* - 6'), 
X, (w) = 2S (- 1)«(«*^'' (a' - 2 laV + 35a'i* - 7aJ'), 
X,(w») = 2S (a* - 28aV + 70a*J* - 28a''6' + J*), 
&c. &c. 

Tlie uneven number tn must be of the form 4^ + 1, for 
a number of the form 4^ + 3 cannot be the sum of two squares. 

As already mentioned, when the suflSx r is of the form 4)b, 
the value of Xr(*") is included in that of XrC")- 

Values o/"x,(4n + 1) jK^'+i), §§ 18-19. 

§ 18. Taking the quantity XiW' ^^^ ^^t formula of the 
preceding section shows that 

22rx, (4n + 1) ?*(*»+i)= Sr^m'j*^ x 5;"„(- !)"?»' 

The second formula shows that 
2Srx.(4n+l)?*(''«+i)=2r„»nV"'>^2r„g»'-r„(2n)V*xS-„^* 

= Av*« • p* - p^9 • ^y = *v (« - 5) - ***' y. 
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Similarly 

= 2r„m"?i«*x sr«(-l)"?"'-3Sr«ta'?**'x 21(2»)'(-1)V* 

= W(l+i-')p*, 

and so on. 

We thus obtain the system of expansions : 

*V = 2Srx.(4« + !)?«*"+'), 

ifc'AV = 2srx, (*« + y*^*'^*)! 

W (1 + *') P*= 2S,°'x.(4'« + 1) ?*(*»<■»), 

A*yfc'V= 2Srx.(*n + yl^**^!), 

JtW ( I - 6Jfc*+ yfc') p»= 2S,"X. (*« + ?«*•+'), 

*♦*" ( I + U*'+ *«) p' = 2Srx.(4« + 1) ?«*"+'), 

*♦*' (1 + A') (I - 6**+ A*) p«» 2Srx,(*« + ?«*»^-'>, 

jt»yi«(l - 66*'+ k') p*= 2Srx.(4n + ?«*"<■*), 

The fifth and last of these formulas may also be derived 
from the expansions involving x^{n) and Xg('0 ^° §§ ^^ ^"^ ^^* 

$ 19. Changing the sign of q in those expansions, ve find 
*»Pp = 2Sr(- 1)"X.(*«+ 1) ?*(*"+'>, 
AWy=2Sr(- irx/^nH- !)?«*"+'). 
*UV=2Sr(-l)"x.(*«+ !)?*(*"+'>> 

jiw»(*"- )(•*) p*» 2sr(- i)"x.(^« + 1) ?*(*"+'>• 

*»)tV= 2Sr(- 1)"X4(4'« + !)?«<"+'), 

/•U-'«(l + 4W') p*= 2Sr(- l)"x.(*'» + 1) ?«<"+'), 

W«(I - 16i<'/fc") p'= 2Sr(- 1)"X.(^« + 1) ?«*"+*>! 

W«(&'*- i') (I + 4/tT') />•= 2Sr(- l)"x,(*« + 1) ?*^*"+'^ 

W-*« (1 + 64i-'/fc") p»« 2Sr(- 1)"X.(4« + ?»(*"+*^» 

VOL. ZXXIX. T 
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and bj cbangiDg q into ;' the expansions of § 18 give 

kk'p^^ 4Srx.(4n + !)?*(-->, 

w'*(i + r) p'^ «2rx,(4« + 1) ?*^**">, 
kk'y^ 4srx.(^«+i)?*^""\ 

w (1 - k'k") />'= 4srx6(^'» + 1) ^*t*"^">, 

M'Hi + /E'') (1 - 6^'»+ r) p''^- 32srx7(4w + 1) ^^^^--'^ 

ke\l ~ *»- 4F^ p*= 4SrXs(4/» 4 l)q'^''\ 
&c. &c. 

Representation hy fourteen squares^ § 20. 

520. Besides the forn»ul» involving Xo (or -EJ,), 5^,, ^4^ and 
'X^ (which have been used in previous papers for the expression 
of the numbers of representations by sums of squares), only 
one of these expansions supplies a new formula relating to 
such representations. This is the seventh equation of § 18 
which is equivalent to 

(k^ + 13£* - 13*^ - £^*) p"= 2Srx,(4w ^ 1) yK<«+i), 

and therefore affords another equation connecting ^*p', Kp', 
Mp^^ k'^p^^ in addition to the two (xv) and (xvi) on p. 183 of 
vol. xxxviiT. One more equation is needed, however, in order 
to obtain the expansions of these four quantities. 

Thefuneti&n x^(m), §§21-22. 

§ 21. The functions Xa(^) ^^^ X»r(^) ^^^ ^^* ***®^ *" *^® 
last volume of the Quarterly Journal (vol XXXVIII^ pp. 20 
and 290). The functions ^k'^Cw) = ^^(n), x^(:n) under the 
notation x(^)» *"^ X«(^) ""^der the notation \{n) have been 
used in several papers published during the last twenty-three 
years. 

I first used the function x (p) ^^ "^^l* ^^« ^f ^^ Quarterly 
Journal (p. 81), and it formed the subject of a special paper 
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(pp. 97-167) in tliat volume. In the course of that paper the 
function X (w) was introduced (p. 145). In the same paper 
also (p. 109) the function JE^(n), there denoted by E(n), 
which had been defined by means of the real divisors of w, 
was considered in connection with the complex divisors. 
The ;\;-notation is referred to in the note on p. 33 of vol. 
XXXVIII. 

§22. Although, as was pointed out in §20, only the 
functions Xn'> Xv 7(v Xe' Xg *'*® ^^ ^^^ '*" connection with 
representations by sums of squares, it seemed to be of interest 
to determine the elliptic function quantities which have Xr(^) 
as coeflScients also for uneven values of r ; for, next to functions 
depending upon real divisors, the functions x^(n) and x^im) 
are among the simplest arithmetical functions depending upon 
divisors of n and m which can be constructed. 

Another method of obtaining the values of 
2rxX«) ?" Cind SrXsW?", §§23-25. 

§ 23. It may be noticed that the values of S*;^^(n) cf and 
2~^g(n)j** can bo obtained in a slightly diflferent manner 
as follows: — 

We have (§ 12) 

.X4(w) = 2S(a*+4*-6a*4') 

= 2Sl(a'4J7-8a*4*} 

= 2SAi*-16a"i' 

= w*^,(w)-.162a'4', 
and similarly 

X^in) = n^E(ii) - 642aV- 642a'6'+ 1282a'6S 
whence it follows that - 

Sr XsC'O ?"= Sr«*^,(«) ?"- 162lnV X 2lny 

+ 16(2lnVT 

§24. In order to obtain the values of the two series 
involving E^(n\ we have only to apply repeatedly the 
operator ^ to the formula p = l + 4S*£^(w)?\ 

t2 
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276 Dr. GluuheTy On elliptic-function expantimif 
We thus find 

4Srn^.(«)?"= ip.7, 

42r «*■£'.(») ?"=aV I2V+ T2/il'k"p*+ 32gk'k"{k"-lc')p* 

+ (4W-15rr)p»}, 

§ 25. Sobstituting the values of the y-series from the pre- 
cediog section and frum § 9, we find 

and, after redoctlon, 

Kx.(.n)f=^k(.^k'k"+k*k'*)p', 

Dfhicli agree with the results obtained in §§13 and 14. 

Values of Xi(v^) ^^^ XtC'^) ^^P^^^^^ l>y partitions of^m^ § 26. 

§26. The values of Xf(^^+-^) *"d ^^fC^^^^^) c*^ ^^o 
expressed by means of the partitions of 8n + 2 as a sum of 
two unequal squares ; for, from the fourth group of formulas 
in § 9, we find 

ikk' (1 - W) p'= 5 (2r«w V"*)'- 3 (2_-„ w V"') (2lw'^i«'). 

These equations show that the coefficient of j*^*'*+*> in the 
expansion of kk'p^ is equal to 82a j3', and in the expansion of 
kk' {i - k'k") p' is equal to 22|10a'/3"-3(a*^' + a'^'*)}, 
where 2 applies to every partition of Sfi + 2 into two uneven 
squares a' + j3'. When 4n -f 1 is a square there is a partition 
a* + a* and the tern^ derived from this partition is to be halved. 

Comparing these coefficients with those in the second system 
of expansions in § 19, we see that 

X,(4«+l) = 22a'/3'. 

X. (4m f = is I I0a"/3" - 3 (a"/3' + a'P'% 
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The fii*st of these renultA has been obtained or referred to 
in several previous papers, as e,g, vol. XXXVI,, pp. 342, 345, 
It was derived from the value *i S (a* ~ V) of x» (w) in vol. XX , 
p. 147, bj passing from the partition a*+6^ ot m to the partitioa 
(a + A)* + (a — i)* of 2m, The second result may be derived 
in the same manner from the value 22(a'- l5aV+ I5aV— A*> 
ofx,(w). 

The Functions X(m), P(m), 0(m), n.(m), §§27-34. 

Arithmetical definitions of the functions X(m), -P(»t), Q{fn)y 
ll(m), §27. 

§27. These four functions have been defined on p. 319 of 
vol. XXXVI., bj the equations 

and from these definitions it is deduced on p. 323 that if 
o'+ /3'+ *>'+ S* is any partition of 4w into four uneven squareSy. 
and, if a = (- l)*<^-'>a, ^8' = (« 1)*</* ^>/3, •.., then 

P{m)^ll<^^[a'n 

tt(m)= 2<V/SYSV 

where [a'] = a' + i8+7' + 8y 

[a'/5'] =a/3' + aY+ a 8' + ^V + /9T+7T, 

and [a'ySV'] = a'i8'7'+ a'/3'8'+ aVS' + ^yS', 

and the summation symbol S^""^ refers to all the compositions 
of 4m as a sum. of four uneven squares. 

By algebraical transformations it is shown (pp. 329-334) 
that X(w), ... may be expressed by means of the representa- 

* The function X(m) is the aam.e m XsM (^^t). In the rent of this p«poc 
I retain the notatiou \ (m) for the sake of uniformity with previvua papers. 
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tioDS of m as a sum of any four squares by. the following 
equations : 

X(m) = j2<->(-iy<*"'>a, if m = 4i+l 

= 0, if m = 4Jt + 3; 

P(ni) = ^2<'> (3a' - J' - c' - d') ; 

g(,n)=:^2<'->(-l)*(-^)a(a*-y-c*-0, »f wi = 4ifc + l, 

= i2<''> (- !)*<-'> icrf, if m = 4jfc + 3 ; 
a (w) = iS<''>(a* + 6*+ c*+ d^-^2a'b'^ 2aV- 2aV'' 

«2JV-2J«d'~2cV'); 

T^here S^*"^ refers to all the representations of m as a sum 
o"+ J*+c'+rf* of four squares, a being uneven and J, c, rf, 
even when m = 4A;+ 1, and a being even and &, c, d uneven 
when »e = 4^ + 3 ; and <ff = a + i + c + d. 

Derivation of the coefficient-definitions from the arithmetical 
definitions, §§ 28-32. 

§28, The formulas in §9 enable us to obtain directly the 
elliptic-function quantities which have as ^'-coefficients the 
functions X(fn), P(wi), ... defined by these last equations, 
that is, by means of the representations of m^ 

For, taking these definitions, 

8X(4n+l) = 2<'->(-l)*<-*U 

= the coefficient of 2*^^"+^) in 42!^w'2i«»'x iDK-iyg*-^'*^* 

that IS in 4^*)fcV • ^'^p5 = 4A:W V. 

Since the ^'-product, when multiplied out, can only contaia 
terms of the form yi(4"+0, we have therefore 

M'Y = 2Srx (4n + 1) ji(4«+i), 

which, since X (4w + 3) = 0, may also be written 

.A'WV = 22:rx(t/t)^K 

* In general, when n is partitioned into k squares a'^+b^+c^+.,.y such a quantitjr 
«s, say, £('")[a*^<j»rf'ey«] is equal to the coefficient of ^ in the expansion of 



3I2I1I(&-6)1 



The square brackets have the same meaning as in §26, Tie. [a*b'...] denotes the 
Bum of all the terms of the type a'd'... that can be formed from the k elements, 
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§29. Iq the case of P(m) the definition is 

24P(wi) = v:<''^ (3a' - i' - c* - d'\ 

and, since a is uneven wlien rn is of the t'orai 4^4-1, tti« 
equation shows that 24/*(4/i + 1) is equal to the coefficient of 
yK^w+i) iu 

- 12r^2l»»' X 21(2;^)' yi-4^' X (S!'^^!.*-*/, 
tliat is, ill 

12(JfcV*«.pi-iV-pV-P) = 12)(:y(€--^) = 12iwV} 

and, since the expansion of the ^-expression can only involve 
terms of the form yK^»+U, we have therefore 

i^*Pp*= 22rP(4n + 1) q^^^). 

Similarly we see that P(4« + 3) is equal to the coefficient 
of 2*(*«+3) in 

122^0 (2«)' g*-^'^' x- (Sr^yl'w^)* 
that is, in 

whence, we have 

klk"p' = -- 22*P(4/i + 3) 2K4«+3). 

§ 30. Writing for the moment 

M. = 2l^"jZi^"; y. = 2-^ (.- l/n'?i.4n-, 

we have, a being uneven and J, c, rf even, 

8(2(4« + l) = 2<'>(-iy<-*Ja(a*-i*-c*-t?'') 

= the coefficient of jiC-^^+i) In 4/i,v^*— 12/AjV^v^*, 
that is, in 

4^Vr>i {3^1' + (^'» - A') p'} A'Ipl - \2k^k'^ph.k'^pH. k'p 

=^Wk'y {3 (ff^i) + (fe"-F)p*^} = 4W(l+&?)/^ 
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The expression, when expanded, consists onlj of terms 
of the form ^(^'h-i), go that we haye 

Treating in the same manner the case of a even and by c, d 
uneven, we have 

4e(4« + 3) = 2<'->(-l)*<-'>Aci 

=sthe coefficient of jK^w+s) in -4/a,V^,* that is, in -4AUV; 
and therefore 

*UV = - K Q i^n + 3) yK<»H^3). 



§31. The expression for D,(m) is the same, whether m is 
of the form 4A; + 1 or 4A; + 3, viz. 

8i2(m) = S^*-) {a*+ i* + c* + cf*- 2aV- 2aV^2aW" 

-2iV-2iy«-2c'd'}. 
Putting for brevity 

we see that 8Q (4n + 1) is equal to the coefficient of ^(4««+^) in 
the expansion of the expression 

4 (M,N; + SN,N:M, - 6M,N,N: - 6iV,W.3/.), 

and the value of this expression on reduction is found to be 

Since the ^-expression, when expanded, can contain only 
terms of the form gi(*'*+^), we find therefore 

k*k'* (1 + 3A") p' = 2S,"0 (in + 1) giU-H-i). 

Similarly 80 (in + 3) is equal to the coefficient of qli^'>+^) in 

4 (N,M; + 3M,M,'N, - GN,M,M; - GM,'M,NX 

that is, in - ikUe* (3 + A') p' ; whence 

Mk"(3 + k') p'=-2SrQ (4n + 3) yiC^n+s). 



* The minus sign is dae to the fact that in the product /U|>i/, the term bed has the 
•ign (- l)4«4(6-')'iic-')+i(d->) =3 - (- l)i(»-i>. 
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§32. Thus, from the arithmetical definitions of X(iw), ... 
in terras of the representations of w as a sum of four squares, 
we have derived the expansions : 

WV»= 2Sr X (4n + 1) yi(4«+i), 

Wy = 2Sr P(4n + 1) yi(4«+i), 

m' (1 + k') p*= 2Sr C (4n + 1) yi(4«+i), 

W^(l + 3*0 p'= 2Sr^ (4« + 1) ?i(4»+i), 

and AayfcV= - 22^ P(4w 4 3) jK^'H^), 

A! A'y = - sr e (4n + 3) yi(4«+3)^ 

ifctyfc'* (3 + *') p« = - 2Sri2 (4n + 3) jl(4»+3). 

From these equations, by changing q into y*, j' into — y, 
adding and substituting, &c., we may obtain all the expansions 
involving X(wj), ... given on pp. 342, 346, 349, 350, and 353 

of vol. XXXVI. 

The function 12 (w), § 33. 

§ 33. The arithmetical definition of the function 12 (w), by 
means of the representations of m as a sum of four squares, is 
equally appropriate to the case in which the argument is even, 
viz. we may define 12 (w) for any value of n by the equation 

where a*+&*4-c'+rfMs any partition of w into four squares. 

Adopting this definition it is evident that %il{n) is the 
coefficient of j" in 

^ 4Sr„MV'" X (Sr„?»')'- 2 . 6 (S!l.nV7(sr„?»')'. 
that is, in 

^ {4p*(3/+ 2Jc'k'Y) pi - 12/>/.p} =PTV, 
whence we have 

Changing the sign of q^ the left-hand side becomes — k^k'^p^^ 
which shows that 12 (w) = when n is even. 

Theorem relating to representation hy/our squares^ § 34. 

§ 34. The result just obtained, viz. that if N be any even 
number, 12 {N) = shows that, for any even number N, 

♦ This equation was taken ai the definition of 0(n) in toI. xxxviii., p. 201. 
Preyiouislj I had only defined Q (m). 
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We may aUo write this equation in the form 

2('-)[2[a*]-J^'j=0, 

whence, since the number of representations of N is equal to 
24 A (N)j we have 

22''J[a*] = JV.24A(iV), 

that is, 2<^)(a*+ b'-i c'+d') = 12iV^A (N), 

which is a curious theorem giving the value of the sum of the 
fourth powers of all the elements of the representations of N 
as a sum of four squares. 

As an example take N= 10. The partitions are 

3*+l'+0'+0' and 2'+2*+l'+l', 

which give rise to 48 and 96 representations respectively. 
Thus the theorem gives 

48 (3*+ 1'+ 0*+ 00 + 96 (2*+ 2"+ 1*+ 1*; = 12 x 100 X 6- 

The Function e(n), §§35-49- 

Derivation of arithmetical definitions of O (n) from the 
coefficient-definition^ §§35-42. 

§ 35. For expressing the number of representations of n as 
n sum of sixteen squares use has been made of' the function 
G (;«) defined by the equation 

F^v=2re(w)?*.* 

It will now be shown that from the formulse of § 9 we may 
derive an arithmetical definition of 9 (w) depending upon the 
representations of n as a sum of four squares. 

Denoting, as in § 31, sr^ (2w)*^'*' by N^^ we have 

N^N;=p'{]5g'+ SOgJc-'k'y-^ 8k'k'\k"-k')p'\, 
whence we find 

8k'k"(k"- k') p'=n^n;- i5N,n^;+ 3on;n,. 

Denoting any partition of n by a'+6*+c'+<?* the coefficient 
of g* on the right-hand side 

= 2«{j2(-)[a*] - Ji2<"[aV] + ^2<'^la'b'c% 
♦ Vol. XXXVIII,, p. 193. 
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and therefore the coeflScient of q^ in the expansion of 

= 22<''> {[a'] - 5 [a'b'] + 30 [a'iVj. 

Now k'kY= i6sre(«)/, 

and W V'= - 32Sr O (2w) /*, 

whence 

(AT*- A*A'') p'= 162^0 (m) y"+ 482~e (2;i) q'\ 

Thus, putting 

^ = 1('^ { [a^ - 5 [a'b'] + 30 [a'iVJ}, 

we have G (n) = ^-4 or ^A according as n is uneven or even. 
Taking as a numerical example n= 13, the partitions of n 
into four squares are 3*+ 2'+ 0'+ 0* and 2*+ 2'+ 2*+ 1' which 
give rise respectively to 48 and 64 representations. Thus 

J4 = 6 j3*+ 2«- 5 (3'2'+ 2*3») 4 30 . 0} 

+ 8j3.2'+l'-5(3.2*l» + 3.lV+6.2'2*) + 30(3.2Vl'+2*2'2»)} 

= 6(793-2340) + 8(193-2220-|-3360)=-9282 + 10664=1382, 

which is the value of 9 (13) (vol. ixxviii., p. 198). 

Taking as another example w = 14, there is but one 
partition 3'+ 2''+ l*+0*', giving rise to 192 representations. 
Thus 

-^1^4=8[3%2*+l«-5{3V+2*3»+3*lVl'3'+2n'+l*2')+30.3*.2\r} 

= 8(794-2890 + 1080) =-8x1016 =-8128, 

which is the value of 9 (14) (vol. xxxviii., p. 198). 

§ 36. Since a'+ 6"+ c'+ d*= w, we have 

2<'-) {[a'] + 3 [a*6'^] + 6 [a'bV] = l^'^n\ 

and 2<**^n'=8n'A (n) or 24w^A (n) according as n is uneven or 
even (vol. xxxviii., p. 8). 

We may therefore remove from the value of A any one of 
the three terms in [a*J, [a*6*], or [a'iV], For example, if we 
remove the term in [a®], we have 

A = 2<'->n'- 8 S^'-^ la'd"] + 2W^ [a^6 V], 

which =8{ w'A(w)-2<^^[aV] + 32(^^[a'Z^V]|, 

.or = 8 l3n'A (n) - 2<^> [a*6*^] + 32<^>[a'i/-^e^|, ' 

^according as n is uneven or even. 
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It 18, however, more convenient to remove the term in 
[cfb^ as being the most complicated of the three : we thua find 

^ = J {82«'^[a*J + 1202<'>[tt'iV'] - 52<"V}, 

and therefore, m being any uneven, and ^any even, number, 

e (tn) = J 1 2<'^M + l52<^>[a'iV] - 5m'A (m)}, 

e (J»^) = i I S^-^M + 152<'> [a'i'cT - 15i^A (A^)}. 

§37. As an example take w = 45. The partitions of 45, 
with the numbers of representations to which they give 
rise, are 

6«4 2'+2'+l'(192), 6'+3«+0'+0"(48), 
6«+4«+2'+0«(192), 4«+4«+ 3'+ 2*(192), 

and therefore 

e (45) = J |2<'>[a*J + 152<^>[aVc'] - 5 . 45'. A (45)} 

= i |192 (6*+ 2.2«+l') + 48 (6*+ 3») + 192 (5*-f 4« + 2*) 
+ 192(2.4«+3'-f 2*)} 

+ 5 (192 (6'2'2V 2. 6*2'1*+ 2Vl') + 48,0+ 192.5V2' 
+ 192 (4V3'+ 4V2*+ 2.4'3'2»)} - g .45'.78 

s=^.16781040 + 5.1336320- 11846250 

-=429030. 

Since 0(5) = -210 and 9 (9) = -2043 (vol. xxxvm., 
p. 198), we therefore find that 

e(45)=r 0(5)9(9)* 



* When calculating the table e(m) in toI. ixiviii., p. 198 the only means at 
my disposal were afforded by two recurring formulae, neither of which was very 
satisfactory. Tlie formula obtained in the text, viz. 

G (m) =i {2C-) [a«] + ISZC") [a«*V] -6m»A (m)} 

enables us to calculate any isolated value of 9 (m). 

When writing the paper in vol. xxxvin. I was only able to verify (on account 
of the small extent of the table) the formula {m^m;) = G (m,) G (m,) for m,, m, = 3 6 
and 3, 7, one of the factors thus being of the form U-+3 in both cases (p 198) la 
the case of m„ m,=6, 9, which is proved in the text, both factors are of the form 
4Ar +1. We have therefore grounds for inferring that the formula is true generally 
when wi, and m, are prime to each other, and it probably admits of being proved by 
the methods used in the paper in vol. xxxvii., pp. 36-48. 

The results obtained in §§34-40 of the present paper have been referred to on 
p. 198 (note) and pp. 234-5 of vol. xxxvm. 
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§38. We can express 9 (m) also by means of the com- 
positions of 4m as a sum of four uneven squares; for, pro- 
ceeding as in §35 and using, as before, M^ to denote 
SHoWiV^*"'! we have 

M^'M,^kye\ if,2tf;i//=ifcV(3e'-2«ifcV), 

JI/,.V/=AV{15«*-30^^V+8*'*(1 + ^'Ip'U 
"whence 

Now, if a number is the sum of four uneven squares it 
must be of the form 8A; + 4aB4m, m being any uneven number, 
and therefore the expansion of the quantity M^M^^^ &c. can 
only involve uneven powera of y * 

Let a'+ i8'+ 7*+ S' be any partition of 4m into four uneven 
squares, then, reasoning as in §35, we see that the coefficient 
of g"^ in Sk'k'\l + k'') p* is equal to 

iS^'') IM - 5 [a*0'] + 30 [a'^VJU 

and therefore, passing from representations to compositions, 
the coefficient of j"* in iT'(l 4 A'')p' is equal to 

i2'^> {[a*] - 5 [a^/J-] + 30 [a'/^V]]. 

§39. Now k'k'y^lQXe{n)g\ 
and ifcTV= 1 6Sr 9 (- l/"^ 9 («) y*, 

so that (*•*'"+ k'k") p'= 32279 (m) ?•", 

and we therefore find 

9 (m) = eV^^^^ IM - 5 [a*^T + 30 [a*^V]l- 

§40. We can (as in §36) get rid of any one of these three 
terms ; for, since a'+ /:^*H- 7'+ 8*= 4m, we have 

v(-) [[a«] + 3 [a*/9'] + 6 [a*/3V] = 2<'^>64m»= 64m"A (m). 

Substituting therefore for the term 2<''^[a*f3*], we find 

9 (m) = ^\ {l<\a'] + 152<^>[a*/3V] - ^Om'A (m)}. 

♦ It 18 cTident also that the expiintion of (***** +Ar«*'*)p» can only invoWe un- 
even powew of 7, for, changing the sign of ©, this qnantity becomes (-4-*'*-X*«&'*)/>% 
that is, it beoomea the same expression with the sign changed. 
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§41. Taking the same example as before, viz, i9t = 45, we 
have 4m =180, and the partitioDS of 4m into four uneven 
squares, with the numbers of their compositions, are 

13'+ 3*+ 1'+ 1*02), ll'+7'+3'+l'(24), ll*+6'+5'+3'(12), 

9'4 9'+3'+3'(6), 9*+7"+7'+l*(12), 9'+7'+5*+5'(12). 

Thus 

2<'^[a'] = 12(13V3'+2.1*)-f 24(ll*+7*+3Vl')+ 12(llV2.5*+3') 

+ 6(2.9'+2.3') + 12(9*-J-2,7*+l')+12(9* + 7'+2.5') 

=148682520. 

2:<'^[a"/8'7»] = 12 (2.13'3V+ 13*l'l«+ 3'1«1*) + &c. 

= 9728280, 

and 40m'A (m) = 40. 45'. 78 = 284310000, 

whence, bj the formula in § 40, 

e (45) = ^ (148682520 + 15 x 9728280 - 284310000) 

= ^^ . 10296720 = 429030, 

as before (§37). 

§ 42. Doubtless the two values of (m) which have been 
fouud in §§35 and 39, viz. 

(m) - \2y^ l[a'] - 5 \a'V^ + 30 [a'^AV]} (§ 35), 

0(m) = ^^2(^){[a«]-5[a*^'] + 3O[a'^'7']} (§39) 

can be transformed into one another by the same formulas of 
transformation as those by which the two values of 12, viz. 

Q, (m) = 12<''> {[a*] - 2 [aW]} (vol. XXXVI., p. 334), 

Q (m) = 2(Vi3 YS' (vol. XXXVI., p. 323) 

were connected in vol. XXXVI., pp. 331—2. 

Other forms of the values of (w), §§43-46. 
§ 43. We know that 

2(^){[a*]-2[a'i'']| = 8a(«), 
where Q, (n) = 0, when n is even. 
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Multiplying [a*]-2[aV] by [a*], we obtain as product 
M - [a^4^] - 6 [a^iVJ, and therefore ^ 

2^^^ IM - [a*i"] - 6 [a*iV]} = 8wQ (n), 
or, putting for brevity 

this equation is 

We have also, from § 36, 

and, from § 35, 

^ - 5J?+ 30(7= 8 {2 + (- 1)«| e («). 

§44. Taking first the case of n uneven, the three 
equations are 

A^ £-- 6C=:8iwQ(m), 

A + BB+ 6C=8m'A(»»), 

-4-5fi+30C=8e(»t), 

whence, solving for Ay we find 

24 = e (»i) + lOwea (»i) + 5w'A (w), 
giving 

(i) e (m) = 2S(''> [a*] - lOwn (m) - Sw'A (w). 
If we solve for C, we find 

6 6'= e (m) - 2»ta (»t) + m*A (wi), 
giving 

(ii) (?7t) = es^'') [a'AV] + 2;«Q (m) - Tn'A (»«). 

§45. Taking now the case of n even, -N^ the three 
equations are 

4- -B- 6<7=:0, 

4 4 35+ 6C=24xV'A(i^, 

4-5£+30C=24e(iV^); 
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whence, solving, we find 

2 A = 3G {N) + 15JVA (iV), 

2(7= Q{N) + N'A(N), 

giving ' 

(lii) e (N) = fSf'-^ [a'] - 5iV^'A (i^), 

and (iv) 9 (N) = 2 S<*-J [a'JV] - JV'A (N). 

The formulaB (i) and (ii) express 9 (iw) in terms of 2f'*^[a'] 
or S^''^[a'6V] only, if £i(7w) is already known,* but even then 
they possess but little advantage over the formula for 9 (w) 
in § 36. It is otherwise, however, with the formulae (iii) and 
(iv) for 9 {N)y which are simpler than the formula for 9 (N) 
in § 36. 

§46. Since 9 (27w)= — 89(w), the formulae (lii) and (iv) 
afford expressions for 9 (m) in terms of the representations of 
2wi by four squares, viz. if a," + b* + c* + d^ is any partition 
of 2m into any four squares, then 

9 (tm) = - ^2 2^'"^ [aiT + 5w'A (w), 

and 9 (w) = - l^^'^[a,W] + m'A (m). 

Other formulae for 9 (m) are given in § 49. 

Representations of m^ 2m, and 47w, §§47-49, 

§ 47. The partitions into any four squares of any number 
of the form 4^, where Nib even, consist of even squares only, 
and are derivable from those of N by quadrupling all the 
squares in the partitions of N, In connection therefore with 
the representations of even numbers by four squares, we need 
only consider numbers of the forms 2m and 4m, m being 
uneven. In the former case the partitions consist of two 
uneven and two even squares ; in the latter case they consist 
(i) wholly of even squares (derivable from the partitions of m 
into four squares by quadrupling the squares), and (ii) wholly 
of uneven squares. 

§ 48. Let a, J, c, d refer to any partition of m into four 
squares, a,, ^,, c,, rf, to any partition of 2m, a„ i,, <;,, d^ to any 

♦ A table of Q (w) up to n» = 51 waa giyen in vol. xxxtiii., p. 56. 
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parlitiou of 4/7?, and a, /3, 7, fi to any partition of 4m into 
uneven squares. Then, from § 35, we have 

e (m) = i2<-> l[a«] + 16 [aW]} - fw'A (»»), 

e (2m) = i2<') ![«.•] + 15 [a^bX^l - |8m'A (m), 

e (4m) = iS''> IM + 15 [<i.V]l - i6i»»'A (»»). 

Since e (2m) = - 80 (m) and 6 (4»t) .= 640 (jw), these 
equations give 

S« IM+15 [a,'J,V,*]]=-242('' |[a«] +15 [a*JV]}+240m'A (w»), 

and S*"' l[a,»] + 15 [a.'i.V]} = 1922« {[a'] + 15 [a'-JV]}. 

This last equation shows that 

•sy^[<x'-\ + 15 [a'/3V]) = 1282P-) {[a*] + 15 [a'iV]}. 

§ 49. The formulae (iii) and (iv) of § 45 show that 

(2»e) = |2('' [a,»] - 5 . 8m' A [m), 

(4m) = |2P-> [a,*] - 5 . 64m'A (m), 

and (2m) = 22<'> [a,'J,V,'] - 8m'A (m) , 

(4m) = 22<->[a,'i,V] - 6*'«'A (»«) > 
from which we may derive the relations 

2C> {[a,*] + 8 [a,']} = 960m'A (m), 
2('> [[a/VV] + 8 [a.'i.'c,']} = 64m'A (m), 
which may also be written 

S<''>{64 [a*] + 8 [a,»] + [a']| = 960m' A (m), 
Sf' {64 [a'JV] + 8 [a.'i.'c,'] + [a'/BV]) = 64m'A (m). 
It may be remarked that we have also 

Expressions for X(w), P[m), Q{m), a{m) as sums of 

POWERS OF COMPLEX NUMBERS, §§50-69. 

§50. I have obtained expressions for X(w), P(w), Q(m)^ 
Q, {m)j as the sum of the first, second, third, and fourth powers 
of certain complex numbers derived from the representatioua 
VOL. XXXIX. U 
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of m by four squares. These complex numbers (which I have 
termed primary derivates of the representations) are defined 
and considered in the next six sections. 

Derivates of representations and partitions^ §§51-53. 

§61. 1°. First consider a partition a' + 6'4c' + d*, in 
which a is uneven and bj Cj d even, or in which a is even and 
ft, c, d uneven, a,- ft, c, d being all different and none of them 
zero. This partition gives rise to 384 representations in 96 of 
which a stands first. Restricting ourselves to representations 
in which a stands first, and denoting by (a, ft, c, d) the repre- 
sentation a*-i- ft' + c' + d', so that for example (a, — c, ft, rf) 
denotes the representation a* + (- c)* + ft*+ rf', suppose that all 
the 96 representations of m in which a stands first are written 
down, and that from them we form 96 complex expressions by 
multiplying the first element of each representation by 1, the 
second by 2, the third by i', and the fourth by t' (that is, the 
four elements are multiplied by 1, t, — 1,— i). It will be 
found that in this manner we obtain, each twice over^ the 
following 24 complex numbers. 

a + i6 + c + iV, a-{ ib + ic'\'dy a + ft'+ic + ti, 

a-ift + c + trf, ar^ib + ic + dy a-ft + ic+tc/, 

a-i-ib" c + id^ a -\- ib - to -^ d^ a + ft - ic + ic?, 

a + ift + c — id, a + /ft + ic - cZ, a + ft + ic - t J, 

a - 1 6 — c + idy a — ib — ic + dj a — b- ic + irf, 

a — ib-j-c — id^ a^ib-\-ic-dy a-b ^ic^id^ 

a'\-ib-c — idj a -^r ib - ic — d^ a 4 ft — ic — tV/, 

a — t ft — c — id J a — ib—ic — d^ a — b — ic — id, 

in which the sign of a is positive, and also (each twice over) 
24 complex compressions which differ from these only by a 
change of sign of the whole expression. 

Each of these complex expressions may be conveniently 
called a complex derivate, or simply a derivate of the repre- 
sentation from which it is derived, and the whole system may 
be called the derivates of the partition from which they are 
derived.* 

* In writing down the system of deriyates I have put in the first line those in 
which all the Bigna are positive. The second line is obtained by changing the sign 
of A, the third of c, the fourth of rf, the fifth of b and c, the sia^th of b and </, th© 
seventh of c and </, and the eighth pf b^ c, and 4* 
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2°. Consider now a partitioa of the form a* + 4* + c* + c*, 
that is, one in which two squares are equal and there is no 
Eero square. 

B7 writing down all the representations in which a stands 
first, and forming from them the derivates, we obtain the 
following system of 48 derivates, viz. 

a + J, Q416 + C + IC, 
a — J, a — i4 + c + tc, 

a 4 1 6 - c + to, 

a + 1 i + c - t c, 

a — tJ-c + tc, 

a — tJ + c — ic, 

a+ 16 — c — ic, 

a-ti — c-ic, 
occurring twice ; 

a + J + 2f c, a - J + 2tc, 

a + & — 2tc, o — i — 2tc, 

occurring once ; and 24 others differing from these only by 
a change of sign of the whole derivate. 

3^ If three squares are equaU so that the partition is 
a' + &' + ft' + 6^ in which neither a nor b is zero, the derivates 
are found to be 

a + ft, a - J, 
occurring twice ; 

a+ft + 2ift, a-ft-f 2f&, 

a + ft — 2ift, a — ft-2ift, 

occurring once; and 8 others differing fi-om these only by 
a change of sign of the whole derivate.^ 

4^ A partition of the form a' + ft*4 c'^ + O^, where a, ft, c 
are different and nonzero, produces 48 derivates, viz^ 

a + tft + c, a + 1 ft -f »c, a + ft + 1 c, 

a — »ft + c, a — I ft + tc, a — ft + tc, 

o + tft — c, a+ift — tc, a + ft — tc, 

a — tft-c, a — tft-tc, a — ft — tc, 

* The case of all four squares equal does not afise, as we are only ooneeniedl 
with the partitlona of uneTen uumben. 

t2 
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occurring twice ; and 24 others differing from these only hj 
a change of sign of the whole derivate. 

5°. A partition of the form a' + J* + 4' + 0*, where a and b 
are different and non-zero, produces 24 derlvates, viz. 

a, a + 6 + eft, 

a — i + iby 

a + b — iby 

a -b — ibj 
Occurring twice ; 

a + 2iby a - 2? J, 

occurring once; and 12 others differing from these only by 
a change of sign of the whole derivate. 

6°. A partition of the form a" + J' + 0' + 0*, where a and b 
are different and non-zero, produces 12 derivates, viz. 

a + tJ, a — ib occurring twice ; 

a + bj a — b occurring once ; 

and six others differing from these only by a change of sign 
of the whole derivate. 

7°. A partition of the form a' + 0*+ 0* + 0* produces only 
two derivates a and - a. 

§52. If in the derivate 1° we put eZ = c, we obtain 96 ex- 
pressions which are identical in groups of four; if we discard 
half of these, leaving 48 which are identical in groups of two, 
we obtain the derivates in 2°. 

Similarly, it in the derivates in 1^ we put fl? = c = J, the 
96 expressions so obtained are identical in groups of 12 and 
of 6. If we retain only two from each group of 12, and one 
from each group of 6, we obtain the derivates 3^ 

With respect to 4°, 5°, 6°, 7°, in which zeros occur in the 
partitions, the derivates are found to be derivable from those 
in 1° by taking respectively ^, J, ^, and -^g of the members of 
each of the groups of identical expressions which result when 
the changes required to transform the partition in 1° to those 
in 4", 5°, 6°, and 7° have been made.* 

* These lesnlts miglit hare been predicted generally; bnt it seemed safer to 
actually work out separately the derivates for each form of partition. It also 
ftciemed to be of interest to exhibit iha actual derivates in the different caies. 
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§53. It follows therefore that if the sum of the r^ powers 
of the 96 derivates in 1° is denoted by A^[a^ 4, c, rf), then the 
sum of the r*** powei*s of tlie derivatea 

in 2° = i^^(a, i,c, c), 

„ 3° = ^A^{a, J, b, b), 

„ 4° = ^AXa,b,c,i)), 

„ 5° = \A^{a, t, 6, 0), 

„ 6°= i^,(a,&,0,0). 

.. 7°=:^g^,<a,0,0,0), 
where -4^ (a, &, c, c) denotes what A^ (a, &, o, d] becomes wUea di 
is put equal to c, and so oiu 

Primary derivates, §§54—55. 

§54. The derivates are ordinary complex numbers, and 
from them I select those (one-half in number) which are 
priojary according to- Q-auss'^s definition. Denotiitg by s the 
sum of the elements of the partition (each element having the 
positive sign), then, if m is of the form 4Jfc+ 1 (in which case a 
is uneven and J-, c, d are even), the primary derivates of the 
partition are those in which the sign of a is positive, each 
multiplied by (- I)*^^-^>. 

But, if m is of the form 4i + 3 (in which a is even and 
J, c, d uneven), one-half of the primary derivates consist of 
derivates in which the sign of a is positive and the other half 
of derivates in which the sign of a is negative, all multiplied 
by (—1 }*<•"*>; or, stated otherwise, if we derive the primary 
derivates entirely from those in which the sign of a is positive^ 
half of the primary derivates are obtained by molti plying 
half of them by (- l)*t*"*>, and the other half by multiplying 
the other half by - (- !)*<•-*>. Thus, taking the derivates^ 
(with sign of a positive) written down in 1° (§51) the primary 
derivates consist of those m which all four signs are positive, 
and those in which two are positive and two negative, mul-^ 
tiplied by (— 1)*^*"*^, aad of those in which three signs are 
positive and one negative, and those in which three are 
negative and one positive, multiplied by - (— l)*^''*^ 

55. It is evident that results similar to those in § 53 hold 
good also in the case of sums of pewers of primary derivates. 

Value o/\ (m) in terms of primary derivates, §§ 56-58. 
§56. It it now convenient to distinguish by means of 
sttflSxes, between the different forms of partitions in T, 2^ ..., Z' 
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(§ 51), viz. the forms of the partitions to which the suffixes 
relate are : 

3°, a^ + V + V+V, 

7^ < + 0»+0'+0'. 

§ 57. If m IS of the form 4A + 1, 

XH = Ji:t'^^(-l)*(^*)a (§27), 

that IS, separating the partitions of the different forms, 

X (m) =48S (- l)i('i-i)aj + 24S (- l)4('a-i)a, + 82 (-l)i('.-l)a, 

+ 242 (-])J(*4-i)a, + 122 (- l)4('5-l) a^ 

+ 62 (« l)i(.W) a, + 2 (- l)i('r-i) a,, 

where the 2's relate to all the partitions of each form, and s^ 
is the sum of the elements in the partition 1°, «, in the 
partition 2'', &c. 

§ 58. Consider now the sum of the primary derivates of m 
when m is of the form 44+1. By adding the derivates in 
which the sign of a is positive in 1° (§51), and multiplying 
by (-l)i(*i-i), we obtain 48(- l)i(«i-i)a, as the sum. The 
corresponding sum in the case of 2° is derivable from this 
result by division by 2 (§ § 53, 55) and is therefore 24 (- 1 )*(«»-!) a, ; 
the corresponding sum for 3° is derivable from 1° by division 
by 6, and is therefore 8 (- l)4('.-i)a, ; and those for 4°, 5*", 6% 7** 
are derivable by division by 2, 4, 8, 48, and are therefore 
24(-l)i('4-l)a„ 12(-l)i(*6-i)a^, 6(-l)i(*«-i)a^, and (-l)i(*r-i)a,. 

These are the same quantities as those which, subject to 
the sign 2, occur in the expression for \ (m), and we therefore 
find that J when m is of the form 4A; + 1, 

X {m) = the sum of the primary derivates of all the partitions 
of m into four squares. 

It is evident that this result also holds good when m is of 
the form 4i + 3, for then \ (m) = (§ 27) ; and the sum of the 
primary derivates in 1° is zero, and therefore also in 2°, 3^ ..., 7°. 
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Value of P{m) in terms of primary derivates, § 59. 

§59. Consider now the suni of the squares of the primary 
derivates of m. In this case we do not have to distinguish 
between the cases of m = ^k + l and ?» = 4^ + 3, and we only 
require the sum of the squares of the derivates written down 
in 1° (§ 611, as the factor (— 1)*<*^> disappears when squared. 

The sum of the three squares 



(a + «6 + c + id)\ (a + ib + w + rf)*, {a'{-b'hic + id)* 



11 



3a' - J*- c'- rf*+ (4i + 2) a (J + <5 + i) + (4t - 2) (J(5 + Jcf + cd), 

and by deriving from this expression seven others by changing 
the signs of ft, of c, of J, of b and c, of b and d^ of c and d^ 
and of ft, c, 6?, and adding the eight expressions, and doubling, 
we obtain for the sum of the squares of the primary derivates 
in 1^ the value 

Thus the sum of the squares of the primary derivates of all 
the partitions of m is 

Sll6(3a,'-V-c;-O + 8{3a,'-V-20+8«-V) 

+ 8 (3«; - b! - c^l + 4 (3a,* - 2 V) + 2 (3a.' - V) + «/l, 

the second and succeeding terms being derived from the first 
(§§53,55). 

This expression is equal to Pijn)^ for the value of P(wi) is 

5»j2t'->(3a'-ft'-c'-rf') (§27), 

which, when expanded, 

= AS |384 (3a,'- b.'-c^-^d,') + 192 (3a,' - ft/ - 20,*) +...}. 

Thus we find that P (m) is equal to the sum of the squares 
of the primary derivates of the partitions of m. 

Value of G(m) in terms of primary derivates^ §§60-61. 

§60. In the case of the cubes it is necessary to treat 
separately the cases of w =» 4A: + 1 and 4A + 3. 
First, suppose m of the form 4A+ 1. 
The sum of the three cubes 

(a + tft + c + iV?)', (a + tft + tc + rf)', (a + ft + tc + w?)' 
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may be ezpressed in the form 

?a*-C2t-4)(6'+c*+i') + 3C2t+l)a»(6+c + rf)-3a(i'+c'+d') 

and, changing the signs of &, of c, of d^ of b and c, ..., and 
adding the eight expressions, and doubling, we obtain as result 

Thas the sora of the cubes of the primary derivates of 1^ is 
48 (- l)*('«-iMV-«i(V+<^i!+^i')}> and therefore the sum of 
the cubes of the primary derivates in 2^, 3^, «.. are 

24(-l)*(-.-i){a/-a.(V+20|, 8(-l)«--l)(a,»«3aA'), ..- 

Now, when m is of the form 4A; + 1} 

Q (fit) = i^^^ (- !)*<•-"> a (a'- i'- c'- d») (^ 27), 

so that for this form of m, Q (m) is equal to the sum of the 
cubes of the primary derivates of the partitions of nt. 

§61. To calculate the sum of the cubes of the primary 
derivates when m is of the form 4A; + 3 it is convenient to use 
the theorem 

(a + A+c+rf/-(a-4+c + rf)'-(a+i-c+rf)'-(a+ft + c-^)* 

+(a-i-c+i)'+(a-J+o-c?)'+(a+A-c-rf)'-(a-i-c-rf)*=48Jc(i. 

Putting for J, c, d In this identity tJ, c, id; ib^ ic^ d\ 
&, tc, tV2 respectively and adding and doubling we see that the 
sum oi the cubes of the primary derivates in l^ is 

(-.l)i('i-i)6x48x-JjC,i„ 

from which the corresponding results for 2**, 3®, ... may be 
derived as before. 

Now, when m is of the form 4A + 3, 

(2(m)-i2<'->(-l)*<'^^Jci(§27), 

which = 962(- l)i('i-i) \c^d, + 482 (- l)*(*,-i) J,c,c7,+... . 

It follows, therefore, that, in the case of m=4fc+3, the sum 
of the cubes of the primary derivates of m is equal to -3^(»i). 

Value of a (m) tii terms of primary derivates^ §62. 

§ 62. Treating the fourth powers in the same manner as 
the squares m § 59 we find that, for both forms of m^ the sum 
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of tlie fourth powers of the primary dorivates Id ]^ is equal to 

and comparing this expression with the second value of £2 (m) 
in §27 we see that Q,(m) is equal the sum of the fourth 
powers of the primary derivates of the partitions of m. 

The /unctions X(ni), P(»i), Q (m), 12 (»i), §§63-66. 

§63. If we introduce a new function Qf{m) derived from 
Q{m) by the relations 

Q (m) as Q (m), if m is of the form 4^ + 1 

^-BQ(m\ „ „ „ 4A + 3; 

then the four functions X(m), P(wi), C'(^)) ^(m) are 
respectively equal to the sum of the first, second, third, 
and fourth powers of the primary derivates of the partitions 
of m into four squares. 

All these four functions satisfy the relation 

if m^ and m^ are prime to each other, 

§64. This relation was only imperfectly satisfied in the 
case of the function Q (m), viz. if one or both of m, and m 
are of the form Ik + 1, then Q (m^m^) = Q (m^) Q (mj, but it 
both are of the form 4^ + 3 the relation Is 

This irregularity disappears when Q{m) is replaced by ^(m). 

§ 65. It may be remarked that the elliptic-function expan-* 
fllons in which (^(m) occurs as a coefiicient are 

Jt*r(l + 6A + r)p'- 2^:g(m)qi^, 

kk'(l + k')p'= 4SrG'W2i% 

FA'* (1 + k") p'= 32Sr Q' (m) 2«.t 

♦ Vol. xxxYii., p. 47. 

t The GorrespondiBg expansions inTolTing Q{m) are 

A!«i'lp»=16L~Q(w)j« 
(vol. XXXTI^ pp. 349-860). 
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§ 66. It is only ia connectioa with X (m) and Q {m) that 
it is necessary to introduce primary derivates, as the functions 
P(jn) and 12 (m) are equal to one half the sum of the squares, 
and of the fourth powers, of all the derivates. 

The primary derivates^ §§67—68. 

§ 67. The primary derivates possess a general rosemblanco 
to the primary numbers having m as norm which have beea 
used in connection with the functions Xr(^)> ^*^' ^^ «*+6* is 
a partition of m into two squares, a being uneven, 

.(-l)ic^i)(a + t6) 

is a primary number having m as norm, and if a*+ 6'+ c'+ d* 
is a partition of m into four squares, a being uneven and &, c, d 
even, or a being even and 6, c, d uneven, 

IB a primary derivate; but in the case of two squares the 
primary numbers are divisors of m and this is not the case 
with the primary derivates. 

Although the primary derivates do not seem to be analo- 
gous to divisors or to offer much help towards a simpler 
explanation of the multiplication property than that given 
in vol. XXXVII., pp. 3C-48, still 1 was very glad to obtain 
any quantities which would express X(/w), P(w), Q'(rn)^ 
£l(jn) as sums of consecutive powers. 

§ 68. The primary derivates have been defined as derived 
from the representations by the formula a + ti + f 'c + tV, 
but they might have been derived by the simpler formula 
a + 5 + i(c + fl?). In fact, if, from the partitions of m, we 
form every possible combination of the four elements (each 
having the positive or negative sign) by adding two and 
adding the sum of the other two multiplied by t, there being 
therefore -one such complex number corresponding to every 
representation of 9n, then among these complex numbers 
those which are primary are the primary derivates. 

Quaternions having m as nonn^ § 69. 

§ 69. The complex number a + ib is a divisor of o'+ i" and 
the functions x^(n) are defined arithmetically as sums of 
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powers of numbers having n as norm, so that it seems natural 
to inquire if P(m), Q{m)y 12 (wi), which are derived from 
representations by four squares, can be expressed by means of 
the quaternion divisors of m which have m as norm. 

Forming the square and the fourth power of a-\-ib-^jc'\-kdj 
we find 

(a + ib -\-jc + kdy^ a*^h*-c*- i'+ 2a (ib +jc 4 kd), 

and (a + ib +Jc + kdy= a*+ i* + c*-h c/* 

- 6aV- 6aV- Qa'd'+ 2JV+ 2iW'+ 2cV 

+ 4a (a»- i'- c'- rf') (t'J +yc + kd). 

When a, i, c, d are different and non-zero there are 384 
quaternions involving these four letters and having a*4i'-fc'+d' 
as norm,* and it is easy to see that the sum of the fourth 
powers of these 384 quaternions is equal to 

384 (a* + i*+ c*+ d*- 2aV- 2aV-2ay'- 2JV-26'ti'-2c'e?'), 

whence it follows that 12 (n) is equal to one-eighth of the sum 
of the fourth powers of all the quaternions having m as norm. 
As regards the squares, however, I do not see how to 
connect P(rn) with the sum of the squares of quaternions 
having m as norm. 
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( 301 ) 

ON COLLINEATIONS OF SPACE. 

By C. M. JessuP. 

TT has been remarked, without formal proof, by Segre*, in 
^ his paper on the classification of homographies, that the 
coUineation determined by the equations 

pr,= Sa,,y„ (i = l,2,3,4) 

may be obtained by a double reciprocity, viz. by taking the 
poles X and y of any plane with regard to the quadrics U and 
F; and that the invariants of the coUineation are expressible 
in terras of the invariants of the system J7+ \F. 

The present paper begins by showing that any coUineation 
is equivalent to a double reciprocity with regard to two corre^ 
sponding members of the triply infinite system of quadrics 

2X^/8^=3 0; the dependence of the invariants of the coUineation 

upon those of a pair of quadrics is discussed, and hence the 
geometrical meaning of their vanishing is easily determined ; 
other problems connected with coUineation are investigated 
by the method described. 

§ 1. The equations giving the general space-coUineation are 

4 

p.r,= Sa^y^, e=l,2, 3, 4. 

Any coUineation has at least one ' united ' or self-corre- 
sponding point, arising from the quartic for p obtained by 
making x^si/t in these equations; and also at least one 
^united' plane. Take this point as the vertex A^ of the 
tetrahedron of reference, and this plane as the plane a^ of the 
tetrahedron. In a. there is at least one line which coincides 
with its corresponding line (and passing through A^)] take 
thin line as the edge A^A^\ while the intersection of the 
corresponding planes 

may be taken as the edge A^A^ of the tetrahedron of reference^ 
whence a^^^a^^^O. The plane a^ is now fixed; to it there 

* Sulla ttoria e sulla cloitificazione delle omoffraJU, Atti Lincei (3), xix. (1884). 
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eorreflponds a definite plane, and we may take the point in 
which the latter meets A^A^ as the vertex A^. 

The efiect of the choice of tetrahedron of reference which 
has been made, is to reduce the eqaations of the coUineation 
to the following: 

p«a= «»y.+«i4y4i 

p«.= «44y4- 

This form includes both the most general coUineation 
possessing four distinct united points, and also every special 
coUineation, up to that which has only one united point. 

Denoting by V the quadratic form Sa,.^a:^^4(a^=a^); 
multiply these equations respectively by a^, a„, a„, Oj^ and 
add, we obtain 

, .. , +(«««..+ ««Oy. + ("«««+ «4««u)y4. 

aitnilarly 



p ^ = «..«..yi + («..«.,+ ««0 y. 



+ ("»«« + ««« J y.+ (««««+ «4.0 y«» 
««Oy. 

+ («„«„ + a„a„) y,+ (a„a„4 ff^O y«, 



p 9^ = «..auy. + («i.«H + ««« J y. 



If now the expressions on the right of these equations are 
the respective partial derivatives with regard to y of a quad- 
ratio fanction F, the following conditions must hold : 

«..«M+ «14««.= «««.« «»«H+ «M«44= ««««+ «««»• 
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These six equations are seen to be independent of each 
other; hence the 10 quantities a^, satisfying the above 
equations, are definite linear functions of four arbitrary 
quantities; aud it is proved that any collineation whatever 
can be reduced to the form 

''i'%' ••='-»'^* ('>• 

where U is of the form XiS^ + mS, + fS^ + a 8^^ 

and the quadrics 8'...8^' are determined by the collineation^ 

The equations 1. state that coi*respondinff points x^ and y^ 
in any collineation are the poles of the various planes u^ of space 
with regard to two quctdrics U and V; It follows similarly that 
corresponding planes i#« and i\ of the collineation are the polar 
planes of the points of space with regard to U and V. 

In the general case when U and V have a common self-^ 
conjugate tetrahedron, the vertices of this tetrahedron are the 
united points, and the faces the united planes of the coUinean 
tion. Here the triply infinite sya^tem of quadvics have a 
common self-conjugate tetrahedron. 

Classification of collineations. 

§ 2. There are 5 principal types of paira of equations for 
U and V corresponding to special relationships betweeu Xhtvx^ 
The general type is 

the corresponding general collineation is then 
px^-a^^ t = l,2, a,4. 

In the sub-case [U (U)] a,^=«^, the quadrics touch in twa 
points and interaect in 2 couiqs, the collineation is aorta/, since 
we have irjjt\ — y^ly^*j the line joining corresponding points 
meets the edge A^A^ of the tetrahedron of reference. 

In [(U) (11)], the quadrics have 4 common generatom 
forming a quadrilateral, a^^a^y ^s^^a ^^^ ^'® have, in the^ 
corresponding collineation, 

the collination is doubly axial^iixQ line joining 2 corresponding^ 
points meets two fixed lines.. 
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In [1 (111)] ^,=^,= ^49 the quadrics touch along a coiiic 
and 

the collineation is here central^ the join of corresponding points 
passes through the fixed point A^ while \APLQ\^a^ L being 
the point in which APQ meets the fixed plane a^. 
In [112] we have 

here U and V touch ; the corresponding collineation is 

p^i=«iiyi» f'^.=««y,» f>^s=««y.» p^4=«.4y4+y.- 

In [13] we have 

F= a„a?,"+ a„(;r,*+ 2a?,a:J + 2ir,^,; 
here {7 and V have stationary contact ; the collineation is 

f>^i=«,iyi» p^,=«ssys) f>^8=«tty8+yi» p^4=«8sy4+yf 

In [22] we have 

here ^and F touch along a generator; the collineation is 
In [4] we have 

the quadrics have a common generator which touches their 
residual cubic of intersection ; the collineation is 

p^x^^^uVx^ p^.^^uVt-^yi^ p^.=«Hys+y,. p^4=«,4y4+y3- 

Hence the varieties of collineation as deduced from the 
different relationships between U and V are seen to coincide 
with the known varieties of space-coUineation.* 

I'he invariants of the collineation. 

§ 3. By aid of this view of space-collineations we can find 
the geometrical meaning of the vanishing of the 4 invariants^ 



* See Segre, he, eiu 
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In the colHneation paJt^Sa^^y^, the equation to determine the 
united points is |«.t— p| = 0, or 

The meaning of the vanishing of the invariants *„ t,, t„ \a^\ 
is easily determined by the method of this paper. For the 
coUineation being pijdUjdx^^dVjdy^^ the equation for the 
determination of p is seen to be 

p*A - p'e + fi'<^ - p0'+ A'= 0, 
where A, 9, <>, 9', A' have their usual meanings.* Hence 
_9 _^ _e' _A' 
*»~A' *'""a' *'~A' **"a' 

If A'=0, Fis a cone, and the polar plane of ^ for F passes 
through the vertex A of F; hence the corresponding point x 
lies in a fixed plane, viz. the polar plane a of w^ for U, Again 
to any point x of space there corresponds in general no definite 
point y, since the polar plane of x for U does not in general 
pass through A ; while, if x lies in a, its polar plane for U is 
some plane u passing through A^ and any point y in the line r, 
polar to the plane u for F, corresponds to x. 

Again, if 9 = 0, we can inscribe in F a tetrahedron self- 
conjugate with regard to TJ, This condition being supposed 
satisfied, take 4 such points Y, on F; their polar planes 
u,...u^ for F are the tangent planes to F at these points, and 
since u passes through Y^ its pole X^ for U lies upon the 
polar plane of Y^ for Z7, t.e. the plane Y^F^F,, i.e. X lies 
upon Y^Y^Y y and so on. Hence t, = expresses the condition 
that the tetrahedron X^X^X^X^^ corresponding to the tetrahedron 
y, r^Y^F^, is inscribed in the latter. 

Similarly *3=0, or 9'=0, expresses the condition that 
a tetrahedron of points X^ can be found circumscribed to the 
tetrahedron of corresponding points Y^. 

If <> = 0, then the edges of a tetrahedron self-conjugate 
with regard to either quadric will touch the otherf. Refer, 
therefore, the two quadiics to such a tetrahedron, and their 
equations will be 

Sa/aj,'— 2Sa/ijj.a^,aj^=0, Saj.' = ; 

the equations of the coUineation will then be 

Ws^ «s("-«l^I + «S^l- ^.^8- «4^4)» &C- 

* See Salmon, Geometry of three DimensiotM, chap. IZ.^ 4th ed. 
f Salmon, Geometry of Thrw DimemionSf p. 175. 

VOL. XXXIX, X 
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Hence to the edge A^A^ of the tetrahedron of reference will 
correspond the line 

- a^x- a^,- a^^ + a^x= 0, 

or a^x^ + a,aj,= a^x^ - a,aj,= ; 

but thi9 IS a line meeting A^A^ and A^A^] and so on. Hence 
<M?o tetrahedra of corresponding points can be found such that 
each pair of opposite edges of the one meet the corresponding 
pair of opposite edges <^' the other* 

Conjugate tetrahedra. 

§ 4. If the polar planes «/...«/ of any four points A^A^A^A^ 
(not co-planar) be taken with regard to any quadric F^ we 
obtain a new tetrahedron whose vertices are the poles of the 
faces of the original tetrahedron with respect to F. Such 
a pair of tetrahedra may be called conjugate. 

It can be shown that the lines of intersection a,a,', a a/, 
Oga/, a^a/ of corresponding faces lie on the same regulus. For 
taking the points A^ as vertices of the tetrahedron of reference, 
and taking F tb be 

consider the quadric F' whose equation is 

"iS^I* ^I»^I4 

+ — '^- (x.oc. + x^xj = 0. 

The equation of the latter quadric may be written in the form 
/ a,;'+a,/ «,/4a' a,^''+a„'' \ 

V a,3«U «,3«,4 «I2«18 V 

+ K^,+ «.3^. + «U^4)(j^ + ^ + J') = 0, 

which meets the plane a, (of reference) in the lines 

^, = 0, a„ir,+ a.3^,+ a,,a?,= 0, 

^ fly- *c_ »r. 

a:, = 0, -i + ^ + -^ = 0. 
a.. «ia «H 

* This result was Bliown otherwise by SegrQ, Mem. Ape, Torino ii., 37. 
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The former of these linea is the intersection of a, with the 
plane a„a:, + a„a?,+a,3a:,+a,^57^=0, t.e the plane a/. Similarly 
the lines a^a/, cajx^^ ol^<x^ are seen to lie upon F\ 

The converse of this result is also true, since if we take the 
tetrahedron A as that of reference, then since any quadric F' 
inscribed in the tetrahedron of reference, has an equation of 
the form 

and since a side a of the tetrahedron A^ by hypothesis, meets 
the corresponding side a of A in one of the lines of contact of 
F' with a, it follows that A' is formed either by the planes u^ 
or by the planes w/, where 

w, = \x^+a,^x^^r a^^x^-{ a^,x^^ 0, 
t*/=V,+ ^ + ^ + ^ = 0,&c. 

«1, «1S «.4 

One of these tetrahedra is conjugate to A for the quadric 
whose equation is S\ic^''-f Sa^;fcar^Hr^=0, the other is conjugate 
to A for the quadric whose equation is 

Hence if 4 sides of a tetrahedron meet 4 sides of another 
tetrahedron in 4 lines belong to one regulus of a given quadric^ 
the tetrahedra are conjugate with respect to oo* quadrics (since 
the quantities X, are arbitrary). 

The collineation of period 4. 

§ 5. Among collineations, one of special interest is the one 
which cyclically permutes the point of space in groups of 
four ; by taking as tetrahedron of reference such a group it is 
seen that the equations giving the collineation are of the form 

p^i=\y.) p^,=\y3j p^,^\y.^ p^4=\yi' 

The united points of the collineation are determined, on 
making a:, = y,, from the equation p*=^WW] and thus two 
varieties of this collineation arise, viz. when X.XjXgX^ is positive 
and negative respectively ; in the former case two united points 
are real and two imaginary; in the latter they are all imaginary. 

X2 
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By suitable clioice of the coordinate system tUe coUiueakioB is 
seen, therefore, to be giTen either by 

^i=y.) p^,=ys» p^»=y*i p^4=yv; 

orby ^ar. = -y„ P*,=y„ par,=y,, px^^y,. 

Consider the first of these coUineatioos ; it is obtained from 
the equations 

if we take Cr=ar/+ar;+2j?,x„ F=2(y,y,+ y,y,), 

or if we take Usx*-¥x^'{-2x^x^, r=2(y^y^+y^J. 

Since the coTIineation has four distinct united points, the pre- 
ceding four quadrics have a comnion self-conjugate tetrahedron. 
Consider the go' quadric 4>, having the equation 

tt, (a?/ + X* + 2x^x^ + 2m, (x^x^ + x^x^) -f u^{x* + x* + 2x^x^) 

+ 2M^(a:,ar,+ a:,:r,) = 0, 

or tt,S, + M,S,4-t/,S,+ u^S'^=0, for wliich the tetrahedron of 
united points ift self-conjugate; the polar planes of the 
vertices ^,...i4^ of the tetrahedron of reference are 

a/ = MjiT, + u^ar^ + i/,a?, + u^or^ = 0^ 

a,' = tt,arj + Mjir, + u^or^-{- Ujic^s 0, 

a,' = M,r, 4 M,.r, + u,rr, + u^x^ = 0, 

a/ = u^x^ + Ujir, + w,a?, + M,aT^ « ; 

each plane arising out of the preceding one by cyclical per- 
mutations of the v.. Now a,', a/, a,', a,' are the planes 
M^=0, and those into which this plane is successively per- 
inutated by the collineation ; hence, having given one tetrad of 
points A. determined by the coUineation, the others are obtained 
as vertices of tetrahedra conjugate to the first tetrahedron 
for different members of the triply infinite system of quadrics 

Moreover, taking instead of <l>, the quadrics 

<t», = U^/8,4 M,/8,+ M,iS',+ WjiS^x? 0, 
4>, = M,5^+ M,S,+ u,S^+ M,S,= 0, 

4>, = M.S, -f w,S,+ u^8,+ M.5 = 0, 

which are formed from <^, by cyclical permutation of the t/^, it 
19 obvious that the polar planes of J^,,,A^, forming the 
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tetrahedron A\ for these quadrics, give the same conjugate 
tetrahedron A' as before ; hence, since A and A' are twnjngato 
in four different ways,* the intersections of their fiides are 
co-regular in a four-fold manner. It may be noticed that the 
lines belonging to the same regains af« to these 4 cases, 
respectively, 

Cja/, a,a,', «,«,', a^a/, since A and A' are conjugate for 4>^, 

«i^/> ^®i'> ^««'» «4®j'> « »r 9» ♦,» 

a,a/, «,«/, «,«/, afl^y „ ^ „ <l>,^ 

«!«,'» «,«,'» a,a4'» *4®i'> »» w »> *«• 

We may also obtain these results as follows : — let Q, jB, 8 
be the positions into which P is successively displaced by the 
given collineation, U and V being a pair of quadrics deter* 
mining the collineation, and let 

QRS' be the polar plane of P for 17, 

RS'F „ „ „ ^ » >• 

S'FQ^ „ „ „ fi ti w 

FQ'E „ „ „ fl^ „ „ 

then F is the pole of the plane QRSht U^ and FQ'RS' is 
conjugate to PQR8 for {7; but since Q corresponds to P in 
the collineation 

thepoleof O'ifiS'forFisQ, 

and similarly „ „ RS'F „ -B, 

« >, P'<2'5' „ P; 

hence the pole of QR8 for IT being F and for F being 8' it 
follows that P' and 8' are corresponding points in the 
collineation ; similarly 8' and R^ R and Q\ Q' and P' are 
corresponding points. By taking other quadrics of the triple 
infinite set to which U belongs we should obtain all the 
tetrahedra FQ'R8' of closed set of four points. This proof 
applies to either of the two collineations of period four. 

It is also to be observed that the tetrahedra PQRS^ 
FQ'R 8' are conjugate both for U and for V; hence the 
necessary and sufficient condition that ttoo quadrics should 

* Schiir, Muth. Ann, xx., discusses, from another point of Tiew, such a relation- 
ship of two tetrahedra, Utbm' ei» bttondrt Cla^te von JFUkhcn vt«it«f* Orduui^^ 
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possess a common pair of conjugate tetrahedra is that 
G»^ = 9'=0; since the collineation being 

p^.=\y,i p«.=\yt> f«.=\y4i p<^i=\ya 

the eqaation to determine the united points is 

irhence fj=t,= t,= 0. 

ITie collineation of period three. 
§ 6. The collineation established bj the eqaation 

px^=y^, p^t=\yt, p^,^\y,^ p«4-=\y.i 

ivhere X,X,X^s 1, is of period three; and it is easy to see that 
any collineation whose period is three can be defined by 
equations of this form. It possesses a line of united points, viz. 

while there are an infinite number of planes which correspond 
to themselves, forming a pencil whose axis is 

^i =0, a;, + X;c, + \^*»4= ^» 

The quadrics U and V which give rise to the collineation 
here form, exceptionally, a quadruply infinite set, viz. 

-f p (x*+ 2xjc^) + a (a;/+ 2aj^,) = 0, 

We now consider the necessary conditions in order that 
two tetrahedra A^A^A^A^^ A^A^A^A^ may be unaltered, 
both by a collineation of period four and by a collineation 
of period three. It is clear that, in order that this may 
happen, two vertices, say A^ and A^^ must lie on the line of 
united points of the latter collineation, while the planes a, , a{ 
opposite to A^ and A^ must meet on the axis of this collineation* 

Taking the tetrahedron A^A^A^A^ as that of reference, 
and the collineations defined by 

f>«i=y,) p^,=y3) f>«8=y4) p^.^Vii 

the points -4/, -4,', -4/, A^ will be, respectively, 

{x,x^x,x^\ (x^x^x^^, {x^x^x^x;), (x^x^x^x;), 
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since they are subject to the firat coUineation ; while, since A^ 
lies ou the united line of the second coUineation 

moreover AJ^ A^\ A* pass into each other cyclically, since 
they are subject to the second coUineation, hence, since A^ 
corresponds to -4/, 

aaj^scc,, aajjsXjiCj, afl5,=X,a5,, <rx^^\^x^^ 

therefore A,= X,=±V\, and since X,X,\^=1, we may take 
X^=l (considering real collineations only), so that either 
X,=s\=X^=l, or X,= X,= — X^=— 1. These conditions are 
easily seen to be sutficient and necessary to ensure that A\ 
A^y and A* are connected by tlie second coUineation. We 
find, therefore, that there is an infinite number of tetrcAedra 
each cf which is transformed into itself by the given coUineation 
of period four^ a»d by a coUineation of period three 

<JX,^y,, ax=y,y aa;,=y,, ax=y,] 

the faces of these tetrahedra are easily seen to be, nt being 
arbitrary, 

a?, + a?, + mj?,+ ar^= 0, x^^^x^+x^+ mx^^ Q. 

Similarly the faces of the tetrahedra formed by the planea 

ma?, +«,- 08, +ap4=0, iiMr4+Xi-x,+a8,=0, 

iftr5—ap,+«,+ 0:4=0, mx^^x^-^Xi+x^^O^ 

are seen to be permuted into each other by the giyea coUineation and by the 
collineatioQ 

•«i=yii •*a=-y«j «?»=-y4i •a?4=yr 

But this is merely the modification of the previous case involved in the change to 
the coordinate system obtained by changing the signs of x, and ««. 

In the next place consider the coUineation of period four 
represented by tne equations 

p^i=-y«j p^.=y.> p^.=y4) f>^4=yif 

and let any coUineation of period three be 

aar, = y„ ax,^\y,, <rx^=\y^, <^^,^\y,i W«=l- 

The four points -4/, -4^', A^\ A^ will be, respectively, 

(x^x^x^x;), (x^-x^x^x^\ (^,-ar,-a:,ar,), (^,-a:,-ar,- a:,). 

Also since A^' is to pass into A^\ and A^ into -4/, by the last 
fcollineation, we must have 

ax.^x,, aa^i=X,rr,, (Jj-,= X,r„ aa;,= -X,a?„ 
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and also 

irVjSsa?,, a'x^^\x^^ <^'^i=\^o <^'a^,= — \a?,. 

If a?, were not zero we should have 

X,= \3andX/=\3'=r-\, 

hence with A^XgX^ssl, we should have X/= — 1; excluding 
imaginary coUineations, we must therefore have either 03, = 
and Xj,= -X,= — X^=l, or ajj=0, X,= — X3= X^= - 1 . The 
point A{ is then determined either by the equations 

aj^=0, a?,= aj3, a?3+a?,= 0, 

or by the equations 

a?j=0, ir3+aj,= 0, x^—x^-0. 

A corresponding result holds for the two coUineations of 
period three which leave the vertices A^ and A^ unaltered, 
&c. ; hence, eight coUineations of period three may be associated 
with a given collineation of period four of this species^ so as to 
leave unaltered 2 tetrahedra belonging to the latter collineation. ^ 

The equations of the faces of the second tetrahedron are, ia 
the first case, 

aj,+ ira-a!,= 0, a;,-a;,+ a;3=0, i»i+a?,+ a?^=0, x^+x^-x^ = 0. 

The second tetrahedron is circumscribed to the first tetrahedron 
(that of reference), and is also easily seen to be inscribed in it. 

Quartic surfaces which admit of both coUineations. 
§ 7. If a surface admits of the coUineations 

^«i=y,> p^-s^ya^ ^^8=^4' f>^4=y.; 

ax.^y,, cx=y^, (rx^^y^, <rx=y,; 

it wiU admit of all the 24 coUineations obtained by associating 
a?i, a?„ a*,, a?, with y^, y^, y^, y„ where i, j, k, I is any 
permutation of the numbers 1, 2, 3, 4. Hence such a surface 
is expressible in terms of the symmetric functions /Sp /S,, ... 
of the a?p where j8,= S-rp /S,= Sa;-'r^, &c. 

The quartic surfaces of this description are therefore 
represented by 

A8,'+ B8,'8,+ C8,8,^D8,+ E8,'^ 0. 

The first four terms of the left-hand side can be expressed in 
the form 

4 4 

n (8,+ x.jm) + xn (Si+ x^ln) 
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in two ways; for equating these expressions we liave, for the 
determination of m^ n^ X, the equations 

l/m*+X/n*=5/^{l + l/m+X(l +l/w)}, 

l/m'+ X/«»= (7/^ jl + 1/m + X (1 + 1/h)}, 

l/m*+ \ln*=-DIA [ i + l/m + X (1 + 1/«)1 ; 

whence ^— C (wt + w) + i)mn = 0, 

and B(m!'+ mn + w*H- «n- w) - Cmw (m + w + 1) — ^4 =« 1. 

These equations determine two values for wn and wt + w, 
either of which gives one way of expressing 

A8,'+ £>S/5,+ C8,8,+ nS, 

in the required form. We conclude, therefore, that all 
quartic surfaces admitting of the stated coUineations are 
included in the form 

n (Sj+ x,lm) + \n (>S^+cr,/n) + ES^^O. 

F. Schur* considers surfaces analogous to these, viz. surfaces 
of the form 

It has been shown, § 6, that these surfaces admit of a coUinea- 
tion of period four of the second kind, and also a coUineation 
of period three. It is shown by Schur by synthetic methods 
that this surface possesses 52 lines. The determination of 
these lines is easy from the equation of the surface. For if 
we seek the conditions that the line 

*i?3 — a?i = mx^ , 

Xj^+x^=nx^, 

may lie upon the surfaces, then since 

^,+^4+A*, = ^,(l/m + l/w) + ^,(l/n-l/m+ 1), 

0?,— ;i?^+^,= ^,(l/n— l/m + l) + ^j(l/w+l/m), 

on insertion of these values we obtain, as the condition to be 
satisfied, 

^,^,+ a(m + l)(«-l)[«+/C3')(l/m + l/w)(l/«-l/m + l) 

+ ^,^,{(l/wi + l/w)*+ (1/n- 1/m + 1)'}] = 0. 

* loc, cU.f Math. Ann.f XX. 
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This requires that either 

l/w + l/n = 0, l + a(m+l)(«-l)(l/n-l/m + l)«=0; 
giving 4 solutions, and therefore four lines, lying on the quadric 

— +— r- = 0; 

or l/w-l/m + l=0, l + a(w+l)(n-l)(l/m+l/n)'«0, 
giving 4 solutions, and therefore four lines, lying on the quadric 

— ^ +1=0. 






Now it can easily be shown that a quadric which intersects 
a quartic surface in 4 lines belonging to a regulus will meet 
the quartic in 4 other lines belonging to the complementary 
regulus ; hence each of the preceding quadrics will meet the 
quartic surface iu 4 other lines. But in each case, two of 
these lines are 

^4=0, *f,— ^j=0; .^,= 0, j?3 + ^j=0; 

which are the lines of intersection of two faces of the 
tetrahedra A and A^; excluding them, it is seen that each 
of the two quadrics meets the quartic in six lines. 

Similarly we derive two other pairs of quadrics from 
considering the conditions that the lines 

^^— ;rj = 7Wcr,, ^^+jP|=w;r,; ^j— ^,= ?w.'p,; x^+x^—nx^^ 

should lie upon the surface ; giving six quadrics each of which 
meets the surface in 6 lines ; henee there arise 36 lines in all, 
which, with the 16 intersections of the sides of A and A' give 
rise to 52 lines on the given quartic surface. 

ColUneations which have a quadric unaltered* 

§8. By aid of the method of this paper, the condition 
discovered in another manner by Segre {Mem. Ace. Torino 
II., 37), that a collineation should leave a quadric unaltered, 
can easily be obtained. 

For let F= Sa\'= be a quadric unaltered by the collinea- 
tion determined by U and F; this requires that if u is the 
polar plane with regard to V of any point a on F^ then the 
pole of M with regard to F is y, a point on F] in other 
words the polar reciprocal of F with regard to U is identical 
with the polar reciprocal of F with regard to F. Now since 
the equation in plane-coordinates of F is Sm,*=0, then if 
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X IS the pole with regard to Z7 of a tangent plane u o( F 
we shall have 

Hence, by the condition mentioned, 



-iSH-<^)' 



where ^is a constant depending on the coefficients of U and V. 
Differentiating this identity we obtain 

Now If /'»*=a^. '-''.=3:;;. 

then u and i; are corresponding planes in the collineation 
determined by U and F, and hence from above 

4 4 

2a.KM«=f)'irs6,,i?,, t=l, 2, 3, 4. 
1 1 

This shows that u and v are a?5(? corresponding planes in the 
collineation determined by the quadrics 

i.e, for the collineations determined by the quadrics V and F' 
which are the polar reciprocals of Z7 and V respectively 
with regard to F\ and these latter quadrics are in point- 
coordinates 

^AjcjCj^— 0, S B^.t?,.»t = 0. 
The invariants of the original pair of quadrics Sa^^.Y^«^=sO, 
26^.t\^fc=0 being denoted by A, B, <I>, 9', A', it is easy to see 
that the invariants of this latter pair are 

A", e'A", AA'<I>, eA'*, A''; 

and the condition requires that the absolute invariants of the 
two collineations should be equal, i,e. that the following 
aquations should hold 

e' ,<!> «*A' ,e' ,eA" ,a' ,a" 

"^ A^** A ' "^ A^"* :A^' '^ A^^'* "^' '^ a""* :a^- 

These are all satisfied by the single condition 

Ae"=A'e', or V=^\. 

It is clear, denoting by / the polar reciprocal of F^ with 

regard to Z7, that^ is also unaltered by the give ncoUineation; 

i)othy and ^belong to the infinite set of quadrics thus unaltered 
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ON FAMILIES OF QUADRATTO FOEMS IN A 
GENERAL FIELD. 

Bj Dr. L. E. Dickson. 

1. TN an loyeatigation, as yet nnpablisbed, on tbe types 
-^ of commatative linear groups in a general field 
(domain of rationality) F^ I have shown that the problem of 
the normalisation of the gronps inFolves the normalization 
of families of quadratic or bilinear forms \^a +...4X^(7^ by 
transformations in F both of the m parameters X. and the 
ft variables entering the g^. For the field G of all real and 
complex numbers, Jordan* has quite recently investigated 
the latter problem for certain sets of values of m and tt. In 
addition to the simple case n = 2, I treat in the present paper 
tbe case m = 2, m = 3, for a general field ; viz., the case of two 
linearly independent ternary quadratic forms. The results are 
exhaustive for the field C^ the field B of all real numbers, and 
any finite field. The main difficulty lies in the case in which 
the family contains no binary forms, and that in which the 
binary forms are all irreducible. Neither of these cases occur 
when the field is C or B^ so that the problem is quite simple 
for these fields. 

For C, there are 8 typesf: C» 5/+2$jg,; and g^g, with 

For B^ the 13 types are the preceding 8 ; ?/, $,*+ V 1 *°^ 
5.5, with 5;+5/±5,', 5/+ 5/, 5.'+^'. 

For the OF[p''\ p>2^ there are 15 types}, 
5i'- 5,5., 5i5.+ 5; + a5/ (*•- 4aar + a irreducible), 
5,*- 1?5,', 5.*- r5/ + 2«5,5, {v and r'- 4»«* not-squai-es), 

5>Ith5;-t^5."or5,'+25,5., 
5,5. with one of the following, where /o=sO, 1, or v: 
?,'-tS.'-?/, 5.'-<-t;5/, V-V-^,\ 

♦ Journal de Mathhnatiquea, 1906, pp. 403-438; 1907, pp. 5-51. 
t These are equivalent to Jordan's types for m = 2, n=2 and 3. 
X Here^ti, v, r, t may be ^ven fixed yalues in the field. 
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2. The maximum number of linearly independent binary 
forms is three. For m = 3, the family contains £j*, £jg,, g,*- 

Next let m = 71 = 2, and let F be any field not* having 
modulus 2. The family may be assumed to contain 

If 5^0, we may transform the second into ^KXi* Hence the 
family contains 

(1) J.= C+'-C,^=2|.?.- 

If 5 = 0, we derive g,\ ^,^ These may be transformed into 
(5,+ 5,)* and (5|""5t)^ f*'^"* which we derive a pair (1). 

The determinant of xb^ + yb^ is rx^ — y*. The discriminant 
r of the latter is invariant up to a square factor when tlie 
variables 5,, ^ and the parameters x, y are transformed 
linearly. Hence two families (1), with the parameters r,, r,, 
are equivalent in F if and only if r^^^r^^ where p is an 
element i^O of F. 

For »i = 1, w = 2, the canonical type is f ,*+ rg/, where, as 
before, r can be altered only by a square factor. 

Families based on two linearly independent ternaiy quad- 
ratic forms in jPare considered under cases I.— IV. 

I. Families of ternary quadratic forms containing no 
binary forms. 

3. First, let no form of the family be reducible to a binary 
form in the given field* Fy not having modulus 2. Tlie 
family may evidently be assumed to contain 

where the j^„ are forms in gj and %^. Since a and b are not 
both zero, we may apply a transformation on £, and ^, aiKl 
replace the second form by $i^4y'„. Applying 

to the latter, we reach g,?^— c£/, c^to. Multiply ^ by c. 
The family now contains 

The first Is invariant under the transformation 

* Eyidently neither C nor R. 
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For r = — iS, this replaces the second form by a similar one 
lacking ^fi^. Adding a multiple of the first to eliminate §,^3, 
"w® get L''+.^Si' + r5,''+5^,S,. If « = 0, the family contains 
an y^g. Hence we reach 

(2) ^.= g.'-?.?., P'.'S.g.+ o.S.'+a.^.'+a.S." (a.:^0). 
The determinant of xg^ + yg^ is - ^ A, where 

(3) A = aj'+ a^aj'y- ^a^^y" + (a,- 4a,a,a3) y'; 

Its first minors are relatively prime, since the family contains 
no binary form, A is irreducible in F. Its discriminant equals 

(4) 2oea,\''- 27a,* + \l4.aflfi^- Aa^\ 

+ 16a/a,a,— 128a/a/a/. 

4. Within the field -F, let the transformation 

(5) ?,= .S<7«i7, (t = l,2,3), 

replace g^ and g, by, respectively, 

(6) X<2, + /ii<2„ KQ,+aQ, (X(r-*/*,feO), 
where 

Then the following twelve relations hold : 

(8) i)„=0, D,,=fi, i?„=-X, i>,='^+M., 2>.=M^., A=M„ 

(9) £-.,=0, Z„=<7, ^.3=-«, ^,=*+<r^„ ^,=a^,. J;=«r^„ 
in which 

(10) D,^dJ-d,^.„ D^=2d^^-d^^-dJ,,, 

8 8 

(11) E^^dJ^+ S a,<?^», ^^t=<?,A+rf«rf„+2 S a,^yd^. 

t=l t=l 

We proceed to express the d^^ , d.^ in terras of 

(12) c?,3=tZ, J,3=e, c?3.=/. 

Now d^^ , (J*,. , J„ mast be proportional to the determinants of 
their coefficients in i^„=0, £„=0; viz., 

n^\ fa,=<fe + 2a,e'-2a3/', a.,= -e^-ia^de-ia^df. 
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The a^ are not all zero. Indeed, 

- «! (^^s/+ 2a,a3e) - a,/x^e 
is of the form (3) for x + 2a^/, y = e. Hence we have 

(14) d,, = p-\, d^=p-\, d,=p-\ (p^O). 
Thus -0,3=0 and £^,3=0 give the useful identities 

(15) 2a,^-eZy-a3e = 0; aXe-\-2a^d)-^a,(d-^2a^e)'\-2a^aJ'=0. 
"By (6), a and fi cannot both vanish. Hence 

(16) D, = d'-e/, E^ = de + a^d'+a/+aJ' 

must not both vanish. Eliminating -4, and A^ from (8) and 
(9), we get 

(17) cD^^fiE,, aiD^^D,,) = fi(E^ + EJ. 
But by /i = i>,„ cr = ^,„ and (U), 

(18) pfi = 2a,rf,,- ajrf,,- a,rf„ , 

(19) per = (a,+ 2a,a,) rf„+ (a, + 2a,a,) d„+ 2a,a,d^,. 
Hence (17,) may be given the form 

(20) E,d,,+ B,d„+B,d^=0, 

rsn P.=A(a.+2a,a,)-2£3a„ 

^^'^ \E=D,(a, + 2a,a,) + E,<i^, 5,= 2i?.a,a, + £'.«.. 

We may replace (17,), which is quadiatic in the d^,, by 

and hence obtain 

(22) 8,d,,^8,d^-\-S,d^+S^0, 

\8^E,D^^D,E,, 5, = 2j',rf-Z>,(6 + 2a,rf), 

EJ^D,id + 2a,e), 8,^^ E,e^2D^aJ. 

We thus have 

(24) >8=(\(r-/f/*)^3, 

(25) p'S=E^{a:- o^a,}-D,(a,a,+a,a*+a,a,'+a,a,') = B. 

Since the determinants of the coefficients of E^ and D^ in 
the S. are the determinants (13) of the coefficients in Z>^, and 
-E,3, the 8. are not all zero. Likewise, the determinants in 
(21) are the corresponding functions of the o^, so that the B^ 
are not all zero* 
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We shall make use of the identities 

(26) ^,rf + i2,e+ii^=0, 

(27) 8^d-^S^e-\-8J=0. 

To prove tbem, we insert the values of the E.^ 8.. In (27) 
the coefficient of E^ equals 2D^, that of jO, equals — 2E^. lu 
(26) the coefficients of —E^ and i>, are the expressions (15). 
We note the further identities 

(28) a,e^aj=28,, aj^a,ds28,, a,d^afi = 28,. 

In (20) and (26), the R. are proportional to the deter- 
minants (33) of their coefficients. Denote by m the non- 
vanishing ratio of these determinants to the B^. Substitute 
the resulting values 

/d„=ed„+mR^ , /?„= dd„- mB, 

in the product of (22) by /. The coefficient of d^ is zero 
by (27). Hence 

m(B^8,-^B,S,)^/8. 

Similarly, or directly by (26) and (27), we get 

m (JSgS,- i2,S,) = d8, m (5^5,- B^8^) = e8. 

In ii 5,— iijSj, we replace the B. and 8. by their values (21) 
and (23), then apply (28), and finally replace the new 8^ by 
their values. Hence 

(29) BA^B^8,= idK, 

(30) Jr= £;»- a.^3-Z>3- 4.a,a,Efi;-^ (a.- ^afl^a,) D/. 

Here Ki^^O in view of the iireducibility of (3) and the 

assumption that E^ and O, are not both zero. Similarly, 

or directly from (29), /S^^O, K:^0^ and the relations in «i, 
we get 

(31) B,8,-B^8=ieir, B^8,'^B^8,^ifK. 
In particular, we deduce 

8=AmK, B=^imp^K, 

employing (25). The latter must be an identity in d^ e, /. 
But in B and K the coefficients of /^ are Aa* and o,", 
respectively. Hence* 

♦ To indicate a direct proof of B=4K, we modify B by replacing a^^ by 
j^a^a^+^a^ei^j a^a^ by iaias+^oja,, a,^ by ata^ then replace the second factor 
in each ataj by its values from (10). The resulting expression may be written 
so that the at occur only in the combinations (28). Replacing the St by their 
values (28), we find that the ezpressioa reduces to iK. 
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(32) 8=ip''Ki BsiK, 


(33) 


d„e 
dj- 


=p-%, 


d„/ 
d„d 


^p-%, 


dj 

d„e 



321 



-2 



p-'B,. 

In the next developments we assume that rf^fcO. The fact 
that all indicated divisions by d can be performed exactly 
would indicate that the resulting formulas hold alsu for the 
case rf=0; direct proof may be readily supplied. Then by 
(33.), (33,), 

(33') d„=>d-^(/d„+p-'E,), d„=d-\ed„-p-%). 

Hence the fifth equations in (8) and (9) become 

(34) p*d'f.A,=p*d,:D, + p^dJ + B,R,, 

(35) p'd'aA,^p'd,,'E,+ p'd,,e + a,R;+ a,R,', 
where 

(36) h^Rj^R^e^ e^^aj6^-2a^eR^-dU^. 

Multiply (34) by -jE;, (35) by Z>„ and add. Thcj 
products on the left cancel in yiew of the final equations 
(8), (9). Furthel', 

(37) i>3€- 4^ = R,8, - R,8,^ idK, 
by (23), (29). Hence we hare 

(38) AdKp'd,,=:^^R^R^- AK5/+ «,5.0 = ^• 
lilsclrting the values (21), we obtain for J7the value 
JSiVs- 4a,a3Z)3*^3a.a3- a,DX* 

+ (^,'- Aa^a^n;) (a.a,+ a,a/+ a.O A-' 

We replace the final factor by its value from B = AK in (25). 
The terras in a/i^ cancel^ while the coefficient of a/ equals K^ 
given by (30). Hence 

(39) U=KVy V=a,*-iE;-\-UafiJ)J. 
We find that Fis a multiple oft?. Hence 

(40) /E)*J,3=? (4«,«8- «/) d"^- ^a^cl'e - Sa^a^de/-- ^dfl^dp 

- (2aj.a3 + 1 ) t?6'* - Sa^e/"'- a/. 

While we do not employ them later, we give for completeness^ 
the expressions for (33'), the divisions being 6xact : 

(4 1 ) p V„ = - 4a3C?' + (a/ - 4a,a3) d\ + ^a^de/+ a^de* 
VOL. XXXIX. % 
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(42) pV,= 2a/i»+ 3<?V+ (a/- 4a,o,) d*/+^a,de* 

+ a,«fe/+ 4a.a,e/-'4 (4a,o.- J)ey+ Aa*e\ 

In view of (33), (12), (U), the determinant of (5) is 

p-*((..i?.+ «^,+ a^J. 

Inserting the raloes (21) of the B^ and applying (25) and 
(32), we get 

(43) KJ=-8irp-'. 

Since we haye determined the d^ and d^ in terms of the J^, 
80 as to satisfy all the relations which result from (8) and (9) 
by the elimination of X, /a, «, <r and the A., we may state the 

Th eorem. The various families of forms xg^ + yg^^ defined 
hy (2) and having irreducible determinants (3) in the field F^ are 
transformed amongst themselves hy precisely those transforma" 
tions (d^f) in Fin which the d^are given by (12), (14), (40) -(42), 
dj e^f being any elements such that the functions (16) do not 
both vanish. Thus dj e^f shall not be a set of values of ^^^^^^ 
^for which g^ and g^ bath vanish^ 

5. If^4=5',= 0, we may set 

(44) ^,= ^175, %,^tr,\ 5.= ^r, 
where ^, 17, (fare elements of i^, ^#0, and 

(45) vX + a.rfV-^ a.V + a,r= 0. 

If «,= 0, then f = 0, since the cubic factor is irreducible by (3). 
Then S, = ^=0, while g, is arbitrary. Let next a,#0. £xcept 
for the trivial case 1; = S = 0, we may set J ^ 0, « = 17/ f. The 
resulting quartic in z is seen to have the resolvent cubic 
given by (3) for y^ — ap. Hence the quartic has at most 
one root in the field F. If F is the field of the rational 
numbers, there is, in general, no root in F, But when F is 
a finite field, it follows,* from the irreducibillty of (3), that 
the quartic has one and but one root r in the field. The 
solutions (44) are therefore 5i=rgg, ^sr*^^, g^ arbitrary. 
Taking account of the parameter p, we have the 

Corollary. When F is the OFl^p'X p>% the number 
of valid transformations is always (p^^—p ) (p*— !)• 

« Pickson, BuUiiinf Amer, Math, Soc., October, 1906, p. 5, and middle of p. 7. 
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6. In (24) and elsewhere, we used the value of X<r — ^/n. 
Eliminating (f„ and e^„ from (18) and (19), by (33'), ^nd 
applying (15), we get 

p'd/A =a i^a^,— ^,a, , pVcr = lEjx^OL^'- iZj (aj + 2a,a,). 

The second members are the products of D^ and E^ by 

(46) "la^ti^ - a.a, - 2a,a,' = 4^2; 
where 

(47) r= 2a,rf'4. ga.a,^'^ + ia^^d'/ 

+ (8a,\"" 2a,\+ ^aj rfe'+ ^a^def+ (^a^'d^-- ^afi^) ip 
+ (i - a.a,) e»+ 2afi/f-\r afl^^f- 2a,y». 

Bence we have 

(48) p^ti^^D^T, p*<T=^iE^T, 

t'rom the thii*d equations in (8) and (9), we get . 

(49) p'd\ = - 8 - 2p'd^^D^ , - p Wit = e + 2/o*rfj,4 , 
Whe^e S and 6 are given in (36). Hence 

p'^d {\<r "Kp.)^^ T{D^€''E^S). 
I'hen, by (37), 

(50) p' (\cr - /c/t) = 1 6 y^. 

We readily pi*ove that T vanishes only when d^e^/=^0, 
thirst, for rf=0, - 4a, 7' is of the form (3) for aJ=:2a^/, y=-e, 
and hence vanishes only when e=/=0. Let next rf^O. 
l^hen (46) is the determinant of the coefficients of y and e in 
delations (15). Hence if we multiply (15,) by 2a,a,, (15 J by 
6i,, and add^ we find that T=0 requires 

2afifl, + a/ + ^ciJX^OL^ = 0. 

This expression and (46) are functions analogous to - a, and 
— a, in (13), so that they vanish only when a, = a3=«0. Then 
aj=0 by (15j). But the d^ all vanish when rf=e==/=0. 

Another proof follows from the fact that jT, aside from 
a constant factor, equals the determinant of the triple algebra 
based on the field F{i) defined by a root of (3). For instance, 
in the important case (see § 10) a, = 0, a,^ 1, we find that (47) 
has the factor 

(51) 2d+ 2/i + af'eP (e '- iaj + a,= 0). 

Y2 
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7. We proceed to determine tlie A^. We firat modify tlie 
expressiofis (36). Apply iiig (21), we get 

-f = 2D^,{aJ^ a^d) - 4i>^,a,(a,6 - a J) + £,flr^ 
where 

(S?) ^ = 2a^(x^/— a^d - 2a,a^. 

Applying (28) and then (23), we get 

(53) S = D^0^4.dl3, € = £',(? + 4e/7, 

\yher6 

We now determine A„ By (8) and (9), 

vVe multipfy cqoations (49) by Ej and i>,, respectively, and 
add. The coefficients of 2pV„ equals /8 by (23). Thus, by (53), 

p'd (\E^ -kD,) = 2pW„5'+ 08 + idW, 

But (30) may be given the form 

(55) K=^D,y + E,8. 
Hence, by (23), 

Inserting the value of J)^ from (10) and (14), and applying 
(32), we get 

iD,W=:8(J+Aa,D,E,), 

where, by a direct factorization, 

(56) e7=a,^-a,a3-4^>Z>,|8a3/(c?+ 2a,el^(€ + 2a,dy]. 
Hence if 2>^#0, we obtain 

4 TF= S(Sa^d/+ Uafi^e/+ 4ka^a^f'-^ (^a^a,- 1) e']. 
If 1)3=0, we may compute JE3 W^ similarly. Hence 

(57) p'{\<i'Ku)A=8N, 

(58) N= (8a,a,- 2a,') d'- 2a^de + I2a^d/ 

+ (4aia,- f ) e'+ Ua^a^e/^ 4a,a,/\ 
The determinant of -N' is - 22?, D being given by (4). 
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To determine ^„ we multiply (34) by (49,), (35) by (49,)> 
and add. We may omit the final terras of the multipliers (49), 
since the products by — E^ and jP, led to (38). Applying (37), 
(53), we get 

(59) p^d\\a - Kii) J,= ^dKp'd^;-\r aU+ UL, 
where U is given by (38) or (39), while 

(60) L = R,R,y^(a,R,'+a^R:)0. 

We proceed to factor Jj. Applying (55) and (38), we get 

D^L^K(R,R,-I3V). 
By (21) and (39), 

i?,fl3- ^ F= 2Z>3V.(a, + 3a,a.) + a,2>3ff3(16a,a32>/- 4i(;*) 

+ J932; («,«,+ a,a;+ 2a,a/+ 2a3a3') ^ 16 aflfi^E^^ E;J. 

The second member has the factor D^ in view of (56). We 
may simplify the expression by replacing Z>3(a,a,+...) by its 
yalues from (25), giving B=AK its value from (30). After 
cancellations, we obtain D^ times the quantity in brackets in 
(61). Hence if i>3=jfc0, 

(61) i=ii^{^3(a,a/+a30 + 2a3Z>3a,(a,+2a.a,) + 4a3Z>3'^3^ 

We may obtain (61) directly from (60) by inserting the values 
of i2,, R^^ then subtracting the first four terms of (61). We 
get the product of afi^E^ by the expression (25). The second 
meiixber of (59) now has the factor 4:dK. The complementary 
factor is found to have the forna d^M, where 

(62) af = |8a,a3+ (4a,a3- a^)^\ rf*+ (4a/a3- 16a,a3*) d^ 

4 (I2a,-8aja,a,+2a,')c?'64-(30a,a3- Uafl;a^-\-^a^\-\- ^a^d^e} 
rf (16a>,/X3- 64a,*a,*) dV+ {^<^\- l^aflfi^) d^f . 

-^t^a^a^def^Siafi^dp 

-i (16a,X+«A-^ff)«*+(32a^a,*a3-8«,a3)6y^ 

+ (32a,V+16a>,a3-3a,a3)ey*-f (32a^a,a3*-12a3'}^+ 16a,a3V *• 

Hence we have 

(63> p^{\ti^Kp.)A,^^KM. 



Digitized by 



Google 



326 -Dr. Dickson^ On families, of quadratic 

Applying (24), (32), (50), (57), (63;), we ohiain the results: 
(64) A.^pNI^T, A^^p-'MIlT, A^ = p'l4.T, 

where N^ T, M are texnary fQrms in d^e^f of degrees 2, 3, 4, 

^/i;enJy(58),(47),(62). 

8. For use below, we consider the case aj= a, = 0. Then, 
^y (3)> *^+ ^%y^ *8 irreducible in Fj so that F does not have 
modulus 3. Then i>,=-E,= Q requires d^^d^ef^-^ aj^'^f 
80 thatd=/=0.. Now 

N^. f (aa^rf/- O, 4f = 3^ (4a,d*- Sa.dfe/- (e*/ 16) - 4a^")- 

Consider the transfarniatiox\s malting -A^^Q. To exclude the 
Qase 1>.= -E^=0, we have merely to avoid the set rf=es=/=.0. 
The solutions in ^of N^ ft may be expressed b.y 

rf=:r^*, f^rs'/Saj,^ e = rst (r:^0). 

Fox th^s^ values, the second factor of M equala 

4r^a/+^-.^)(^-5V8a,), 

n,ni beace vanishes \i\ ^ ovXj when ^=«=0. Mmce^ t/N=(>y 
then if=0 if arvd ordy if e=-0^ 

Ip particular, -N^s Jf = requires g =« 0, df=0^ Then 

r=2a^rf'^-2a,y*. 

we may^ 
is a fixed 

not-=cube. In view of the second result, we may replace a^ss v* 
by -4^= vV«3=t?. In a finite Jmld of order p^s 31m + 1, the 
^{p"-^ I) families y>ith a^ = a,^=0 are all equivalent. Each 
family has exactly 3 (/?"—!) automorphs^ given bt( cfa^i^sQ^ 
fT^% p = — 2af(0j tvho'e cui'=l. 

9. Any family (2) with a^=0 can be transformed inta 
a family (7) with ^^^O. If ^ does not have modulus 3i, 
set i=0, e=;/=l. Then 

4f=5(-3/16a3)(64a,'+ 16a,a,*+a,)#a, 

by (3) for cb = 4a. , y = 1. Also D^= - 1 , so that the transform 
mation is valid. If ^has modulus 3, set /=0, rf=6= X. Then 

-5/= a, (a^'- a,- a,«- a, + 1) ^ 0, 

by (3) for aj=l-a,, y??-!. In (7) with -4,^:0, we 
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multiply i7j by ^,, 173 by -4/, and obtain a similar family 
with A^=^l. After a preliminary normalization of family 
^2), WQ have a,= 1 for F arbitrary. 

10. Lemma. In (he OF [;>*], p>2, any family (2) is 
equivalent to a family with a, = 0, a,=9 1 . 

The ternary quadratic form N, given by (58), was shown 
to be of non-vanishing determinant. Hence (Linear Groups^ 
p. 48), N^O has exactly p** sets of solutions d^ «, / in the 
GFIp""], p>2. By §5, ther^ are p" sets d, «,/ for which 
/X = ^3=0. Hence these are valid transformations making 
iV=s 0. Not all of them make M— 0. For, if so, we may 
apply a preliminary normalization and set aj=a^=0. Then, by 
1 8, there are p^— I sets rf, e, f with Z>,, E^ not both zero, and 
making 3r=xO, while only a(p*- 1) of them make also M=0. 
Hence we may transform the family (2) into a family (7) with 
^,=0, -4,5^.0,. As at the end of § 9^ we may make -4,=0!, ^,=1. 

11. Theorem. In the GF[p^], ;?"=3ffi+l, the various 
families (2) are all equivalent. 

In view of the remarka at the beginning of §10^ it suffices 
to prove the theorem for the families with a^^^O. Among 
them occur families, with a.^a^=»% since there exist irre- 
ducible cubios 09^+ a^y* in the preseat field. Ta a definite 
family ^, with a^ — a^^O^ we apply all tranflformations. which 
iresult iu families with A^=0. By §8, there are exactly 
»**— X sets d; «, / for which N= 0, while i>, and E^ are not 
Iboth zero. Further, p may have any value ?& 0. Hence the 
total number of valid transformations is (p'***— 1) (p**— 1). 
But ^ has. exactly 3 (p"— 1) automorphs (§8). Hence 4> is 
conjjUgate to exactly |(p*"— 1). families with -4i=Q. But 
for 0^=0^ y=^^9 (3^ i* oC the Jfoimis 

(65) a^*^+ 5a5 + eij ( J = - 4a,a,). 

The number of irreducible cubics of this type is exactly^ 
J(p**'— 1), since p#3. Hence the theorem, follows., 

12. The preceding theorenv holds also- in- the* G^^[;p*]J 
p"=s3»t + 2. We enlarge the field to ^;?'[pr] by adjoining 
a root of aa irreducible quadratic equation, for example, ^=—3. 
But a cubic (3) irreducible^ in the GFlp""] is irreducible also^ 
in the OFlp"^]^ since 

a'^'"-'^!, a^"-'=l imply a^' = l. 
* Diokson, Bulkiintljfi, 
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Also p*" is of tbe form Sira-f 1* H^nce, by §11, any two 
families (2) are equivalent in the OF\^p^\ each being 
reducible in the (7^[p*"] to a fixed family with aj=:a,= 0. 
Hence tbey may be shown to be equivalent in the 6i^[p'*] 
by an argument* analogous to. that used ia proving that two 
transformations are equivalent in the G'F\^p'''] if they have 
the same canonical form (in a higher field). 

13. For the remaiuing case, the (?F[3*], we determine 
directly the antomorphs of a family (2) with a^^O, a,= ]. 
^ben N^O requires d^^ef^ so that we sel: 

e^rk\ fzsrm\ d^rkm (r^^O). 

3eta«a,. We find that 

(66) M^^aE*, ^^=r*(aw*+wA'+ife*). 
By § 5, E^ has a simple linear factor in the field^ 

(67) isft— crwi, 
where a is the unique solution in the field of 

(68) (r*+a»+^ = 0, 
The complementary factor is 

(69) C » A' + ( 1 + <r) (fc'm + Am V -f m V). 
get ar=rV. Then, by (47), 

T =: &• - ak^m + akW— ak^m*-{ a^km* 4 aW, 
In view of (68), we have the relatioj^ 

(7Q) T s (a»+ 1) i'-a'C" (mod 3). 

By (64), the condition for an automorph is 
M' = ar (mods), 
VIZ. a'UC'^ar\ 

Since a' = — (a'+ 1) a', this may be written in the forn^ 

aT*+aj*(T + a;) = 0, x = a^C\ 
Since this function is of the same type as i^„ we have 
X = CTT, whence t = o-' C*. 



* Linear Group9^ p. 229. 
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{tepIaciDg T by the above value, we get 

aC = ±(<r + l)2/' (mod 3). 

The upper sigu is excluded since the resulting cubic is irre^ 
dqcible, being derived from cc' - oa;^* + ay', viz. (3), by the 
trimsformation, of determiuaiit o-i, 

05 == — a-tfc + ai (<r + 1) «i, y = — c-^k + <r-lw, 

For the lower sign, the equation may be written 

(71) aifc»=(cr+<r7iU% 

Now a is square, since (3) is irreducible (Bulletin^ I.e.). 
Hence, in addition to the solution /;=0, m arbitrary ^0, 
there are two values in the field for the ratio m/ky k having 
any value i=^ 0. For the <?i^[3"] the number of automorphs of 
a family (2), with aj= 0, a,= 1, w exactly 3 (3"— 1). 

The number of sets of solutions d, «, / of N=i 0, for which 
-2*3^0 (here 1>3=0 yrhen -W=r 0), has been showp to be 3*"-3\ 
Since p has 3"— 1 values, the number of valid transformations 
is (3*"- 3*^) (3"- 1). Hence each family with a^^O is one of 
\ (3**- 3") conjugates. But {Bulletin^ I.e.) the total number 
of irreducible cubics (65) in the QF\2r'] is \ (3**- 3"). Hence 
the families are all conjugate. 

JJ.- Families of ternary quadratic forms containing binary 
forms all of which are irreducible in the field F^ 

14. We may i^sume that the family contains 

where v is a not-square in F. If 6 = 0, we apply 

(72) «.= g,'+pg,'+<, g.= 5.', g.= C 

to the second, then add v"W(g/- vg/), and obtain 

(a + dp 4 v-W) 5;+ (c + v + da) £,?,+ dK,K,+ €5,5,. 

The coefficients of ^* and ^,5, can be made to vanish by 
choice of p, o-, unless the determinant d^—v'^e* vanishes. In the 
latter case, c{=6=sO, and g^ is a factor. In the contrary case, 
L is a factor. In either case our hypothesis is contradicted. 
Hence bi^O, Again applying (72), we may make d^e^^O. 
Hence the family contains 

(73) ^.= ?.'-v5.», y,«5.'-r5/+24.5,. 
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The determioaat of xg^-^^yg^ equals — yft where 

(74) ^ = w«+rxy + 5y. 

Thus the family contains a single binary form if 

(75) 2> = r*-4t;** 

is a not^square in F\ three binary forms if i> is a square^ 
The case 2>=0 is excluded, sioce then r = «=Oi so that g^ 
is a reducible binary form« 

15. First, let i>« (?. Then Q^ for 

aj=y(±i— r)/2». 
The binary forms other than g^ are therefore 

the last three terms forming a perfect square. Let first 5^0^ 
so that c2'# r\ A multiple of the form is 

[•5,- M±d+r)\ 5j-{i(± J+r)} 5/. 

For each sign, this must be irreducible in F. Hence 

i(r-rf), i(r + rf) 

must be not-squares in F. Their product is v^', a not-square. 
But for the field of all real numbers, and for every finite field, 
the product of two not-squares is a square. For these fields 
the present case is excluded. Next, if 5 = 0, the binary forms 
are ^,, i^,i and 5,*— v'Vg * so that r, r, v"V must all be not- 
squares. Since the case x)= square is excluded for finite fields 
(and for the field of all reals), we do not investigate it further. 

16. Let next D be a not-square* in F. Since g^ is the 
only binary form in the family, it must be transformed into 
a multiple of itself if the family (73) is transformed into 
a family of the same type. The transformation is therefore 
of the form 

(76) g|=ai7, + ^r7„ 5,= ±t;~'/8i7j±ai7„ $3=7^3- 

To the new form of j', we add a multiple of j^, to eliminate i;/» 
and get 

(2. = 7V-^^/+ 2517,17,, 

* Thif case does not ariae when F is the field of all reals. 
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where 

(77) i2=r{a'+(/3Vi;)lT4a/35, ;S=±s{a-+(/9ye;)}-(ai3r/e;). 

Since the coefficients of Q^ are homogeneous in a, ^8, 7, we 
may take 7 = 1 without loss of generality. The question is 
now the extent of the specialization possible for R and 8y by 
choice of a and ^ in ^. 

The answer is immediate when F is the Q'F\_p'\ p*=4m+l, 
80 that —1 is a square. The discriminant of R is then a square, 
— 1>"*2>, so that DV a preliminary (above) transformation we 
may set r = 0. Apnlying now the above transformation with 
the upper signs, we nave 

If s is a square, we take /3 = 0, a*=:«~^ If 5 is a not-square, 
we take a = 0, ^8*= vs*"^ In each case, jB = 0, 8^\. 

For the (?J'[p*], p*=a4in+ 1, each family is equivalent to 

(78) S.'-fS.*, C+2a., 
where v isa particular not-^quare. 

17. We proceed to determine the automoi^phs of a family 
(73) in which* 2> is a not-square in the Gi^[p*]. We seek 
the solutions a, ^9 of jB == r, 0=5. ^ow 

For the upper signs, we have oti8=0. If /8=0, then a"=l. 
If iS^fcO, then r=^ri^''v'\ s^s/3^v'\ by (77), whence r = s=0, 
contrary to 1> ^ 0. 

For the lower signs, we have 

(79) 2r5 = -v"*a/82>. 

By (75), « ^fc 0. If r = 0, the conditions are 

(^/3 = 0, -l = a«+i8VS 

and have just two sets of solutions In a finite field. 

Next, let r^O. Eliminating fi between (77^) and (79), 
Itnd applying (75), we get 

[2a*i?-(r'+4t;«')]'=2)', a'2> = r' or 4 w\ 

Since D is a not-square, we obtain two sets of solutions a, ^8 
in a finite field. JHence there are in all four automorphs with 
7^1. The number of transformations (76) with 7 = I in the 

* The anftlysii applies to other cases as well. 
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<?F[p"], ^>2, IB 2(^**-l). Hence each family is one of 
iip^—l) conjugates. For a given value ^t of ^, there are 
»"+ I sets of solutions of (75), by Linear Groups^ p. 46. 
Hence there are exactly i (/>*— i) (/>"+ I) sets r, s for which 
/^ is a not-rsquare. 

Theorem. In any OF{_p''\ p>2, the various families 
(73), in which all the binary forms are irreducible, are equi" 
valent. This case does not occur for the field of all real numbers. 

III. Families whose reducible Unary forms are 
perfect squares, 

18. The family is assumed to contain 

but no form LJj^, L^i=^L^, The case a = 6 = is excluded 
by the second form if e = 0, and for e 9^ by 

Hence we may set a = l. Completing the square in the S, 
terms, we obtain 

If r 5^0, we apply f/= S,+ r"*«5, and get 

(81) 5/, ?/-^C (r = not-square). 

If r=x5 = 0, we reach £/-£,*, contrary to hypothesis. 
Finally, if r = 0, 5^0, we multiply g, by «"* and get 

(82) V, ^+2?.$,. 

The families (81) and (82) are not -equivalent in view 
of their determinants; neither contains a form LJj^i=^L^. 
We can alter r only by a square factor. 

IV. Families containing a form reducible to gjS,. 

19. In the second form a5,'+...,let first a#0. Applying 
a transformation (72), we reach 

(83) ^. = S.5...<7,= C- »•?.•- «5.'. 

The determinant of 2aj^,*+y^, equals y (rsy*- ifc*). 

(i) First, let rs be a not-square in F. Then ^,g, is the 
only form reducible to a binary one. It therefore suffices to' 
consider transformations which multiply ^^^, by a constant. 
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Hence (83) is equivalent only to families, of like type, in which 
r and a have been interchanged or multiplied by square factors. 

(ii) Next, let rs be a square ^tO. Then s^rf. Multi- 
plying ^ by r\ we may set s = r in (83). The reducible 
forms are g^ and 

Hence if r is- a not-square, a transformation normalizing (83) 
with «=r must multiply 5,^, by a constant, and thus can only 
alter r by a square factor. But if r is a square, we may set j-ssl . 

(iii) Finally, let ra = 0. As g^ we may take 

?;, C-^Aor5;-<« (r = not-square). 

where r can be altered only by a square factor. 

20. Next, tet a = (>. If ^ is entirely absent, we have 
In the contrary case, we may take 

5.£., 5,5,+ i5.5,+<'+rfC» 

Applying 5,= 5,'-c^'+ »g,', we reach 

5.$,, $.5,+ *5,5,+ (d+»J)C' 
If 6 = 0, we multiply ^ and obtain 

(85) 5.5.. 5.5,+ $.• or 5.5,. 

If Jt^O, we make rf4-«J = 0, multiply S^i Jvnd get 

5.$,, 5.5,+ 5,5,. 

Applying g =17^-17,, g,= i7,+ i7„ 5s='7t> ^e get 

a special case of (83). 

The two families (85) are not equivalent, and neither \9 
equivalent to a family (84), nor to one obtained in § 13, a» 
shown by a consideration of the determinant and the greatest 
common divisor of its first minors. 

For a detailed summary for various fields, see § U 

The University of Chicago, 
Stptember^ 1907. 
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SINGULAR LINES AND CUBVES ON SUEFACfiS. 
By A. B. Basset, M.A., F.R.S. 

1. T^HE object of the following paper is to discttss the 
-'- theory of singular lines and singular plane curves 
on surfaces. Nodal, cuspidal, and triple lines and also nodal 
and cuspidal conies have been considered by various writera in 
connection with quartic surfaces; but a more general theory is 
necessary. For just as most compound singularities, which 
a cubic surface can possess, appear on such a surface in a special 
form; so various singularities, which a quartic surface can 
possess, are deficient in certain peculiarities which appear when 
the singularity occurs on a surface of higher degree. 

The tangent planes at any point on a multiple line are in 
general torsat^ tangent planes, since they rotate or twist round 
the line as the point moves along it. It is, however, possible 
for one or more tangent planes to be fixed in space, and such 
lines usually possess certain peculiarities which necessitate a 
different mathematical treatment from that required when all 
the tangent planes are fixed. This is always the case with 
singular lines of the second order. 

When a determinate number of nodes and cusps move up 
to coincidence along a plane curve, the compound singularity 
thereby formed is called a singular point of the second order. 
Such singularities are of the tacnode type, and any arbitrary 
line through the singular point has bitactic contact thereat; 
also there is only one distinct tangent at the point. When 
a straight line lying in a surface is such that any plane section 
possesses a singular point of this character, where the line cuts 
the plane, the former is called a singular line of the second 
order. There are two distinct species of such lines. In tho 
first species the tangent plane is torsal\ in the second it id 
iixed m space. 

Surfaces may also possess singular lines and curves of any 
ordert ; and the curves may either be plane or twisted. In 
the present paper I shall confine my attention to certain 



* Gayley calls a line which possesses 2l fixed tangent plane a torsal line. This is 
a singularly inappropriate definition, since the word twsal is derived from torsi the 
perfect of torqutrt to twist ; whereas the essential feature of such a line is that 
the tangent pmne is devoid of twisting. 

t To prevent mis-conception, I wish to state that I always call the surface 
(a, /3, y, ^)"=0 a surface of the nth degrte and not a surface of the nth ord&^i 
and similarly for curyes. 
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singular lines and plane curyes of the second order ; and shall 
also discusss the case of a triple line, that is to saj, a line such 
that any plane section of the surface has a triple point where 
the line intersects it. 

References to my former papers on^^Compoand Singularities 
of Curves," vol, xxxvii., p. 313; *' Singularities of Surfaces," 
vol. XXXYiii., p. 63 and 159; and "Multiple Points on Sur- 
faces," vol. XXXIX., p. 1, will be respectively denoted by the 
letters S.C, S.S., and M.P. 

Cuspidal Lines. 

2. The general eqjuation of a surface having a cuspidal 
line of the first species is 

(Z«y + 3f/9S)»(a, /3r+(P, Q, H, SJy, 8)»=0...(1), 

where P, Qy By 8 are quartemary quantics of (a, /3y % 8) of 
degree n — 3. This equation when written out at full length is 

(iav + MI3B)' (l?o**'*+i>,a*-*/9 +...p^/3-*) + a"-»t;. 

Cuspidal lines possess two kinds of singular points which 
occur (i) when the cusp changes into a tacnode, (ii) when there 
are cubic nodes on the line. I have shown^ in S.8., $§43 
and 44 that there are n points of the first species; but as (1) 
and (2) give the surface in a simplified form, I shall repeat the 
proof. Let the plane a^Xff cut AB in B\ then the equation 
of the section is 

+ /3-»(\-'v,+ \-*F.+...u^J+...= (3), 

which, for brevity, we shall write in the form 

^/3*-'a,'+5yS*-»+...=o (4). 

3. The cuspidal line possesses n taenodal poifitSy and n — 1 
cubic nodes J at which there is a cuspidcd cubic cone. 

The condition for a taenodal point is that H^ should be 
a factor of By which requires that the eliminant of A, and 
B should vanish. This furnishes an equation of the n^ 
degree in X. 

* In thia inTestigation the txititeiice of the cabiG nodes was OTorlooked. 
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The points where the cuspidal line cuts the planefi^ 
(a, ^)**"*=0 ftre cubic nodes on the line, and there are w — 4 
of them. If A be oiie of these points p^^O^ and the 
coefficient of a""' equated to zero gives 

which shows that AB is a cuspidal generator of the cone^ 
A cuspidal line on a quartic surface has 4 tacnodal points, but 
no cubic nodes; hence on such a surface the line appears 
in an incomplete form. 

4. A cuspidal line of the second species possesses n — 3^ 
tacnodal points and w — 2 cubic nodes. 

If 7 be the fixed tangent plane, the equation of the 
surface must be of the form 

7'(a, /3r+ {P, Q, R, -817. 8)'=0 (5). 

Proceeding as in § 2, the first term of the equation corre-« 
spouding to (3) must be of the form 

and the condition for a cubic node is that this should vanish^ 
which furnishes an equation of degree n- 2 in X. The condition 
for a tacnodal point is that the coefficient of 8' in the expression 

sliould vanish, which furnishes an equation of degree w-3 in \* 
A quartic surface having a cuspidal line of this character 
possesses both species of singular points. 

Tacnodal Lines, 

. 6. The general equation of a surface having a tacnodal 
line of the first species is 

■^{P,Q,B,S,TXy,Sf=0 ...(6), 

where F, O, ... are binary quadrics of (7, 8), and P, Q, By 
8, T are quaternary quantics of (a, /S, 7, 8). Equation (6), 
when written out at full length, becomes 

+ 2(ia7 + if/38) (a"-V,+ a"-'^F,+...) 

+ a"y+a"-^(/3Tr,+Trj+...Tr,-0 (7). 
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Tacnodal lines possess four species of singular points, viz. 
(i) points where the tacnode changes into a rhamphoid cusp; 
(ii) points where the tacnodal tangent has quinquetatic contact 
with the surface; (iii) points which are the special kind of 
tacnodes formed by making the two tangents at a bifiecnode 
coincide; (iv) points which are cubic nodes on the surface. 
The first and fourth species of singular points are the only 
ones which affect the class of the surface. 

6. Putting a«Xy8 in (7), the equation of the section by 
the plane BCD is 

+ ^^-* {L\y + MS) r\r-:\ + X'*'*^^ +. . .) 

4/8»-*(\"-X+^""*^4+-)+.-=0 (8), 

which, for brevity, we shall write in the form 

^/3""*O/+2J5/8"-*f2^+C/3*»*+...= (9). 

(i) There are 2n — 4 points where the tacnode changes into 
a rhamphoid cusp. 

The equation of a curve having a rhamphoid cusp at B' is 

where ii^=io^={y, By. The condition that (9) should be of 
this form is that 12, should be a factor of -40—5"; and since 
the eliminant is of degree 2n — 4 in \, there are 2w - 4 of such 
points. 

(ii) There are n points where the tacnodal tangent has 
quinquetactic contact with the curve* 

The condition is that (2, should be a factor of (7, and the 
eliminant Is of degree n in \. This singularity has been dis- 
cussed in S.C, §4, (ii), and its point constituents are the same 
as those of an ordinary tacnode^ but its line constituents are 
different. Its existence does not therefore affect the class of 
the surface. Let jB' be one of these singular points, and let 
B'E be any line drawn in the tangent plane at B'] then B'JE 
has quinquetactic contact with the surface at B'] but since 
B'E has one degree of freedom, one or more positions must 
exist in which B'E has sextactic contact with the surface. 
Accordingly, when the surface is a quintic, it must possess 
at least five lines lying in the suaface, which pass through 
the tacnodal line.- 

VOL. XXXIX. z 
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(iii) There are n — 2 poinis where the iaci\ode changes into 
the special one above nientioned, 

Tbe conditioD i» tbat O^ should be a factor of B^ and the 
elimiDant is of degflse n— 2 in X; also sinec the point con- 
Rtitoents of the singularity are the same ^ those of an ordinary 
tacnode, it does not affect the class of the surface. 

(iv) There are n — 4 paints which are cubic nodes on the 
section^ such that the nodal cone consists of a quadric cone and 
a plane touching the latter along the line AB, 

Let A be one of these points, then ^^=0 in (7) ; and the 
coefficient of a"** equated to zero furnishes tbe equation 

which is the cone in question. The existence of these points 
affects the class of the surface; also they cannot occur on 
a quartic surface. 

7. A tacnodal line of the second hind possesses 2» — 6 
rhamphoid cuspidal points^ and w — 2 cubic nodes. 

The equation of the surface is 

+ a-^«7,+a"-*(/3TF,+ F'J+...= (11), 

and the theorem can be proved as before. 

Rhamphoid Cuspidal Lines, 

8. The equation of a surface having a rhamphoid cuspidal 
line of the first kind is 

(ia7 + J//38+ Qj'(a, 13)'*-*+ (ia7+i//3S) {ar-\^dr'^ F,+...) 

+ {P, (3,22, ...X7,S/=0....(12), 

where Q,= (7, S)*, and P, Q^ ... are quarternary quantics 
of (a, 13, 7, «). 

Rhamphoid cuspidal lines possess two kinds of singular 
points which affect the class of the surface, and occur (i) when 
the rhamphoid cusp changes Into an oscnode, (iij when there 
are cubic nodes on the surface. Points also exist where the 
cuspidal tangent has quinquetatic contact with the surface, but 
points of this character will not be considered since they do 
/)ot affect the class of the surface. 

9. We must first find the equation of a plane curve of the 
ri^ degree which has an oscnode at A. 
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When the singularity is a rhamphoid casp, the equation of 
the curve is 

a***(a7-w,)"+a*"*7Wa+a"'\ + ...= (13), 

where u^= (Ji^ 7)*. If A is an oscnode, the conic ay^u^ must 
have sextactic contact with (13) at A ; hence eliminating a| 
(13) becomes 

which determines the 2n — 5 ordinary points in which the 
conic cuts (13). The required condition is therefore that 
7 should be a factor of 

t«iW,+ M. (U). 

It Can also be shown that the conic has tritactic contaet 
with the first polar of (13), hence all the necessary conditions 
are satisfied. Let Z, p, P be the coefficients of the highest 

Eowers of /3 in u,, t/,, ti/, and let ^=sa7-u^; then (13) may 
e put into the form 

«"^(iS'+ /vj + a*-^(|?i5f)8»+7tjj + a*X+-«*«=0-(l5), 

10. There are it — 4 cubic nodeSj and it points tohefe the 
rhamphoid cusp changes into an vscnodt-. 

The equation of the section of (12) by the plane asXj3 is 

where 12^= JEX7 + J/8. Writing this in the form 

/3-*(/3n. + a/ (X, 1)-*+ -4 J3'-*Q,+ -4 j3"-+...= 0, 

it follows that the condition for an oscnodal point is that A^ 
should be a factor of A^-^H^A^, which furnishes an equation 
of the n**" degree for determining X. The cubic nodes are 
determined by the equation (X, 1)"~^=0; and the equation of 
the cone is 

p,L(iy':^0, 

which shows that the cubic node is of the fifth species* 

11. We must now find the equation of a surface having 
a rhamphoid cuspidal line of the second kind. 

Consider the surface 

(a7 + li,)"(a, (ir+ y'{(^^'\ + a""*/3t^. +...) 

+ 7 ((x""'r,+ a*'*/3i«?3+...) + (x""*M?j 

+ a-(/3Tr.-hTrj+...Tr,= (!6), 

z2 
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where all tbe suffixed letters demote binary qusmtks of (7, S). 
Putting a = X^, (15) becomes 

i3--\x^y + a/[\ 1)"-*+ /3--v(>^""'v,+ vy +...) 

+/3"-V(^"X+^"*w',+.-0+-.^=o (IG), 

and I Iiave shown* that this it one of the forms of a curve 
which has a rhamphoid cusp at B\ 

12. There are n - 4 cubic nodes and « — 3 oscnodal points 
on the line. 

The cubic nodes are given by the roots of the eqnationr 
(A, 1)''"*=0, whilst the condition for an oscnodal point i» 
that 7 should be a factor of 

which furnishes an equation of degree n - 3 in \. 

13. The highest singular line of the second order and first 
species which a quartic surface can possess is a tacnodal line; 
but when the line is of the second species, such a surface naay 
possess a rhamphoid cuspidal and an oscnodal line. The equa- 
tions of the surface in the two respective cases may be reduced 
to the forms 

(a7 + 5V+7(a7», + j37W',+ «^,)=0 (J6), 

and (a7+S'/+7'(^a+(?/3 + -B7+/SS) = (17). 

The section of (17) by the plane a = X/3 is 

(Ai37 + 8Y+7'l(^^ + e)/3 + i?7+ 581=0, 

atid the condition that B' should be a tacnode cusp is that 
X^—QjP. An oscnodal line of the second kind on a quartic 
has therefore one tacnode cuspidal point on it. It is not 
possible tor a quartic to have a tacnode cuspidal line, since 
the conditions are that PX+ Q = for all values of \, which 
requires that P=^ = 0, in which case (17j becomes a cone. 

2\iple Lines, 

14. The tangent planes at any point of a multiple line 
may be fixed or torsal; also two or more tangent planes 
may coincide along the whole length of the line. We thus 
obtain ten primary species of triple lines. 

I. Three distinct tangent planes ; all of which are torsal. 

:* Tvinodal and Quairinodal QnjnticSf ijoL X^XVJ>, p. 109, equation (9). 



Digitized by 



Google 



Mr, Basset, Singular lines and curtes on surfaces. 341 

II. Three dlstmct tangent planes; one fixed and two 
tor^al. 

HI. Three distinct taageat planes; two fixed and one 
torsal, 

IV. Three distinct taa^ent planes; uU three fixed, 

V. Two coincident fixed tangent planes; on« distinct torsiU 
plane, 

VI. Two coiucident fixed tangent planes; one distinct 
fixed plane, 

VII. Three coincident fixed tangent planes. 

VII. Two coincident torsal tangent planes; one distinct 
torsal plane. 

IX. Tw<o coii]oident torsal tangent planes; one distinct 
fixed plane. 

X. Three coincident torsal tangent planes. 

Triple lines possess a variety of species of singular points^ 
which we shall proceed to consider. Thus when the line is of 
the first kind, points exist at which a pair of tangent planes 
coincide, so tbtit the section of the surface through the poipt 
has a triple point of the second species thereat ; also in certaia 
cases points exist which are quartic nodes on the triple line. 

I. A triple line of the first kind on a surface of the n*** degree 
has 4n — 12 points at which two of tJie tangent planes coincide ; 
and 7n — 24: points, such that any section through one of them 
has a triple point thereat^ one of whose tangents osculates its ow^. 
branch. 

The equation of the surface is of the form 

{P,Q,B,SJy,t)'^0 (18), 

where P, Q, -B, 8 are quarternary quantics of degree n - 3, 
Equation (18), when written out at full length, becomes 

a^^-'v, + a"-* (i3M^,+ i(;J +...A'*-' IF,+/3'*-* 1F,+..^^ 

and the equation of the section by the plane a = X^ is. 

or ^/3*"+-B/3"*+...= (21). 

The points at which a pair of tangent planes coincide will 
be called pinch points, and the couditioa for their existence is.* 
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that the discriminant of A shoold yanish ; and since A h s, 
binary cubic of (7, S) whose coeflScients are polynomials of A, 
of degree n — 3, the discrin^ioant is of degree An — 12 in \. 

If one of the tangents osculates its own branch, A and B 
must have a common factor; and since the eliminant is of 
degree 4(n-3) + 3(n-4) = 7n — 24 in X, there are 7n — 24 
of spch points. 

Every tangent plane iouckee tke tripk line at n- 3 distinct 
points. 

The condition that 7 should be a tangent plane at the 
point B' where the plane t^^Xfi cuts AB^ is that the coeffi- 
cient of £^ in A should vai^ish^ This f^rnish^ an eauatiojo of 
dep;ree n — 3 in X, whiph shows that thei;^ are n-^a ol auch 
powts. 

IL When 2n — G innsA points coincide in pairs j one of the 
tangent planes is fixea in space^ and the line becomes one of the 
second species. 

liet 7 be th^ fished taAgent plaue, then A muBt be of th^ 
form 

J = 7 (X'^^^ X*-X+- ^t) = 7^^ (say). 

Now pinch points may arise in two ways. In the first 
place when the coefficient of $ in A^ yanisheSf which givea 
It — 3 pinph points; and secondly when the discriminant of 
Ay vanishes, which furnishes 2n — 6 more. Hence the total 
pumber of apparent pinch points is 3n — 9, showing that 
SQ--96 coincide in paira. 

IIL When all the pinch points coincide in paire^ ftoo^ 
tangent planee are fkxed in ^ace. 
hx this case 

^ = 78(X*-*t;j+...TF,) = 7Si4/. 

pinch pointa occur when the coefficient of 7 or 8 in A^ 
Tanishes ; hence there are altogether 2n — 6^ apparent pincn 
points. 

IV. When all the tangent planes are fixed in space^ th^ 
triple line possesees fi — 3 quartic nodee. 

In this case 

A =? 7Sr, (X'-\+... W^ - 7^^,, 
and a quartic node will occur whenever A^ vanishes, It will 
hereafter be shown that the pinch points Qomcide in quartettes 
at each quartic nodes. 

The equation of the surface may be written in the form 

7Sv,(«, /8r+ (p, <?, 2?, s, rxy, «)*=0, 



Digitized by 



Google 



Jl//*. Bassety Sin^utar lines and cwvea on surfaces. 34ft 

Eud the points where quartio* nodes occur are given by the 
liquation (a, i9)"~^=0; heirce if A is a quartic node, the nodal 
cone is of the form 

which is (he €q«atiofi of a quattic cone having a triple 
generator of the first kind« 

V. When cM the pinch points^ coincide in qnaHettes^ two 
<oincidtnt tangent planes arejiced tn space^ and the third one is 
torsal; also the line possesses n — 4 singular points^ at which 
Ae triple paint of ^ second kind changes to one possessing 
a pair of tacnodai branches and one distinct Oi^dinary branch. 

The value of A is of the form 

tt^ the condition for a pinch poiaat t& that the ^oefltcieat of fi 
in B^ should vanUh| whzcfai abows that there ai^ n -3 apparent 
pinch points. 

Equation (21) now becomes 

Mid if t&e coefifeient of SiutB vanishes, 7 will be a factor of 
By and the point consists of a pair of tacnodai branches and 
one ordinary branch through it« Since B is of degree n -~ 4 
in \ there are ti — 4' of such points, and, like pinch pointi| 
they affect the class of the surface. A third species of singu- 
lar points occurs when B and B^^ which is a linear function of 
(7, o), have a. common factor, in which case the tangent to the 
ordinary br,anch osculates it ; but as these points do not affect 
the class of the surface^.they are comparatively unimportant* 

VI. When two coincident tangent planes are fixed in space^ 
and the distinct plane is^alsofi^ced^ the triple line possesses n— 3' 
quartic nodesy and n^^of the points considered in Y. 

For the equation of the section by the plane a^Xfi is- 

YII. When three coincident tangent- planes are fixed in 
spacsy the line possesses n — 3 quartic noaes^ and n — 4 points 
consisting of a pair of tacn(Mal branches and a coincident 
ordinary branch^.. 

The equation of the section is 

-4,fl*"^7'+£^»"*+...«0; 
'^ Thd theoiy of these points is £^yen in. S.O., §§ 8 to 6. 
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The firat Kind of pointa occur when ^^=0, and the second 
when 7 is a factor of B. The constituents of the latter point 
(on a plane curve) are three nodes and oqc cusp; and both 
kinds of points affect the class of the surface. 

16. Before discussing the remaining three species of triple 
lineS| I shall explain another method for investigating the 
theory of pinch points, which will furnish a more rigorous 
proof of the coincidence of such points, Let A be the dis- 
criminant of (18), so that 

A = P'>8'- 6PQi25+ 4Pi2'+ 4 (2"^- 3 (2*i2'...(21^), 

then A = Q is a surface of degree 4n— 12, and we shall first 
show that the pinch points occur where AB intersects the 
surface A » 0. Let 

with similar expressions for Q^ B^ fi, where P^_3=()8, 7, S)" *J 
then if ^ be a pinch point and 7*8 =s the equation of thQ 
tangent planes thereat, it follows from (18) that 

P.=i-B,= iS,= 0. 

The term iQ^8 in (21-4) contains the highest power of « 
which is the (4n — 13)^^, and shows that the surface A = Q 
passes through A. 

In the next plane consider the line IL in which 7 = is the 
jGxed tangent plane. The values of P, Q, and B remain 
unaltered, but /S=S7+are, where S, 2"= (a, A 7, iy'\ 
Let 

where o-„, ^^=(/9, 7, S)*; then the two terms in (21^) 
which contain the highest powers of a are 

putting 71=8 = 0, this reduces to 7c/3V"'^*, where h is a 
constant, which shows that the line AB touches the surface 
A = at -4, and therefore two pinch points coincide. 
If however we had supposed that the tangent planes at A 
were 78*9 we should find that A=:0 intersects but does not 
touch AB at A^ so that A is an ordinary pinch point. 
Accordingly the discriminantal surface cuts AB in 2n^6 points 
and touches it at w — 3 points, which shows that there are 
2n— 6 distinct pinch points and 2n-6 which coincide ia 
pairs. 
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In the same way any other case may be treated. 
We shall now inquire what beconies of the pinch points, 
in the case of line IV , Let il/ be a binary quantic of (a, /3) 
of degree n— 3; also let P, -P, &c. be quarternary quantics 
of degree n - 4. Then the equation of the surfaQe may 
be written in the form 

7* (Py + Ql) + syS (3f/+ P 7 + (2'S) 

4 37S'(% + i2 7 + >yS) + 8'*(i?7+'SS)=0, 

where 78 (/y + ^S) = are the three filled tangent planes* 
Writing down the equation of the discriminantal surface, and 
then putting 7=8=0, it will be found to reduce to— 3yV^*=0, 
which shows that the surface A has quadritactic contact with 
the line AB at the quartic nodes. This shows that the pinch 
points coincide in quartettes at the quartic nodes. 

16. VIIL The remaining three species present many 
features in common with cuspidal lines of the first kind ; and 
the equation of a surface having a line of the eighth 
species is 

+ (P, q, B, 8, Tly, hy = (22), 

where Fy G, ... are linear functions of (7, 8), and P, Q^ ... are 
quarternary quantics of (a, 0, 7, 8). Equation (2*2) when 
written out at full length is of the form 

Equation (23) shows that no surface of a lower degree 
than a sextic can possess a line of this species ; for if n = 5, 
(23) reduces to the form 

{L(xy + MfiS)\ + av^+(iw^+w^ = (24), 

in which the distinct tangent plane is fixed in space, and the 
line therefore belongs to species IX. 

The section of (23) by the plane a = \j3 is 

{Jj\y + ilf8)'(i^r-»+ G^\"-«+...)/3«-' 

+ (\"-\+ \"-F,+...)/3''-*4-...= 0, 
which we shall writo 

^V/3**-'+5p*»-^+...=0 (25), 
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(a) The first kind of lingular point ccours when all the 
tangent planes coincide^ and there are n^^ of them. 

The condition for these points is that A — kv^j where k is 
{I constant, which furnishes an equation of degree n^4 in \. 

(6) There are n paints at which the triple point of the second 
kind changes into one consisting of one pair of taonodal branches 
and an ordinary branch passing through it. 

The condition for these points is that v^ should be a factor 
of Bf which furnishes an equation of degree n in X. 

(c) There are 5it — 24 points where the tangent ia the- 
ordinary branch osculates it. 

The condition is that the eliminant of A and B should 
Tanisb, which furnishes an equation of degree 

n-4 + 4(n-5) = 5ii-24 in X. 

The points (a) and {b) alone affect the class of the sur&ce^ 

IX. When the distinct tangent plane is fixed in space, the 
equation of the surface is 

(Lay + Jlfy3S)'(p7 + qi) (a, 13)^ 

+ (P,(2,5,5, TX7>8y=0 (26), 

and the section by the plane a = X/S is 

(LXy + MBy(py + qS) (i?^X"-*+...) )8*'' 

+ (\*-*r,+ X"-*F,+..0 iS*-* 4...= 0, 

or ^t;>^/8*-'+J5/3"-*+...= (27), 

(a) ITiere are n- 5 quartic nodes which are the intersections 
of the triple line and the planes (a, )8)*'*= 0. 

A quintic surface cannot possess these quartic nodes, and 
therefore the singularity occurs on such a surface in an incom- 
plete form. When n>5 the equation of the nodal cone is of 
the form 

7'(p7+ff8)i8 + t?,= 0. 

(J) There is one pinch pointy which occurs when LqX — Mp. 

(c) There are n points where the triple point of the second 
kind changes into one consisting of a pair of tacnodal branches 
and one distinct ordinary branch. 

(d) There aren-i^ paints where the tangent to the ordinary 
branch osculates it. 

These are found by equating the eliminant of w^ and B 
to zero. 

The points (a), (i), and (c) affect the class of the surface. 
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X. The equation of the surface ia 
(1,7 + Jf/3S)'(«, /3)-*+ (P, Q, R, S, 2l7, 8/=^0..,(28), 
and the section by the pWe a^\P ia 

(L\7 + JlfS/(i?'\"-+...)y3*"'+(\"-^i;,+...)iS"-*+...= 0, 
or ^^"-»t;j'+J5/3**+...= 0, 

(a) !|%6re are n - 6 juar^c tioc^es, and the equation of Me 
nodal cone is qf the form 

7^i8 + v^* 0. 
A sextic is the surface of lowest degree which can possess 
this line, and since there are no quartic nodes the singularity 
occurs in an incomplete form. 

(b) There are n points at which the triple point of the third 
^nd changes into one consi^ng of a pair of taonodal branches 
and one coincident ordinary branch. 

Both these singular pomts a£fect the class of the surface. 

Nodal Curves. 

17* The equation of a surface of the n^ degree which has 
a plane nodal curve of degree s is 

aT^.+ 2aQ.ei_.+OV..-0 (29) 

where F is a quartemary quantic of (a, /3, 7, S), and 12, u are 
ternary quantics of (/3, 7, S) of the degrees indicated by the 
suffixes. We shall usually omit the suffix s in Q,. 

18. The nodal curve possesses 2s(n^s^l) pinch points^ 
y>hich are the points qf intersection of the curve ana surface 

t*'^i=F;^,tt^^M (30). 

Let B be one of the points of intersection of (30) and the 
podal curve, and let u^, be the portion of J^., which ia 
independent of ei ; then (30) may be replaced by 

uV..,= V,ti,... (31). 

Since 8 a is any arbitrary section of the surface through 
jB, we have to show that the section has a cusp at J3; also 
since (31) has to pass through B which is a point on Q, 
\\ follows that when £sO 

t*«....-P?/3*^*+?,/3--»7+..- 



..«-»v 



.(32). 
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From these results it follows that the highest power of )3 
in the section of (29) by S is the (n - 2)'^ and that its 
coefficient is (^a + 2*i'y)*j which shows that 5 is a pinch 
point, 

19. The plane qc intersects the surface in the nodal curve 
twice repeated, and in the curve a=0, m^_j^=0, which is 
called the residual curve ; and the latter curve intersects the 
nodal curve in 5(71 — 25) points. When the curve is of 
a higher order of singularity, these points are as a general 
rule multiple points on the singular curve, but when the latter 
is nodal the plane oi is a tangent plane at these points; 
in other words, a is one of the two nodal tangent planea.^ 
To prove this, let B be one of the points in question ; thea 

where w/= (a, 7, 8)*, and v^m w^^ Q,^=, (7, 8)", from which 
it follows that the coefficient ofjS**"* in (29) is a (au^+2vp,^). 
Nodal curves also possess necnodal points; but these do 
not affect the class of the surface and will not be considered. 

Cuspidal Curves. 

20. When the singular curve is cuspidal, every point on it 
must be a pinch point, which requires that equation (30) should 
,contain 12 as a factor. Accordingly 

uV,-i-Wn.,w«-,.= 00' (33), 

where Q'=0, % 8j *•*"''"'. The right-hand side of (33) vanishes 
at every point on the cuspidal curve, hence the left-hand side 
of (33) must do so also. Now u^_^ vanishes at the points 
where the residual curve intersects the cuspidal curve, hence 
M^^, must also vanish at these points ; accordingly 

w«.-i = "«-..^.-i+^«^n-2^i: (3^)' 

where <t and w are undetermined ternary quantics of (j3, 7, 8). 
Substituting from (34) in (33), we obtain 

<-,.<^Vi + 2ai*, ,.^^,t^,_,^j+aV,_,^,-ti,.,w^ ,.==12X2', 

and since X2 has to be a factor of the left-hand side, we must 
have 

V,= V,.<i+^0«-^, (35), 

where ^ is another ternary quantic of (/3, 7, 8,). 
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»Substituting from (34) and (35) in (29) and writing 

;S=a<r^,+12 (36), 

we obtain 

which is the equation of a surface having a plane cuspidal 
curve of degree s\ but it can be easily verified that such 
a surface may be represented by the more general equation 

S'F^,.+ 2a'5r_.+ a'Tr...= (37), 

where [7, F, W are quarternary quantics of the degree* 
indicated by the suffixes. 

iSome writers seem to have thought It possible that a sur- 
face possessing a cuspidal curve, plane or twisted, might be 
represented by an equation of the form S^ F+ 2' F= 0, where 
8 and S are two surfaces whose intersections determine the 
cuspidal curve ; but although the above equation undoubtedly 
does represent such a surface, equation (37) indicates that it is 
deficient in generality, since it does not appear possible to trans- 
form (37) so as to get rid of the second term. Omitting 
suffixes, (37) may be written in the form 

{8U+fx'Vy-[-oi\UW-V'a)^(y (38), 

which shows that the surface UW= V'^a touches (37) along it» 
curve of intersection with the surface /SF+a''F=0. 

21. The surface possesses s^n — 3) tacnodal points^ which are 
the intersections of the surface W^_3= and the cuspidal curve^ 

Let £ be one of the points of intersection ; then 

5=/3'-\X2,+ aO (39), 

and the coefficient of jS""' in (37) is (D.^-\- a(T^% and that of 
)3" ' contains Q-^+aa^ as a factor, which shows that JB is 
a tacnodal point. 

22. The surface possesses s{n- 2s) cuhic nodes ^ which are the 
points of intersection of the cuspidal and residual curves ;- also 
the nodal cone possesses a cuspidal generator^ which is the 
tangent to the cuspidal curve at the point. 

Let B be one of the points of intersection of the two curves; 
then 8 is given by (39), whilst the value of f^_„, whose inter*, 
section with the plane a is the residual cuiTe, i» 



Digitized by 



Google 



350 J/r. Bassety Singular lines and curves on surfaces. 

where M^=(a, 7, S)". The highest power of j3 in (3t) is the 
(w-3)"*, and its coefficient equated to zero is the cuspidal 
cubic cone 

which is the cone in question. 

Tadnodal Curves, 

23. We have shown in §21 that the tacnodal points 
on a cuspidal cilrve are its points of intersection With the 
surface W^^_,= ; hence if the curve is tacnodal, W^__^ must 
contain a as a factor, and the equation of a surface having 
such a curve ii of the form 

24. There are 25 (n — « — 2) points where the tacnode 
changes into a rhamphoid cusp; and they are the points 
of intersection of the tacnodal curve with the surface^ 

^ i«-«-f^^«-f»'^ii-4 C^U* 

Let B be one of these points, then we must have 

where m^ = t?^ = w?^ = (a, y, 8)*. Equation (40) may now be 
written 

/3"-"(P'5+ja-/3-')'+'5'£r,.,.+ 2a'SF'..^+a*Tr^,=0...(42), 

where IJ\ V\ W are the portions of Z7, F, W which do not 
contain the highest power of /3. Writing ft)j=ao-^+0,, 
01^= (a, j3, 8)", (42) can be expressed in the form 

which shows that £ is a rhamphoid cusp on anj section passing 
through it. 

25. The s (n — 2^) points where the tacnodal curve intersects 
the residual curve are cubic nodes^ whose nodal cone consists of 
a quadric cone and a plane. 

If B be one of the points in question, the highest power of 
j3 IS the (n — 3)*% and its coefficient equated to zero is 

(aflr^ + Q,) {(aflr^H- ^) w,+ 2(x\] = 0, 

which is the cone in question* 
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Rhamphoid Cuspidal Carves. 

26. By pnrsutng a method similar to that employed 
in the case of a cuspidal curve, it can be shown that the 
equation of a surface possessing a rhamphoid cuspidal curve id 

;S'0:.„+2a'-Sr_.+ a*W;..= (43), 

where 

5=aV^,+ acr^,4l2 (44). 

When ns5, »^2 equation (43) fails, and the correct 
equation for a quintic surface whicli possesses a rhamphoid 
cuspidal conic will be found by a different method later on. 

27. The J (n — 2*) points^ where the residual curve intersects 
the singular curve^ are cubic nodes of the fifth species. 

If i^ be one of these points, the highest power of /3 is the 
(n ^ 3)^, and its coefficient equated to zero is 

(acr„+O.)'u,=0, 

which consists of two coincident and one distinct plane. 

28. There are s (n - 5) oscnodal points^ which are the points 
of intersection of the residual curve and the rhamphoid cuspidal 
one. 

The value of 8 may be written in the form 
^- ^(a(r; + Q,) + /3'-*(aV; + acr;+n.) 

+...=/3*'X + /3' X+ — (say), 
where w^=(a, 7, 8)*. Putting 8 = 0, it can easily be shown 
that the conic /3a>.+ Q>^<=0 has sextactic contact with the 
section at B^ and tritactic contact with the section of the first 
polar by the plane 8 = 0; hence B is an oscnode. 

29. The equation of a quintic surface having a tacnodal 
conic is 

iS*Z7+25Fa'+Ha*=0 (45), 

where 17, F, IF are planes and 

5=a« + Q (46), 

where u is another plane. The rhamphoid cuspidal points are 
the intersections of the plane a with the quadric cone F*=Z7TF 
hence if t/j , F, , TFj are the portions of these planes which are 
independent of a, it follows that when the conic is rhamphoid 
cuspidal 

a = it; (F/- IT, IF,) (47). 

Equations (45), (46), and (47) determine a quintic surface 
having a rhamphoid cuspidal conic. 
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Singular Twisted Quartic Curves. 

30. The theory of singular twisted curves appears to be 
of the same character. The equation 

5*E7+2S2F+2*Tr=0 (48), 

where S, 2 are quadric surfaces, and U, T, W quarternary 
quautics of degree n - 4, represents a surface of the n"* degree 
having a nodal twisted quartic curve which is the intersection 
of S and 2. The surface has 8 (n — 4) pinch points*, which 
are the intersections of the nodal curve and the surface 
F*= VW] for if B be one of these points of intersection, 
we must have 

where the suffixed letters are ternary quantics of (a, 7, £)' 
From these equations it follows that the coefficient of /3" 
in (48) is (pVi + jw?i)*, which shows that 5 is a pinch point. 

31. When the twisted quartic is cuspidal, the discrimi- 
nautal surface must contain the quartic, which requires that 

Z7«-FIF=4>;g+*S (49), 

where «I> and ^ are quantics of degree 2w — 10. Now the 
quadric 8 cuts (48) in the residual curve S=0, Tr=0, and 
since S^ 2, and W vanish at the points where the residual 
curve cuts the singular quantic, it follows that 

F=£TF+<^5 + ^S (50), 

where B, <f>, \p are quarternary quantics. But the quadric S 
cuts (48) in a second residual curve S = 0, ?7= ; and at 
the points where this curve cuts the singular quartic, 8, S, and 
[7 vanish ; if therefore the value of F from (50) be substituted 
in (49) the preceding condition requires that -5=0. Hence 
(49) becomes 

(*/54 ^PS)*- VW^ ^S-^ ^S ,.....(51), 

and consequently the condition that the left-hand side of (51) 
should be of the required form is that F or W should be of 
the form 08 + x^' Taking the latter hypothesis and substi- 
tuting in (48) we obtain the equation of the surface in the 

* This 18 a particular case of a more general theorem due to Salmon, Camb. and 
Dublin Math. Jour.^ Tol. II., p. 65; «ee also Quart, Jour., vol. xxxvili., p. 165. 
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form 

iGf»o;._,+2/S2'p;.e+s'Tr,.,=o (52). 

32. We shall now show that : — 

There are 4 (w — 6) tacnodal points which are the intersections 
of the surface TF^_,= with the cuspidal quai^tic ; and 4 (n — 4) 
cubic nodesy at which there is a cuspidal cubic conCy which are 
the intersections of the surface t^^.4=0 with the curve, 

(i) Let B be one of the points of intersection of W^^^ with 
the cuspidal quartic ; then 

Substituting these values in (52) it become^ 

which shows that u8 is a tacnodal point. 

(ii) Let B be one of the points of intersection of Z7^ witli 
the cuspidal quartic; then we must add the term Jyj^'^^ 
to TT^.g, and expunge the term jS**"*?/,' from ?7^.^, and (52) 
becomes 

P''-'{v,'u:+ 2..<f;+ < W-) +...=.0, 

which shows that 2/ is a cubic node, at which there in 
a cuspidal cubic tangent cone. 

Singular Twisted Cubic GurveSi 

83. The theory of nodal curves, which are the partial 
intersections of two surfaces, has been discussed by Cayley* ; 
but he has not given the number of pinch points or considered 
curves of a higher singularity. S^Imonf has also, by a very 
obscure method, arrived at the conclusion that when the sur- 
face is a quartic, the number of pinch points is 4. Let u, u'; 
V, v'; w and w' be quarternary quantics of degrees ?, «t, and n 
respectively; then SalmonJ has shown that the system of 
determinants 

u^ V J w 

u\ v\ w' 



= (53) 



♦ On a Singularity of Surfaces, Collected Papers^ vol. vi,, p. 123; and Quat'f. 
Jour.y vol. IX., p. 332. 

t Sw/acesy Sitl edition, p. -187. 

} Uiyher Alytbva^ 4th edition, p. 286. 

VOL. XXXIX. A A 
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repreaeDts three surfaces having a common curve of intersection 
ffi degree ww -f nZ + Im, Hence if 

\ = W— tt^y", fk^wu ^uw\ i'=ut;'— W ...(54), 

the equation 

{u, r, w, V, v, w'X\ M, v)'=o (55), 

where Z7, Vj ... are quarternary quantics of proper degrees, 
represents a surface having a nodal twisted curve, which is 
the common cui-ve of intersection of (53). 

34. To apply this to a cubic curve, all the quantities w, u\ 
&c, must be planes, and [7, F, &c. must be quarternary 
quantics of degrees w — 4. Also if -4 be a point on the cubic, 
the quadrics X, /li, v must pass through A, the condition for 
which may be satisfied by taking 

tt=aWo+t/,, Wo'=ZaWo+w/ (56), 

with similar expressions for v, v ; w, w\ Hence 

X = a {(A:i?,- r/) w^- (kw- w^) vj + v^m?/ - w^v^ 

= aX^+X, (say), 

accordingly \u^-\' fi^v^-^-v^w^—^ (57). 

Let E^=C7,a'»*+C^,(x:'-*+... 

with similar expressions for F, W, &c.; then if these values 
be substituted in (55), the highest power of a will be a" *, and 
its coefficient equated to zero gives 

{u„ F., TT., v;, TV, ir;3cx., M„ v,)'=o (ss), 

which by virtue of (57) is resolvable into two linear factora. 
Hence (58) combined with (57) gives the nodal tangent planes 
at A. 

To find the number af pinch points^ consider the deter- 
m^nantal surface 

U, W\ V\ u 

w, r, v\ V 

V\ U\ TF, w 

which IS of degree 2w - 6, and the first term of which is 
Aoa*""*, where A. is the value of A, when ZZ^, F^... are 
substituted for Z7, K... . 

If -4 be a pinch point (58) must become a perfect square, 
the condition for which is the same as the condition that the 



A = 



= 0. 



.(59), 
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line (57) should touch the conic (58), where X^, /t^ v^ are 
regarded as drdidtary triKnear coordinates of a point •, that is 
to say Ao= 0. Hence the determinantal surface passes through 
all the pinch points, and there are apparently 6 (n — 3) of them. 
But the points of intersection of the three planes u, v, and w 
is a conic node an A, and this point can be shown to be 
an ordinary point on the cubic curve. For if the tetrahedron 
of reference oe changed by writing (/8, 7, S) for (m, v, w), the 
coefficient of a"'* in (55) becomes 

which is not a perfect square* Hence the cubic curve 
intersects the surface A at a node and at 6n — 20 ordinary 
points, which are the number of pinch points on the nodal 
curve. When the surface is a quartic, 6?i — 20 = 4, which ^agrees 
with Salmon^s results 

35. These results are capable of generalization. For if 
the degrees of the coefficients in (55) are as follows:— 

r7=5 — 27/t- 2w ; I7' = 5-2Z- w- w} 

V^s-2n -2Z ; F'=tf- Z-2w- n; 

W:=^s-2l -2m; W'^s- ?- m-2/i; 

equation (55) will represent a surface of degree s having 
a nodal twisted curve of degree mn -\^ nl i- Im. In the place 
of (56), we must write 

u =-(iu^ +a'"*V, +..*, 

&c., and equation (57) will still hold good. Also, if 

A = VW^ V'\ A'= r TV'- U0\ &c....(5^a), 

the determinantal equation (59) becomes 

{A, B, C, A\E, C'Xu. V, wy=±0 (60), 

which is of degree 2 (5 — Z— m - w) ; and the degrees o( A^A^ 
are respectively equal to 2(5— 2Z— wi— n) and 2^— 2?-3wi-*3w, 
so that there are apparently 2(wn-f w?+ Z7w)(5- Z— w — w) 
pinch points. But the three points of intersection of the 
surfaces u, v, and w are nodes on (60) and are ordinary points 
on the nodal curve ; hence the total number of pinch paints 19 

2[8{mu + nl-\-lm)'-l\m + n}-m''{n + l}-n^{l'\-m)-ilmn]., 

These results hold good whenever it is possible to represent 
a surface having a nodal twisted curve by means of an equatiou 
such as (55). 

AA2 
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36. On a future occasion I hope to discuss the question of 
singular twisted curves on surfaces, but it may be worth while 
to show that if a quartic surface possesses a cuspidal twisted 
cubic, it is a developable surface whose edge of regression* is 
the cubic. 

The equation of the twisted cubic may be expressed by 
the equations 

ulv^vlw^wjt (^O* 

where u, r, w, t are planes; whence 

\ = t?^— W?*, fl^WV — Ut^ V=M1£? — V* (62), 

and the deterniinantal quadric (59) may be written in the form 

Au^-^ {B •\-''lB')v,w -\- Cvt -^lA'ut 

-f 2O'mi;-5v-C\ + 2.1>-=0 (63), 

where -4, 5, .•. are given by (59a). 

Now if the quartic possesses a cuspidal cubic curve, every 
point on it must be a pinch point, and the surface (63) must 
contain the curve. This requires that 

5 + 25' = 0j (^*>' 

which lead to the equations [7= Z7'= TF= TF'' = 0, and give 
5=-F'S B^-'VV', so that F' = -2F. The equation 
of the quartic now becomes 

(w?;-w^)'=4(ttM?-i;')(v<-w?') (65). 

which is the discriminant of the equatioa 

wff + 3i;5' + 3M?^ + «=0 (66), 

The quartic (65) is therefore the envelope of the plane'(66), 
where ^ is a variable parameter, and is therefore a developable 
surface whose edge of regression is (61). li A is any point on 
the cubic, we may write 

w=a+Wi, v = a + t?^, 

w = a + ?(?j , ^ = a + «, 

and the coefEcient of o? in (65) is (m^— 3rj + 3t(?j—^j)', which 
gives the cuspidal tangent plane at A, 

* The Italians call an ordinary cusp un regresso; a rhamphoid cusp un regrtsso 
di seconda specie, and so on. 

Fledborough Hall, 

Holyport, 

Berks. 
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SOME MULTIPLE INTEGRALS. 
By *G. H. Hardy, Trinity College, Cambridge. 



§1. 



1 N this paper I propose to investigate the values of 
-*- certain multiple integrals which contain Bessel 
functions under the sign of integration. I shall, however, be 
concerned less with the general formulae than with a number 
of ioteresting special cases contained in them. Incidentally 
I shall evaluate a number of simple integrals — the chief of 
these will be found in § 3. The variety of integrals of this kind 
which have been evaluated by Weber, Sonine, Gegenbauer, 
Kielsen, and ether writers is so great that I can hardly imagine 
ibis farmula to be new : but I have never actually come across 
it or some of the deductions which I draw from it. 

The function tPa[x). 

^ 2. Let ijE/a [x) be the function defined for all real* values 
of a and all positive values of x by the formula 

(1) ^.(a)) = jre-^H^W<'^cf^, 
90 that, in particular, 

(2) ^a(«^) = i^^^"'- 

It is easy to see that -^i^aix) tends exponentially to aero as 
X tends to infinity, for any value of a. 
f By putting xji^u, we obtain the formula 

I (a) '^«{a')=x°-V-.-.N- 

' We may also notice ihat 

;. (4) xl^a'ix) = - 205 xp^,^{x) = - 2x%_^ {xr)^ • 



f If we put 

L <*=M, i»'=g, a = 2/3-l, 

we see that 

; (5) xl,2^-i Wt) = ijr 6-M Wm^-1c?m ; 

/ and by means of the formulaef 



(6) j^e^mu^-^du jl^^ iw^W^''^ 

* The integral defines the function for aU values of «, real or complex j but we 
shall be connected with real values only. 

t (6) is given by Dirichlet (Meyer's edition of his lectures, p. 289), and (7) by 
hammer {Crelle's. Journal, bd. 17). 
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we obtain tho expressions iq terips of this function Qf two 
other interesting integrals. The function may be expressed 
in terms of Bessel functions witliQut difficulty. Thus Kuinmer* 
proves the formula 

(8) jr«-«-(5/»)«^'rf«=r(/8)f(i-/s, f)+r(-.^)|/'^(i+/3, ^, 

md this formula is eq[uiyal^nt to goqine^s formulaf 

where B^[q^ is Hankel's cylinder function defined| by the 
equation 

(10) J5r/(aj)=: (i/ainvTr) [e-^J,{x)-J_,{w)] 

All of these formulae are, of course, subject to certain restric- 
tions on the values of the constants involved. Thus (8) and 
(9) require modification when fi is an integer: in the moat 
interesting case, that in which ^^Oy we have 

(11) i:e-^m{,dulu)^',r{{J,{2{^i)^ r,(2eVf)}. 

The preceding formulae also define the analytic continua- 
tion of ^a (») all over the plane of cc, but with this we are not 
at present concerned. We note the* if a > — I 

(12) Hm,^,(aj)=ir{i(l+a)}, 

while if a<— 1 

(13) Mx)^^T[-\[\^<^)W\ 
as X approaches 0. Finally, if a « — 1, 

(U) yij.^[x)^-\ogx. 

A definite integral. 
§ 3. Consider the formula 

»/.(?, t M<^h. Ann.f bd. 16, p. 44, J Nielsen, Eandbuchj p. IT. 



\ 
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^I«l 1 1 ply by x'^'J, {2fjLx) (/i. > 0), 

md integrate from aj=0 to x=oo . In virtue of the formula* 

(15) JTe-^V'^ajH-i j;,(2^) dx = Jm-'^^.^Vm^', 
we obtain 

(16) rt«{V(o'+a")la;''^V.(Vaj)d;u 

(on putting c/f = u) 

except when c = 0, in which case we obtain simply 

^ r|i(a + 3) + v{ 

So far, however, we have not considei^ed in what circum- 
stances our procedure is justifiable. 
We have to justify the equation 

J~x*'^V.(2/4a') dx I'^e-^-ifi'^-^Wt^dt 

= ^^-i<^l^t^dt l^e-^'l^x^^J, {2iMx) dx. 

Since, as x tends to 0, 

the inner integration with respect to x is possible if and only 
if 2f + 1> — 1 or v>— 1. If this condition is satisfied, and 
c>0, both repeated integrals are convergent; and it is not 
difficult to see that the two are equal. For this will certainly 
be the the case if the double integral 

jcajco^_(^2+^,y^^^^i^^ (2/Aa?) dt dx 

is absolutely convergent. Now, if 0<a;<l, we have 
\Jv{^fi,x)\<,Kx^^ and, if a;>l, we have \Jvi^ZfAX)\<Kj»i/x^ 
and it is easy to see that the integrals 

l^lle-^^^+'^l^t^^oiM^dtdx, 

J« jco ^^{f^^^nuax^dt dx 

are convergent. Hence (16) holds if v>— I, i.e. whenever 
the integral has a meaning* 

* Nielsen, U^ p. 186. 
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It is almost equally easy to prove that (17) holds wheneve;* 
the integral is convergent. The condition for this i^ 

i'>-l (a^-l), 

2v + a + 3>0 (a<-l), 

In particular, if a = 0, we obtain 

(18) J*e-2.l(^')a;H-V,(2^aj) dx ^ i^^^;^_2M (cV (I + /x')}, 

a.)/W,7.Mrf.= ^^J^ 
On writing ay for 2x and b for ^a the last formula becomes 

which is a well known formula^t 

§ 4. There are a number of particular cases of the formulaB 
of § 3 which are interesting, 

We may notice, in the first place, that i//a(aj) may b^ 
expressed in finite terms whenever a is an even integer, 
positive or negative. For, differentiating the formulg^ 

n times with respect to a?*, we obtain 

(21) jr^M^V«^)H'^rf^= i s/ir {- [djdxY e"^ 
and, on putting xlt = u^ 

(22) jre-"'-W«^)M2'>-2j^ = i ^{ir) a?*"-* {- {dldxYe-'^i 

and these two formula give the value of \//a (a^) whenever x is 
an even integer. The last formula agrees with the formula"!" 

(23) jre-«Ma5'Ww2n-2^^ 

In particular 

(24) ^p, {x) = j^e-^'-i^'Mu'du = i V(^) e-^^ (aJ + 4) . ^ 

It follows from what precedes that the integral (16) can be 
expressed in finite terms whenever a + 2j/ is an even integer, 

♦ J^ielsen, I.e., p. 186 f DiHohlft- Meyer , p. 283. 
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positive or negative. Consider, for example, the case in wliiclj 
oc = V = 0. We Lave then 

(25) j^e-VicHx^xJ, [2 fix) dx 

by (3) and (24), a formula which for c = reduces to 

(26) Ite'^xJ, {i^x) ^ = i (1 + M*)-*, 
which is easily verified. 

§5. If in the formulas (16), (17) we put v** -i, so that 

we obtain 

(27) r^a{V(c*+l»')lcos2/iaJc7aj=iv/(7r)c«+2^-«-3{cV(lV)}- 
and 

(28) \\{x) co^2^xdx = i sl-ir ^^^^, • 

the last of which may be verified immediately when a = 0. 

Other definite integrals which contain \pa{x). 

§ 6. (i) If we multiply the first formula of § 3 by x" (v>- 1) 
and integrate from a? = to aj = go , we obtain 

(29) S7^pa V(c'+ x') xHx = j'^e-^'-ioV^'k-dt j^ e'-i^V^')x^dx 

= ir {i (1 + v) } J~e-McW<«+^irf« 
^ir{i(l + v)};^«+H-i(c). 

It is again easy to justify the inversion. If, however, c = 0, 
we obtain 

(30) j^xi^a {X) x^dx = jr {i (i:+ v)} r {1 + i (a + v)]. 

This formula holds if 

v>-l (a^-l), 

a+v + 2>0 (a<-l), 

and is substantially equivalent to Nielsen's formula* 

* I e.y p. 
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(31) ^B,'{U%)1^dt 

= ^x^^ r{irp+v + i)|r{iO>-,>+i)}. 

(ii) From the eqaation 

t/,„ \ax + (6/x)} = ^e-e-i'^il'Wn'dt, 
where a and h are positive, we deduce 

(32) jT^a{««+ (%) jiic= jr«-*^f*''w«^<jr«~<"^'^-<*'/'^><fe 

= (V»r/2a) j'-«-«Mi««/«^<<«+irf< = (V7r/2a) )^«+i (2 ^lab\. 
By meaoB of the formala 

i:f[ax + (i/cr) } dor = (1 /a) r/V(^*+ 4a«) rf;., 
this equation may be reduced to 

(33) r^a V(^'+ 4a*) di. - i VW ^„,, [2 V(a5)K 
which is a particular case of (27). 

(iii) Consider the integral 

J7 ypa {ax) ypfi ( Ja?) x'^dx (a, i > 0) , 
which is the same as 

In the last integral put ar= «af . We obtain 

and on inverting the order of the integrations again, we arrive 
at the formula 

(34) ^^\^^{ax)Mix)x^dx 

The integral on the right-hand side is convergent if 

i'>-l, a + ;8 + v>-3; 
the integral on the left if 

(i) a^-1, 13^-1, i'>-l, 

(Ii) a<-l, /8^-l, a + v>-2, 

(iii) a^-1, /3<-l, ^ + ^>_2, 

(iv) a<-l, y9<-l, a + /S + i'>-3; 
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and it is easy to prove (a) that the two sets of conditions are 
equivalent (b) that if they are satisfied the transformation is 
legitimate. 

A number of particular cases included in this formula are 
of interest. 

(a) Let a = /8 = 0. Then the integral on the left-band 
side reduces to 

Hence we obtain the formula 

rqfi^ r___^^:dx___ _ ^r(yfi) 1 
^^""^ J „ {(1 + aV) (I + dV)!-*" "" r^' {r [\v + 1) r (a + br • 

This formula may be identified with one given by Cayley and 
Schlomilch*. Fx)r if we write f for a?*, 2p for a*+i*, 2 for 
a*6*, and 2p - 1 for v, we obtain 



/: 



rWf ■»rr(2p) 1__ 

r(p) 1 



= 2-^^; 



Now Schlomilchf gave the formula 

^^"^ J.(a + /Sf + 75r*"ra + 2) H3 + '2^ay,Wy' 

If we differentiate with respect to a, write p- I for ;, and 
then put a = 1, y8 = 2p, 7 = 9, we obtain the formula above. 

(J) If a = A, we obtain 

*" r{K+i(a + /3)+2l 

Hence 

(37) j;°^. {ax) ^fi {ax) x'dat 

r(i(i>+l)]r(i(v+a+2)|r[^(y + /3+2)}ri(i>-fg + <8 + 3)| 
8a'H-irl«' + i(a + /e)+2} 



♦ Compendiunij ii., p. 280. f /.tf. 
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The first type of multiple integral, 

§7. Let us return now to the formula (16) of §3. It is 
equally easy to evaluate an w*ple integral of which this 
formula is the simplest case. Multiplying the equation 

where every /a>0, aad integrating froi» to 90 with respect 
^o each variable, we obtain 

(38) ST^aW{c'+^x')]U{x'"'J.{2fix)]dx 

= 2""n/A»' J~6-^(i+2:/iV(^W<«+2»+2z:i/j^ 

if£j>0, and 

(39) S:^Pa^/{^')n\x'''V,{2fJLx)}dx 

- g-n-inH. rli(« + i)+n + s.} 

if c = 0. 

The first formula requires that eveiy v> — I. The second 
integral is convergent if 

Ux'-^'dx 



I. 



is convergent — i.4. if every v>— 1 and, in addition, 

a<2(w + Sj'). 

§8. Let us, for simplicity, take n = 2. Slightly varying 
our notation, we obtain 

and 

(41) jr jri^„ {V(aj'+y')} XP^Y^^M2fJLx) J. {2yx) dxdy 

_i^P,. rli(a+5)H-p + a{ 
"" «^ (! + /** + v*)K«+5)+f>+<' • 

In particular, if /^ = er = — ^, we obtain 

(42) Jo"nT//a {\/(c'+ a'+y')} cos2/ia; cos2vy cZ^/fy 
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(43) jr JT'/'a { VC-e* + / ) } cos ifue cos 2*'^ dxdy 

_ r|i(« + 3)} 

If, in addition, a=0, we find 

(44) J," J,"e-2-/(«»+«H-jf') cos 2/ia: cos i-y dxily 

= WWcV-.{cV(i+m'+v')| 

= .} V(^) 'A. {c ^^(l + /+ 1/(1 + M»+ 03 



And 



= (TTT^i e-2aiv+v») {c V(i + m'+ O -f \]. 



(45) J f e-24(a^s^cos2/iarcos2'Kydxe?y = T- — **r^— ir^- 

These forraulse may be slightly aimplified by writing f , i> for 
2x, 2y\ thus we deduce 

(4G) J J eW(^+yO co3/Aar cos yy dxdij = ^ ^ V, y«x^ > 

§9. It 18 interesting to verify these results by a change tc 
polar coordinates. Transforming the integral (40), we obtain 

f [ Vu V(c'+ r") ./p(2/ir C083) J,(2Kr sin 5) 

i/ •' 

- X (cos5^)-^"»"l(3in3)<H-ir/H-o+3</rdA 
But 

/•ttr 

(47) J^ (2/Ar cos 5) J„ (2rr sin 5) (cos *>+! (sin 5)<H-ld9 

by a formula due to Sonine*. Hence wo obtain 

by (16). 



» Maih, Ann., bd. 16, p. 86, 
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§ 10. The formulas (42) (43) may be generalised as follows t 
Consider the integral 

where a7 — (8'>0. Use the snbstitutioa 

f= aicosG+ysine, 

i;=— ajsinG+ycosB, 
where C082e:8in2e:l::7-a:2/3:\/{(7-«)'+4/3'}, 
We obtain 

where ^ = ^ {« + 7 - ^[(7 - a)« + 4yS'^}, 

C=i|a + 7 + V[(7-a)'+4/3'l, 
J!f=/*cose — V8in0, ^=/»8in9 + VC089. 
Hence, in particular, 

But it is easy to verify that 



and so 



A^ G~ a7-/3' 



(48) r„r„i/'. {V(c'+ a^ + 2ySf 1; + 7^'; } cos 2/*^ cos ivt, d^dr, 



ire 



MVi^*"^"^^^)}- 



V(a7-/S') 
Similarly, we deduce 

^ i^ r{i(g+3)} 

VCa7-/3') [l + («•'!- 2/Si'/t + 7/t'J/(a7-iCJ')l*("'> ' 
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n particular, if « = 0, and we write ^x^ \y for f , 17, we obtain 

(50) J*^J^^e-J(«^+2^+7y')+(Ma;+»^)»t?xdy 

_ 27r / av'-2ffy/i + 7/Lt* W 



§ 11. These formulas are easily extended ta the case of » 
variables. In fact, the equation 

(38') /. 1/.. {V(c'+ Sa?') } n COS 2/^0? e?a? 

-which we get from (38) by patting every v = - i, at onc^ 
suggests the formula 

(51) J_^^.[V(c'+*)le^^'«^ = '?^^._,|cV(l+4.)I, 

-where <^ denotes the quadratic form 

a, ,cc,* + . . . + 2a,ga;,a?, + . . . ^ 

A its determinant |a^J, and ^^ the result of writing /* for 
a? in the reciprocal forn^ 

, , 1 aA 

where « a= T 5~ • 

A 8a« 

Similarly (49) and (50) suggest the formulae 

§ 12. Let us now give a proof of (51). Let 

a^,= ^,i?, + - 
be a real orthogonal substitution, whose determinant Ts unity,, 
and which reduces 2a^jfl5, to the form SJ-iIj*, so that -4.j, ... 
are the roots of the equation 

«ii-^) «w y 



= 0. 
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Then the integral on the left-hand side of (51) become^ 



■{V(' 



-^_Jc^/ 1 + 2 



im. 



where il/,= /i^Z,^+ ^2',,+. ..+ /*„?„,. 

Since f, = Z,,J»^+ ?„a;,-h...+ l^^x^, 

the coefficient of fij^fi^ in 2 [M^/A) is the same as that of Xjpo^ 
in 2 (f/^). But 2 (fV^) = 1, 2^f*= 1 are reciprocals with 
respect to 2f*= 1, and 2a^^x^x^=^ 1, l^a\^x^x^= 1 are reciprocals 
with respect to 2x''= 1 : and the transformation which replaces 
2f', 2^f' by 2a^, 2a,^aj^a;, will therefore replace 2 (fV-^) by 
2a',,a;,a5,. Hence 

and so (51) is established. Similarly for (52) and (53). 

The second type of multiple integral. 
13. The integral 

(54) jr^^a V(c'+ x') x^dx = ir {i (1 + v)}^„,.,, (c) 

is also the simplest case of an w-ple integral. In fact, if we 
multiply the equation 

^a 1 ^/{g' + a^,'+. . .+ aj/) 1 = So e-t'-{c'+^^Wt<^dt 

by x^\x^t..,x^^^ and integrate from to 00 with respect to 
every «, we find, assuming every v> — 1, that 

(55) r^a{V(c'+ 2a:')}naj^rf^ = 2-'*nrli(l+v)}i^a+,H-2.(c), 
unless c = 0, when we obtain 

(56) J,^^„jV(2x*)}n^''^;c 

= 2-«-^r{i(a+«+i + 2F)}nr{i(i + v)}. 

The last formula requires only every v>— 1, if a>- 1. If 
a < - 1 it requires that 
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>e convergent, the conditions for which are easily written 
lown (cf. §7). 

In particular let n = 2. Then 

(57) i:^a {V{c'+ 3?+y')} af'y^dxdy 

= ir {i (1 4 m) 1 r (i (14 1')) r^.+^+.^2 (c), 

(68) ]:^4»j{x'+y')]x>^y'dxdy 

■ =ir{i(14/*)lr{i(l+'')}r|i(a + A*4v43)l. 

Transforming to polar coordinates and using the equations 

r^a V(c'+r«)rM+«^lt?r = ir {1 + i (/t + v)] ;//a+^+^2 (c), 

r(cos^r(sin^N^=ii:ii(^^ 

•we obtain another equally simple proof. 

Some formuldR in multiple series, 

§ 14. Cauchy and Fourier proved that, \if[r) is subject to 
certain restrictions, which have been more precisely analysed 
by subsequent Writers, and 

* ^^) = y^(;) J^ cosr V(^') dr^ 

then -^^^^^k/vj I ^^^'''^^{"^^^i 

and if a0 = Stt 

Va {i/(0) + 2r/(n«)l = V^ {i^ (0) 4 Sf « («/S)}. 

The form of the generalisation of this result to the case of two 
variables is obvious : it runs,* if 



then 



2 r" f "* 
(59) ^ (i=Pj y) = - QO^rso COB sy/{ry s) drds^ 

^ Jo Jo 



2 r I 
(69') / (a?, y) = - cos raj cos^y ^ (r, s) drds^ 

'^ Jo Jo 

andifa^ = a';8'=27rthen 

(60) V(aa ) SS7(7wa, wa ) « V()8/3') SS/(m)9, w/3'). 



* This also I believe to have been stated by Cauchy, but I am unable to give 
a precise reference. 

VOL. XXXIX. B B 
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wliere 

•S^F{m, n)^\F{0, 0) + l^'F{(i, n) 

+ isr^(«», 0) + XKF{m, n). 

It is evident that the relations between ^ and / can also be 
written in the form 

(59a) ^ (ar, y) = ^ JljToo^'^''''^^^''^ *) '^'"^^ 

(59a') f[x, y) = ^ /Ijl*''"'^'* ('"' ") '''•''*• 
Now we have obtained the formula 

(61) r„r«'A.{V(ar+ 2ySf, + 7'»')} e(>^'^M^drf 

_ i^ r{i(s + 3)| 



V(a7-/tf') [i+i{(av'-2,QK/* + 7M')/(a7- ^'jlP'")' 

80 that the functions 

/{x, y) =^.|V(aa!'+ 2fixy +7^')}, 

./^ „>___! r{i(« + 3)} 

? ^'^' y>-4. V(a7 - i8') [l + i {(a/- 2^^* + 7»')/(a7- /901]""'' 

are related in the manner described above. We are thus led 
to anticipate the equation 

(62) ^.{V(ar4-2^f, + 7.')}=3^^M. 



J-ooJ-«o[l+; 



eO'E+M»)»rf/irfv 



■ I l(a."- 2/3./« + 7/*')/(a7 - /«') !]*<"" ' 
or, writing x, y for f, ij and putting 2/*, 2^ again for /t, v, 

^^^' J — J -« (a7 - /«'+ «k'- 2/8i.^ + 7/*')*''*'' 

277* 

= r {i (« + 3)} (a7 - /3r- '^'M'^' + ^^"^ + "yy'"' 

and, in particular, ii s = 0, 

^^^^ J -00 J -00 (a7 - /3'+ av"- 2/3i^/i + yf^y 

2ir 



a7-/3' 



- e-2>/(aa;^+2^xy+yy2). 
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If St = 7=1, /8=0, we find 



^^ '/'.{V(**+y*)}, 



7he last two formulas may be verified by transformation to 
polar coordinates. Putting 

/&(=/> cos^, v=psin^ 
we obtain 



cos 2/iiU cos 2 vy dfidv 
(l+/^'+vV<-^'^ 



by Sonine*8 formula (4?), or 



by another formula also due to Sonine*. 

05. Oauchy^s theorem also leads tts to anticipate the 
equation 

.- . typ, [k »J[m^^ 2l3mn + jn^ ] 

. ^'r{i(s+z)} 1 

ivbere kk^ ^tt, and a similar eauation obtained by changing 
the sign of fii From these we aeduce 

(67) sr.S!:.;^J*V(a«t'+2/3».n + 7n')l=|^;J||j|j 

X X„Kc j"! ^ {(^'Z*') (a„'_ 2/S»in + 7»i')/(a7 -iS*) }]♦(•*'' * 

♦ J^^p. 60. 

&b2 
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The series on the right is convergent if «> — 1, and all the 
i^-functions on the left have a meaning under the same con- 
dition. We therefore suppose s>— 1, and we can show that 
the equation is then, in fact, true as fottowS4 
We have 

which holds for all pairs of integral values of m and w, includ- 
ing m i= 0, n = 0, provided *> — 1 j and it is easy to shxxw that, 
if this condition is satisfied. 

This last series maj, in the notation of Krazer and Pryni, 
be written* 



0, 
0, 



(0, z)^ 



where z = K^jtrf and ^ denotes the quadratic form 



But 



(69) 5 



0, 
0, 



a, 

0, 



^^ z 's/ [ay -fi') 
where <P denotes' the reciprocal form 

(7m*- 2^mn + an V (a7 - /S") . 
Hence 

(70) S^x sr«e"(""**"*"2''"*"+'y'*')''V** 



(0, 1/^)4 



Hence we obtain the integral 

TT 



sr Sr e-(y»»'-2^'»«+«»')'«r'<7(«y-^K*. 



i- jr«"*'^*+-tZ« 22e-(y'»*-2/3»»»+an2)'»r2«2/(ay-j32)ic«, 



/«V(a7-^") 
Finally, since 



•ir|i(.+3)}|i + (^^.^-^,. [ , 



Epstein, ^/a^^. AnnaUn^ bd. 56, p. 623. 
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arrive at the equation 

lich is tte equation (67) above. The aeries is convergent if 
> — I : and the iaversion of the order of summation and 
tegration is easily justified under this condi<tion. 
In particular, for « = 0, we obtain 

(72) S2e~2'fJ(aw»'+2^»+a«*} 

2^V(a7-/y'j 1 (aT-^^" i ' 

if a = 7=1, /8 = 0, « = a7r, we find 

(73) .2^ja. vK4n')].=g:::i:^2s (^.^,.;„y,., . 

(74) SSe-aWC^'.-') ^±^:,^^^-l_^^, 

$16. The equatTons of the preceding paragraph may be 
connected, in a way that is not without interest, with the 
general formulae for th^ transformation of m^uttiple zeta- 
lunctioaa recently given by Epstein*, 
Let 

(75) xS<^) - Sr«S"^;^,(c7r V(aw'+ 2pmn^^r^n% 
and consider the iategvat 

Under certain conditions w& shall have 

But if «>-'l, v>(>, orif 5<-l, 5+vH7l>0,we have, by (2a»)^ 
J7i/..{c7r V(am*+ 2/3m?t + 7n')} c^^'ifc 

=5 ir (ij') r li (5 + V + Ol/w" (awt'+ 2'^wwi + 7«')*''- 
Also the series 

Z(v) = 22 



(aw'+2]3?nn + 7/i'> 



»^i»' 



'^ i/o^A. AnnaUn^ Ia 



Digitized by 



Google 



374 Mr. Ilardy^ Some multiple integrah. 

18 Gonyergent if v^ 2. Hence we have, \iader qertaia conditions^ 

But, by (67), we have also, if «+ 1 > 0, 
7I19 integral 

/.('*?) '-* 

ja cooTergeqt if v <2, a -n^ -j-i ^,0 ; under these QOAditioAa H 
iis equal to 

*" J , (i+rr*" " *^"' J , (TmF^ '^* 

»na so 

The series 

]s convergent if v<0. And it is easy to show thjit if V'^Q, 
y + a + 1 > (conditions which inyolve « + 1 5> 0), 

Thus the integral 

10, for some values of v, equal to 
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